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Abstract

We study dynamic portfolio choice in a calibrated equilibrium model where value and mo-
mentum anomalies arise because capital slowly moves from under- to over-performing market
segments. Over short horizons, momentum’s Sharpe ratio exceeds value’s, the value-momentum
correlation is negative, and the conditional value-momentum correlation positively predicts
Sharpe ratios of value and momentum. In contrast, over long horizons, value’s Sharpe ratio
can exceed momentum’s, the value-momentum correlation turns positive, and the value spread
becomes a better predictor of Sharpe ratios. Momentum’s optimal portfolio weight relative to
value’s declines significantly as horizon increases. We provide novel empirical evidence support-

ing our model’s predictions.
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1 Introduction

How should long-horizon investors choose their portfolio of financial assets? According to the
CAPM, all investors should hold the market portfolio, which weighs assets according to their
market capitalization. Many models of dynamic portfolio choice use the CAPM’s basic insight and
simplify portfolio choice between stocks and cash to one between a single risky asset and cash.

They examine how the optimal investment in the risky asset depends on investor horizon and on

variables that predict the asset return.’

The CAPM fails to describe asset prices and portfolio allocations well. A vast literature, sur-
veyed in, e.g., Fama (1991) and Schwert (2003), documents that CAPM beta is a weak predictor
of asset returns and that other variables such as value, momentum and size are stronger predic-
tors. Trading strategies based on the latter variables are widely used in practice throughout asset
management, and funds belonging to styles such as value and growth, momentum, and large- or

small-cap are quite popular.

Despite the extensive evidence against the CAPM, academic guidance on long-horizon investing
in a non-CAPM world is scarce. What is the optimal portfolio of CAPM anomalies that investors
should hold? Should long-horizon investors hold a different portfolio of anomalies than short-
horizon investors? Are anomaly returns predictable, and are the predictors different for long- and
short-horizon investors? Since long-horizon investors such as pension funds and sovereign-wealth
funds control a large fraction of social savings, guidance on these questions can yield large benefits

to households as well as improvements in market efficiency.

To study dynamic portfolio choice in a non-CAPM world, an equilibrium approach, grounded
on a model in which the CAPM fails to hold, is useful. Indeed, optimal portfolios for long-horizon
investors depend on the dynamic evolution of asset prices, and specifying that evolution in the
presence of CAPM anomalies involves many degrees of freedom. These include: how each anomaly is
reflected in the cross-section of assets; which variables predict each anomaly’s return; how anomaly

returns correlate with each other; and how they correlate across time. Deriving the corresponding

moments from an equilibrium model can provide a tight and internally consistent specification.”

In this paper, we study dynamic portfolio choice in a non-CAPM world using the equilibrium
approach. We assume that asset prices are determined as in the model of Vayanos and Woolley
(2013, VW), in which capital moves from under- to over-performing market segments and does
so slowly. The model yields the value and momentum anomalies. Deepening VW’s analysis, we

provide answers to questions that are key to dynamic portfolio choice and that the theoretical

'References are in the literature review section at the end of the Introduction.
2Related arguments in favor of an equilibrium approach in dynamic portfolio choice are in Cochrane (2022).



literature has not addressed. We determine, in particular, how the returns of value and momentum
depend on predictor variables; how they correlate with each other; and how they correlate across
time. We show that that the profitability of anomalies and the main variables that predict them
change significantly with investment horizon, and in ways that differ across value and momentum.
We explore the implications of our results for dynamic portfolio choice and show that optimal

portfolios vary significantly with investment horizon.

We describe our model in Section 2 and solve it in Section 3. The momentum and value
anomalies arise from performance-driven flows across investment funds. Suppose that a negative
shock hits the fundamental value of some assets. Investment funds holding those assets realize
low returns, triggering outflows by investors who infer that fund managers’ ability is likely to be
low. Because of the outflows, funds sell assets they own, and these sales further depress the prices
of the assets hit by the original shock. The momentum anomaly arises because the outflows are
assumed to be gradual and because, despite their predictability, they lower expected returns. The
value anomaly arises because outflows push prices below fundamental values, so expected returns
eventually rise. Key to both anomalies is that capital moves from under- to over-performing market
segments and does so slowly. Momentum and value strategies derive their profitability by exploiting

these capital flows.

Section 4 defines value and momentum strategies, as well as performance measures for general
strategies, and calibrates the model. An asset’s value weight is assumed linear in the difference
between the present value of the asset’s expected dividends discounted at the riskless rate, and
the asset’s price. An asset’s momentum weight is assumed linear in the asset’s cumulative return
over a given lookback window. Weights change continuously, implying continuous rebalancing of
the strategies. We measure a strategy’s performance by its annualized market-adjusted Sharpe
ratio over a given horizon. A strategy maximizing the utility of an investor with mean-variance
preferences over wealth over that horizon maximizes Sharpe ratio. The linear structure of our
model makes it possible to compute Sharpe ratios in closed form, even over long horizons and even
for strategies that rebalance continuously. We calibrate the model using empirical estimates of the

size, price impact, and performance sensitivity of fund flows, available in the literature.

Using the equilibrium prices generated by the calibrated model, we compute the performance
of trading strategies and show our main results. Section 5 evaluates strategies over an infinitesimal

horizon, and Section 6 considers all horizons longer than infinitesimal.

Our first result concerns the performance of value and momentum strategies in isolation. Over
short horizons of up to two years, the strategies’ Sharpe ratios decrease with horizon. This reflects
the short-horizon positive autocorrelation of strategies’ returns, driven by asset-level momentum.

Because of that autocorrelation, the annualized variance of returns increases with horizon, and



Sharpe ratios decrease. Over longer horizons, the Sharpe ratio of momentum becomes approxi-
mately independent of horizon, while that of value increases significantly. In our main calibration,
value overtakes momentum for horizons longer than thirteen years in the case of unconditional
Sharpe ratios and five years in the case of conditional ones. Intuitively, momentum has short
memory because it weighs assets based only on recent performance. As a consequence, its returns
are approximately independent over time when evaluated over longer horizons, and its annualized
variance is constant. By contrast, value has long memory because it loads up on assets that have
underperformed over a long period. If the assets held by value experience a further long period of
underperformance, then their expected returns increase and so does the weight given to them by
value. This boosts value’s expected return, resulting in strong negative long-horizon autocorrelation

of value returns.

Our second result concerns the diversification gains of combining value and momentum. Over
short horizons, the strategies are negatively correlated, as has been documented empirically (Asness,
Moskowitz, and Pedersen (2013)). This is because value loads up on assets that have underper-
formed over a long period, while momentum tends to short those assets as they have been trending
down in the recent past. In contrast, over horizons longer than one year, the correlation turns

positive. This change is mainly because of a positive lead-lag effect from value to momentum.

Our third result concerns the weights of value and momentum in their optimal combination.
The optimal combination tilts away from momentum and towards value as horizon increases. Mo-
mentum’s weight is almost twice that of value for horizons of up to two years. It then decreases
with horizon, becoming one-half of value’s weight at forty years. Value and momentum exhaust
almost all the available gains in our model: the Sharpe ratio of their optimal combination is above

90% of the fully optimal strategy’s.

Our fourth result concerns the performance of value and momentum conditional on predictor
variables. This result can be understood in terms of the “flow cycle,” which describes how capital
moves across funds. Following a negative shock to the fundamentals of some assets, capital moves
slowly out of funds holding those assets. Since those assets are expected to continue underper-
forming in the near term, and momentum goes short in them, it has high conditional short-horizon
Sharpe ratio at the cycle’s early stage. By contrast, value has negative Sharpe ratio because it goes
long. Value’s Sharpe ratio rises at the cycle’s intermediate stage, when most capital has moved out:
the assets are then severely undervalued, with high expected returns. It remains high at the cycle’s
late stage, when the undervalued assets begin to accumulate a history of good performance. At the
late stage, momentum’s Sharpe ratio is also high because it goes long in the undervalued assets. It
is instead low at the intermediate stage, when the return history of the undervalued assets has not

yet caught up with their high expected returns.



The variation of conditional short-horizon Sharpe ratios over the flow cycle is reflected into their
relationship with two predictors implied by our model: the value spread, whose predictive power for
value returns has been shown in Cohen, Polk, and Vuolteenaho (2003, CPV), and the short-horizon
value-momentum correlation. Value and momentum are negatively correlated at the cycle’s early
stage, since value longs the assets that momentum shorts, and are positively correlated at the late
stage, since they long the same assets. Therefore, their correlation is strongly positively related to
value’s Sharpe ratio. A positive relationship exists with momentum’s Sharpe ratio as well. The
value spread is positively related to value’s Sharpe ratio, but the relationship is weaker than that
involving the correlation. This weak link arises because at the cycle’s early stage, the value spread
is wide, but value’s Sharpe ratio is negative. The value spread becomes strongly positively related

to the strategies’ long-horizon Sharpe ratios, while the correlation becomes weakly related.

Section 7 examines whether the theoretical patterns appear in the data. We use a monthly vector
auto-regression (VAR) of value and momentum returns together with three predictors: the value
spread, the value-momentum correlation, and the panic variable shown in Daniel and Moskowitz
(2016, DM) to predict momentum returns. Consistent with our theory, we find that the value-
momentum correlation positively predicts value and momentum returns and that including that
variable improves the ability of the value spread to predict value returns. We next use the VAR
to compute Sharpe ratios and correlations of value and momentum over general horizons and show
that they depend on horizon in a way consistent with our theory. The autocorrelation and lead-lag

patterns are also consistent with our theory.

Our paper is related to the dynamic portfolio choice literature. Merton (1969, 1971), Samuelson
(1969) and Cox and Huang (1989, 1991) develop general methodologies and use them to derive
closed-form solutions for return distributions that are constant over time. Kim and Omberg (1996),
Brennan and Xia (2002), Wachter (2002) and Liu (2007) derive closed-form solutions for time-

varying return distributions.

Brennan, Schwartz, and Lagnado (1997) and Barberis (2000) incorporate the empirically doc-
umented positive relationship between the aggregate stock market’s expected return and dividend
yield—a value effect for the aggregate market—in their numerical analysis of portfolio choice be-
tween a risky asset and cash. Campbell and Viceira (1999, 2002) and Chacko and Viceira (2005)
analyze portfolio choice between a risky asset and cash using log-linear approximations. When the
risky asset’s expected return is positively related to the asset’s dividend yield, the asset’s Sharpe
ratio increases with horizon, and long-horizon investors allocate a larger fraction of their wealth
to the asset than short-horizon investors. These papers focus on the allocation between stocks
and cash in a CAPM world, while we focus on portfolio choice over the cross-section of stocks (or

other assets) in a non-CAPM world. Moreover, while these papers emphasize time-variation in the



market’s expected return, that return is constant in our model and is thus not driving the variation

in value and momentum Sharpe ratios across investment horizon.

Jurek and Viceira (2011) study portfolio choice between a value index, a growth index and
cash and show that long-horizon investors invest less in value than short-horizon investors. They
estimate moments of value and growth returns using VARs. Because they do not include the value
spread as a predictor, they do not pick up the negative long-horizon autocorrelation of value returns

that we uncover that makes value attractive for long-horizon investors.

Our theory of value and momentum is based on Vayanos and Woolley (2013, VW) and relates to

Barberis and Shleifer (2003, BS).”? Investors in BS can trade multiple assets and move from under-
to over-performing investment styles. Because investors do not anticipate future flows, momentum
in BS is more profitable than in VW and our model, in which future flows are rationally anticipated.
Both BS and VW compute Sharpe ratios of value and momentum, but only unconditionally and

over short investment horizons—one period in BS and infinitesimal in VW.

Our paper is also related to the empirical literature showing that fund flows impact asset
returns, e.g., Harris and Gurel (1986), Shleifer (1986), Coval and Stafford (2007), Greenwood and
Thesmar (2011), Lou (2012), Anton and Polk (2014), Koijen and Yogo (2019) and Gabaix and
Koijen (2020). Estimates of the size, price impact, and performance sensitivity of fund flows from
that literature inform our calibration exercise. Our calibration shows that such estimates can be
mapped to estimates of profitability of CAPM anomalies, such as conditional and unconditional

Sharpe ratios of value and momentum.

Our results on horizon effects align with recent empirical findings. Laarits (2021) finds that
the variance ratio of value rises above one over short horizons and declines to well below one over
longer horizons, while that of momentum remains close to one. These results are shown non-
parametrically, for horizons of up to ten years. Chernov, Lochstoer, and Lundeby (2021, CLL)
find that linear factor models fail to price their own long-horizon factor returns. One explanation
is that means and variances of factor returns are time-varying, causing the optimal combination
of factors that prices assets to vary. In our model, assets are priced by a fund flow factor, whose
covariance with value and momentum is time-varying in equilibrium. CLL do not find significant
long-horizon pricing errors for the value factor, indicating that their method does not pick up the
strong mean-reversion of value returns that we uncover. Our flow-based pricing model relates to
that in Dou, Kogan, and Wu (2021), in which the premium of the flow factor changes with the

amount of delegation.

30ther behavioral theories of value and momentum include Barberis, Shleifer, and Vishny (1998), Daniel, Hirsh-
leifer, and Subrahmanyam (1998) and Hong and Stein (1999). Other rational theories of value and momentum include
Berk, Green, and Naik (1999), Dasgupta, Prat, and Verardo (2011), Albuquerque and Miao (2014) and Ottaviani
and Sorensen (2015).



2 Model

Time t is continuous and goes from zero to infinity. There are N + 1 assets. Asset zero is riskless
and has an exogenous, continuously compounded return r. Assets n = 1,.., N are risky and their
prices are determined endogenously in equilibrium. We interpret the risky assets as stocks or as
industry-sector portfolios. We denote by D,;; the cumulative dividend per share of asset n =1, .., N,
by Syt the asset’s price, by dR,t = dDpt + dSp: — rSpedt the asset’s return per share in excess of the
riskless asset, and by 7, the asset’s supply in terms of number of shares. We refer to dR,,; simply

as return. We set dR; = (dRyy, .., dRn¢)’, where v/ denotes the transpose of the vector v.

There are three agents: a representative investor, a representative fund manager, and a rep-
resentative hedger. The investor can invest in the riskless asset. She can also invest in the risky
assets through a passive fund that tracks mechanically an index and through an active fund. The

index includes 1, shares of risky asset n and is thus capitalization-weighted.

The index is not an optimal portfolio, and can thus be dominated by the active fund, because
the hedger holds a portfolio other than the index. We denote by 7, — 6,, the number of shares of
risky asset m held by the hedger. The number of shares held by the other agents is thus 6,. We
refer to 6,, as asset n’s residual supply. Our assumption that the hedger does not hold the index

amounts to the vectors n = (91, ..,nn) and 6 = (01, ..,0x) being linearly independent. We set
A = 0x0'n2ny — (n26)? > 0.

The investor determines how to allocate her wealth between the riskless asset, the index fund,
and the active fund. She maximizes expected utility of intertemporal consumption. Utility is

exponential, i.e.,

-E /000 exp(—ac; — ft)dt, (2.1)

where « is the coefficient of absolute risk aversion, ¢; is consumption, and [ is the discount rate.
The investor’s control variables are consumption ¢; and the number of shares x; and y; of the index

and active fund, respectively.

The fund manager runs the active fund and can invest his personal wealth in it. He thus

determines the active portfolio and the allocation of his wealth between the riskless asset and the



fund. He maximizes expected utility of intertemporal consumption. Utility is exponential, i.e.,
S —
—E/ exp(—ac, — ft)dt, (2.2)
0

where @ is the coefficient of absolute risk aversion, & is consumption, and 3 is the discount rate.
The manager’s control variables are consumption ¢;, the number of shares 4; of the active fund, and
the active portfolio z; = (214, .., 2nt), where z,; denotes the number of shares of asset n included in

one share of the active fund.

The assumption that the manager can invest his personal wealth in the active fund generates
an objective that the fund maximizes: the manager chooses the fund’s portfolio to maximize the
utility that he derives from his stake in the fund. The same assumption generates a counterparty
to the investor’s flows, ensuring that markets can clear: when the investor reduces her stake in the
active fund, prices change so the manager is induced to increase his stake. The manager can be

interpreted as the aggregate of all smart-money agents absorbing the investor’s flows.

The investor holds the index fund in addition to the active fund because she incurs a cost from
investing in the active fund. The cost drives a wedge between the investor’s net return from the
active fund, and the gross return made of the dividends and capital gains of the stocks held by
the fund. We interpret the cost as a perk that the manager extracts from the investor or as a
reduced form for managerial ability (with high cost corresponding to low ability). In line with
these interpretations, we assume that the cost is time-varying. It is because of this time-variation
that the investor moves across funds and assets’ expected returns are time-varying. The index fund

entails no cost, so its gross and net returns coincide.

Formally, the investor receives net return y;(z;dR; — Cidt) from the number of shares y; of the
active fund that she holds. This is the gross return y;z;d R; minus the cost y:Cidt. We assume that

C} follows the process
dC; = k(C — C})dt + sdBE, (2.3)

where k is a mean-reversion parameter, C' is a long-run mean, s is a positive scalar, and Btc is a

Brownian motion.

We normalize one share of the active fund so that its market value equals the equilibrium market

value of the entire fund. Under this normalization, the number of fund shares held by the investor



and the manager in equilibrium sum to one, i.e.,
e+ g =1 (2.4)

We normalize one share of the index fund to coincide with the market index 7.

We denote the vector of the risky assets’ cumulative dividends by D; = (Dyy, .., Dnt)" and the

vector of the risky assets’ prices by Sy = (S1¢, .., Sne)’. We assume that Dy follows the process
dD; = Fydt + 0dBP, (2.5)

where F; = (Fyy, .., Fnt)' is a time-varying drift equal to the expected dividend rate, o is a constant

matrix of diffusion coefficients, and BP is a d-dimensional Brownian motion independent of BY.

We model time-variation in F} through the process
dF; = k(F — Fy)dt + ¢odB}', (2.6)

where the mean-reversion parameter x is the same as for C; for simplicity, F is a long-run mean, ¢
is a positive scalar, and Bf" is a d-dimensional Brownian motion independent of B and BP. The
diffusion matrices for D; and F; are proportional for simplicity. We set ¥ = o0o’.

We assume that the investor can adjust her active-fund holdings y; only gradually. Gradual
adjustment can result from limited attention or institutional decision lags. We model these frictions

2
as a flow transaction cost %@ZJ (%) that the investor must incur when changing y;.

The manager observes all the variables in the model. The investor observes the returns and
share prices of the index and active funds, but not the same variables for individual stocks. She

does not observe C; and Fj;.

3 Equilibrium

The equilibrium, derived in Appendix A, is characterized by four state variables: the expected

dividend rate Fi, the cost C; of investing in the active fund, the investor’s expectation C, of that

cost, and the investor’s active-fund holdings 3;. The dynamics of 3; are described by

d ~
v = % = by — b,C — boys, (3.1)



where (bg, b1, by) are constants and (by, by) are positive. The investor’s active-fund holdings y; evolve

. When the investor becomes more pessimistic about the

towards the time-varying target b()*bibzlct

active fund (C; rises), the target drops (% > 0) and the investor gradually flows from the active

into the index fund. The long-run mean of y; is y = %.
The dynamics of Cy are described by
dCy = K(C = Cp)dt = By [y [AD; = Ey(dDy)] — (Ci = Co)dt| — Bopy [dS: — Ei(dSy)],  (3.2)

where (31, 82) are positive constants. The investor becomes more pessimistic about the active fund
if its return is low relative to the index fund’s. We conduct our analysis in the steady state derived

when ¢ goes to infinity, in which the investor’s conditional variance of C} is constant.
The prices Sy of the risky assets take the form
_F F—-F aaf g0

S = — Y — C C Yy 3.3
=t atangy (Y0 +71Ct + 72C + 3y X}, (3.3)

where (70,71, 72,73) are constants, (y1,72) are positive, v3 is negative, and

2o
pf=0-— ﬁﬂ (3.4)

is a “flow portfolio” describing the flows that the investor generates when moving across funds.

The first two terms in (3.3) are the present value of expected dividends discounted at the riskless

rate r. The third term is a risk discount proportional to the covariance ¥’ with the index. This
discount is constant over time and reflects an adjustment for index risk. The fourth term is a risk

discount proportional to the covariance Ep’f with the flow portfolio. This discount is time-varying
and reflects the price impact of flows.

The flow portfolio p; is equal to the residual-supply portfolio 6 plus a short position in the index
7 such that the overall position has zero covariance with the index (nEp’f = 0). Long positions in
py are in risky assets that the active fund overweights relative to the index, and short positions in
py are in assets that the active fund underweights.

When the investor becomes more pessimistic about the active fund, she gradually moves from
the active into the index fund, selling a slice of py. As a consequence, assets covarying positively

with pf experience a price decline (y; > 0), while assets covarying negatively experience a price



rise.
Expected returns are described by the two-factor model

raa n3e

Ey(dRy) = a+anxy

COVt(th, 7’]th) + AtCOVt (th,pdet), (35)

with the factors being the index 7 and the flow portfolio py. The risk premium associated to 7 is

constant over time. The risk premium A; associated to p; is time-varying and equal to

1 A
AN=ra+ —x (7?@ +95'C + 'y — k1@ — k‘z@z) : (3.6)
[+ sy

where f = 1—1—%, (,yf%’ fyf, ’yé%, k, k1, k2,1, G2) are constants, ’yfz and ’yﬁ—l—’yf are negative, and ’y?f%

and k are positive. Equations (3.5) and (3.6) imply that expected returns follow a cycle with a cross-
sectional and a time-series dimension. In the cross-section, assets are divided into two segments
according to the sign of their covariance with py. That covariance reflects the pattern of fund
holdings: assets overweighted by the active fund belong to one segment, and assets underweighted
belong to the other. In the time-series, the expected returns of assets in each segment exhibit
common variation depending on fund flows. When the investor begins to reallocate from one fund
to the other, assets in the losing segment are expected to earn low returns. After some flows occur,
the expected returns of assets in the losing segment become high. The initial decline in expected
returns gives rise to short-run momentum, while the subsequent increase gives rise to long-run

reversal.

To illustrate the patterns, consider an increase in C’t, which triggers gradual outflows from the

active into the index fund. Assets covarying positively with p; experience a price decline (y; > 0)

and a decline in their expected returns (y* < 0). Over time, as the outflows from the active fund

materialize, y; drops. Assets covarying positively with ps experience an increase in their expected

returns (4% > 0), and that effect eventually dominates.

The initial decline in expected returns, which gives rise to short-run momentum, is surprising.
Indeed, as the investor flows out of the active fund, the manager increases his holdings in the fund,
absorbing the investor’s flows. Why should the manager buy assets that the fund overweights,
knowing that these assets’ expected returns have declined? Why shouldn’t instead those assets
drop immediately to a level from which they are expected to earn higher future returns? The
answer lies in the manager’s intertemporal hedging demand, whose effect in this setting VW term

bird-in-the-hand effect. The anticipation of outflows from the active fund causes assets covarying

10



positively with ps to be underpriced and to earn an attractive return over a long horizon (one bird
in the hand). The manager could earn an even more attractive return on average (two birds in the
bush) by buying these assets after the outflows occur. This exposes him, however, to the risk that
the outflows might not occur, in which case the assets would cease to be underpriced and future

investment opportunities would become unprofitable.

The bird-in-the-hand effect can be illustrated using a simple three-period example. An asset is
expected to pay off 100 in Period 2. The asset’s price is 92 in Period 0, and 80 or 100 in Period
1 with equal probabilities. Buying the asset in Period 0 earns an investor a two-period expected
capital gain of 8. Buying in Period 1 earns an expected capital gain of 20 if the price is 80 and
0 if the price is 100. A risk-averse agent might prefer earning 8 rather than 20 or 0 with equal

probabilities, even though the expected capital gain between Periods 0 and 1 is negative.

4 Trading Strategies and Performance Measures

4.1 Value and Momentum

We define a trading strategy by a vector of weights w; = (w1, .., wnt), where wy; is the number

of shares invested in risky asset n at time t. We include in the strategy a position — Zi:;l Wit Snt
in the riskless asset, so that the value of the combined position is zero. The strategy rebalances
continuously if the weights w; change continuously over time. Any gains are paid out and any losses

are covered continuously so that the value of the combined position remains zero.

We consider the value strategy

= /
w, = <F + R St> ; (4.1)
T T+ K

where € € {0,1}. A risky asset’s value weight increases linearly in the difference between the asset’s
fundamental value and price. We measure fundamental value by the present value of expected
dividends discounted at 7, and use two measures of expected dividends: the optimal forecast,

which depends on the expected dividend rate F; and corresponds to € = 1 in (4.1), and the crude

forecast, which sets expected dividends equal to their unconditional mean F and corresponds to

e=0.

11



We consider the momentum strategy

wM = < /t : dRu>/. (4.2)

A risky asset’s momentum weight increases linearly in the asset’s cumulative past return over the

interval [t — 7,t]. We refer to the length 7 > 0 of that interval as the lookback window.

4.2 Performance Measures

We measure the performance of a trading strategy w; by the Sharpe ratio of its index-adjusted

version

_ COVt (’Ll)tht, 77th)
Vary(ndRy)

(4.3)

The index-adjusted strategy w; is constructed by combining w; with a position in the index such
that the covariance between the overall position and the index is zero. The Sharpe ratio of the

index-adjusted strategy represents compensation for risk orthogonal to the index.

The Sharpe ratio over an infinitesimal horizon dt is

Ez, (wdR;)
VVarg, (w;dRy)dt

SRyt = (4.4)

It is derived by dividing the expected excess return of w; by the return’s standard deviation, and

expressing the ratio in annualized terms by dividing by v/dt. The return moments are conditional
on an information set Z; that depends on t. We use the subscript Z; for moments conditional on
I, the subscript ¢ for moments conditional on all information available at time ¢, and no subscript
for unconditional moments. We likewise omit the subscript ¢ from the unconditional Sharpe ratio.

We refer to SR, interchangeably as the Sharpe ratio of w; or of ;.

Our use of SR,,; to measure performance measure can be motivated based on portfolio opti-
mization. Suppose that an investor with horizon dt has mean-variance preferences, and can invest
in the riskless asset, the index 7 and the strategy w;. In Appendix C (Lemma C.1), we show that
the investor’s maximum utility is proportional to the sum of the squared Sharpe ratio of the index

n and of wy. In particular, it depends on w; only through SRy ;.

We extend our use of the Sharpe ratio over a general finite horizon 7. The Sharpe ratio,

12



expressed in annualized terms, is

ftt—i-T Wud Ru)

SRytT = * (

\/ Vary, ([ dudR,) T

, (4.5)

and can be motivated based on portfolio optimization, as in the case of an infinitesimal horizon dt.
The relationship between maximum utility and Sharpe ratio carries through provided that ndR,
is uncorrelated with ., dR,s conditionally on Z; for ¢ < w < wu’. That property holds under a
condition on the strategy weights w,, which is met for the strategies that we examine in the rest

of this paper. The derivations are in Appendix C (Lemma C.2).

We define and calculate Sharpe ratios using returns per share rather than per dollar invested.
This is because our CARA-normal model is better suited for calculating per share returns and
their moments: the calculations are simplified by the properties that prices are linear in the state
variables and that state variables are normally distributed. Since Sharpe ratios are unit-free, they

have a similar economic interpretation for returns per share and returns per dollar.

4.3 Calibration

We next calibrate our model. The parameter values are summarized in Table I. The model-implied
moments are calculated in Appendix C. A sensitivity analysis to different parameter values is in
Appendix F. Our calibration differs from VW because we adopt a different set of target moments

and mapping between parameters and moments.

We set some parameters to one using appropriate normalizations. By redefining the units of
the consumption good, we set the investor’s risk-aversion coefficient « to one. By redefining the

dividend per share of each asset n, we set the asset’s supply 7, to a value that is common across

_ N
assets and such that the average residual supply 0 = # is equal to one. Since assets are
supplied in the same number of shares, the index includes the same number of shares 7, = 7 of

each asset n. By rescaling the index, we set 7 to one.

We interpret assets as industry-sector portfolios and set their number N to ten. We assume that
all sector portfolios have the same expected dividends, the same standard deviation of dividends
and the same pairwise correlation. We denote the vector of expected dividends per share by F' = F1
and the covariance matrix of dividends per share by ¥ = 2(I +w11’), where 1 is the N x 1 vector
of ones, [ is the N x N identity matrix, and (F,d,w) are scalars. We choose F so that the index’s

expected return per dollar in excess of the riskless rate is 4%. We choose 3, = 6%(1 + w) so that
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Table I: Calibration of model parameters.

‘ Parameter Symbol Value | Target
— ;

Inv;it?r st risk-aversion o 1 Normalization
coefficien
Manager’s risk-aversion a 99 Fraction of return variance
coefficient generated by flows
Number of assets N 10 Industry-sector portfolios
Number of shares .

1 Normalization
of each asset in the index i
Average residual 0= Ty On 1 Normalization
supply across assets B
Standard deviation of residual SN (0,—6)2 0.2 Industry-sector level active share of
supply across assets N ' aggregate portfolio of mutual funds
E}TpeCt?d dlglden(is per F, 0.33 | Expected excess return of index
share of each asse
\/Eirlancfe of }?Wldeglds per Ynn 0.47 | Sharpe ratio of index
share of each asse
Covariance of dividends per > 041 Correlation between average
share of each asset pair nn ' industry-sector portfolio and index
Shocks to expected dividends é 0.05
F; relative to dividends Dy '
ZIGZE;?HSIOH coefficient of K 0.3 Mean-reversion of return gap

t t
f(‘:agdard deviation of shocks S 1.2 Volume generated by fund flows
t
Long-run mean of C} C -0.22 | Investor’s share in active fund
) Horizon over which fund flows
Transaction cost P 0.65
respond to performance

Riskless rate r 0.04

the annualized Sharpe ratio of the index is 30%. (The index’s Sharpe ratio is horizon-independent
in our model.) We choose %,y = &%w for n’ # n so that the return correlation between industry-
sector portfolios and the index is 87%. This is the average correlation between sector portfolios
and the index in Ang and Chen (2002). The remaining parameter describing dividends is ¢. It is
the size of shocks to the process F} that drives expected dividends relative to shocks to the process
D; that drives dividends. Shocks to expected dividends render prices not fully revealing about Ct,
and induce a causal link from fund performance to fund flows as the investor uses performance to
learn about C;. We set ¢ to 0.05, a value that maximizes the investor’s uncertainty about C;. Even

under that value, uncertainty is small: the investor’s conditional standard deviation of C; is 18%

14



of the unconditional standard deviation. Changing ¢ has a small effect on Sharpe ratios.

With a symmetric covariance matrix of dividends, the only characteristic of residual supply

0, that affects Sharpe ratios, beyond the average § = 1 across assets, is the standard deviation

R _
o(f) = M. We choose o(6) based on the active share of the residual-supply portfolio

(Cremers and Petajisto (2009)). Buffa, Vayanos, and Woolley (2022) find that the active share of
the aggregate portfolio of all active equity mutual funds, computed at the industry-sector level, is
10.81%. Defining the residual supply portfolio to also include index funds, and taking index fund
assets to be 10% of total fund assets (active and index), the active share of the residual supply

portfolio is 9.73% (=90%x 10.81%). We set o(6) = 0.2, which implies an active share of 10% under

the assumption that 6, is equal to § 4+ o () = 1.2 for half of the assets and to § — o () = 0.8 for
the other half.

We choose the manager’s coefficient of absolute risk aversion & based on the fraction of asset
return variance generated by fund flows. Intuitively, when the manager is more risk-averse, the
investor’s flows have larger price impact and account for a larger fraction of price movements.
Greenwood and Thesmar (2011) find that fund flows explain 8% of the variance of individual stocks.
Gabaix and Koijen (2020) find that flows explain up to 50% of the volatility of the aggregate market.
This amounts to 25% of the variance if flows are independent of fundamentals. We assume that the
effect for industry-sector portfolios lies in-between, and use 15% as our target. The corresponding
value of & is 29, i.e., the manager is 29 times more risk-averse than the investor. In our sensitivity

analysis, we allow for a lower target variance.

We choose the mean-reversion coefficient x of the cost C; by identifying C; with the return gap
in Kacperczyk, Sialm, and Zheng (2008, KSZ). KSZ define the return gap as the difference between
a mutual fund’s return over a given quarter and the return of a hypothetical portfolio invested in
the stocks that the fund holds at the beginning of the quarter. This aligns with the definition of
C} in our model. We set k to 0.3 to match KSZ’s finding that shocks to the return gap shrink to

about one-third of their size within four years.

We choose the diffusion coefficient s of Cy based on the volume generated by fund flows. Lou
(2012) computes flow-induced trading (FIT) for each stock by aggregating the trades that all mutual
funds perform on that stock in response to inflows or outflows they experience, and dividing by
the funds’ aggregate holdings of the stock. The spread in quarterly FIT between top and bottom
stock deciles sorted based on FIT is 22.27% (= 16.76% — (—5.51%)). We set s = 1.2 to match that
spread, thus assuming that the spread is the same for stocks as for industry-sector portfolios (i.e.,
flows take place at the level of sector portfolios). In our sensitivity analysis, we allow for a lower

target spread.
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We choose the long-run mean C' of C; based on the long-run mean 7 of the investor’s share y;
in the active fund. The share y; can be interpreted as the extent to which non-expert investors
participate in trades that require financial expertise, which in our model consists in exploiting

hedger-induced mispricing. Perfect risk-sharing, derived for C; constant over time and equal to

a

C = 0, implies a share 7, that is constant over time and equal to § = 315 = 96.8%. We use

7 = 90% as our target. The corresponding value of C is -0.22. Allowing for a lower target 4 > 0

for which C' becomes positive, has a small effect on Sharpe ratios.

We choose the transaction cost ¢ based on the horizon over which fund flows respond to per-
formance. Coval and Stafford (2007) find that flows into a mutual fund during quarter ¢ increase in
the fund’s return during quarters t — 1 to t — 4, and are roughly independent of the return during
quarters t — 5 to t — 8. We set ¢ to 0.65 in line with that finding: following a positive (negative)
shock to the active fund’s return, the fund experiences inflows (outflows) for 22 months, with 90%

of the effect occurring within the first 13 months.

The FIT estimates in Lou (2012) concern the volume generated by all mutual fund flows.
Since our calibration matches all mutual fund flows but our model assumes only flows between
an aggregate of active funds and of index funds, the latter flows are unrealistically large in our
calibration. The flows in our calibration could be interpreted as including flows between active
funds. Since differences between active funds can be larger than between an aggregate of active

funds and of index funds, we allow for a larger target active share in our sensitivity analysis.

Our sensitivity analysis reveals that the results in Sections 5 and 6 are relatively insensitive to
the target active share and FIT spread. They are sensitive to the target variance: when the fraction
of return variance generated by flows is smaller, the Sharpe ratio of momentum drops significantly,

and the Sharpe ratio of value becomes less volatile and more correlated with the value spread.

5 Performance over an Infinitesimal Horizon

5.1 Optimal Strategy

In Appendix D (Lemma D.1) we show that the Sharpe ratio of a strategy w; over an infinitesimal

horizon dt is

(f + 771627%7/) Ez, (Atwtzp/f)

SRyt =
w /)2
1 [BrCwsl) - S 4y o

, (5.1)

nxn’
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and is maximized for w; = Aypy. The intuition why the strategy w; = Aypy is optimal comes
from the two-factor model (3.5) for expected returns. The two factors are the index 7, with a
constant risk premium, and the flow portfolio py, with a time-varying risk premium A;. Since the
Sharpe ratio SR,,; concerns the index-adjusted version w; of wy, it reflects compensation for the
risk corresponding to the second factor p; only. Therefore, it is maximized for a strategy that
invests only in pys: risk that is uncorrelated with p; (and 7)) is not compensated. The size of the

investment in py is proportional to that factor’s risk premium A;.

The Sharpe ratio of the optimal strategy w; = Ayps is (Proposition D.1):

X kA A

The unconditional Sharpe ratio is proportional to y/E(A?). The conditional Sharpe ratio is pro-

portional to the absolute value |A;| when the conditioning set Z; includes the time-¢ values of the
state variables (C’t, Ct,yt)- Indeed, since A, is a function of (C’t, Cy,yt) only, Ez,(A?) = A?. Since A,

is affine in (C’t, Ct,yt), the conditional Sharpe ratio is high when Cy, Cy or y; are large in absolute

value.

In our calibrated example, the unconditional Sharpe ratio of the optimal strategy is 70.21%.
It is thus 2.34 times higher than the index’s Sharpe ratio, which is 30%. The optimal strategy

achieves its high Sharpe ratio while also representing risk orthogonal to the index.

The optimal strategy’s conditional Sharpe ratio on (C’t, Ct,y¢) has mean 56.02% and standard
deviation 42.32%. It thus varies significantly over time. It is lower on average than the unconditional
Sharpe ratio because it tends to be high when the optimal strategy has high conditional standard

deviation.

5.2 Value

In Appendix D (Proposition D.2) we derive a closed-form solution for the unconditional Sharpe
ratio of the value strategy (4.1). In our calibrated example, the unconditional Sharpe ratio is 26.88%
when the present value of expected dividends is computed using the optimal forecast (e = 1), and

27.05% when the crude forecast (e = 0) is used.

While the value strategy offers a Sharpe ratio comparable to that of the index, and with or-

thogonal risk, it achieves less than 40% of the optimal strategy’s Sharpe ratio in relative terms

(27.05%
70.21%

= 38.53%). This is because the value strategy fails to account for short-run momentum.
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Consider an increase in Cy, which triggers gradual outflows from the active fund. Assets covarying
positively with the flow portfolio py experience an immediate price decline, and thus an increase in
their value weight. Since these assets also experience a decline in their expected return, the value
strategy earns a low expected return at this stage of the cycle. Over time, as the outflows from
the active fund materialize and 1; drops, the value weight of these assets increases further. Their

expected return switches to being high, and so does the expected return of the value strategy.

To characterize the performance of the value strategy at different stages of the cycle, we compute

in Appendix D (Proposition D.3) the strategy’s conditional Sharpe ratio. We condition on (C’t, Yt)
only, because these are the key variables describing the cycle and are observed by the investor in

our model (while C} is not). Equations (3.3) and (4.1) imply that the expected weights of the value
strategy conditional on Z; = (C}, ;) and when € = 1 are
aaf nxo’

Ez, (w)") = o 6477277’772 + <70 + (71 +72)C + ’)’3,%) 2> (5.3)

Likewise, (3.6) implies that the conditional expectation of A; is

1 .
Ez, (A¢) =ra+ TEA ((’7{2 + vf)Ct + ’ygfzyt — k11 — kg(jg) . (5.4)
P+ s

An increase in C raises value weights of assets covarying positively with py because (v1,72) are

positive. It lowers Ay, thus lowering the expected returns of those assets, because 'yf?‘ + 'yf is

negative. By contrast, a decrease in y; raises those assets’ value weights and expected returns

because (73, 731?) are negative. In line with these observations, the conditional Sharpe ratio of the
value strategy is negative and large when C} becomes large in absolute value (early stage of the
cycle). It switches to being positive and large when y; adjusts to the change in Cy by becoming
large with opposite sign to C; (late stage).

The unconditional mean and standard deviation of the value strategy’s conditional Sharpe ratio
are 20.60% and 65.03%, respectively, when € = 1, and 21.46% and 63.25%, respectively, when € = 0.
The Sharpe ratio of the value strategy varies more than that of the optimal strategy, reflecting the

sharply different performance of value at different stages in the cycle.

We next examine how the conditional Sharpe ratio of the value strategy correlates with the
value spread. We define the value spread as the standard deviation of the market-to-book ratio

in the cross-section of assets. We assume that all assets have the same book value, which we take
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to be the average price in the cross-section of assets and over time. We compute the value spread

conditional on (C’t, y¢) in Appendix D (Proposition D.4). The value spread is high when Cy is large
in absolute value because the price discrepancies between assets that covary positively and assets

that covary negatively with the flow portfolio py are large. The value spread is even higher when
yr adjusts to the change in C} because the price discrepancies become even larger.

The value spread correlates positively but imperfectly with the conditional Sharpe ratio of the
value strategy. This is because C; moves the two variables in opposite directions, while Yy Moves

them in the same direction and has a dominant effect. When C; becomes large in absolute value

(early stage of the cycle), the value spread is large and the conditional Sharpe ratio of value is

negative. When y; adjusts to the change in Cy by becoming large with opposite sign to Cy (late
stage), the value spread is even larger and the conditional Sharpe ratio of value is positive. The
unconditional correlation between the value spread and the conditional Sharpe ratio of the value
strategy is 26.31% when € = 1 and 26.00% when e = 0. For the remainder of our analysis, we focus

on the value strategy with € = 0.

5.3 Momentum

In Appendix D (Proposition D.5) we derive a closed-form solution for the unconditional Sharpe
ratio of the momentum strategy (4.2). Figure | plots the unconditional Sharpe ratio in our cali-
brated example as function of the lookback window 7 over which past returns are calculated. The
unconditional Sharpe ratio reaches its maximum value 53.66% for a window of seven months, and
exceeds 50% for windows ranging from four to eleven months. When the window goes to zero, the
Sharpe ratio also goes to zero because performance over a very short interval is almost uninfor-
mative about future flows. Conversely, when the window becomes large, the Sharpe ratio becomes

negative because momentum turns into reversal.

The momentum strategy with the 4-12 month lookback window performs significantly better
than the value strategy because it is better aligned with movements in expected returns. Consider an
increase in C;, which triggers gradual outflows from the active fund. Assets covarying positively with
the flow portfolio py experience an immediate price decline, and thus a decrease in their momentum
weight. Since these assets also experience a decline in their expected return, the momentum strategy
earns a high expected return at the early stage of the cycle. It also earns a moderately high
expected return at the late stage. Indeed, after the outflows materialize, the expected return of
assets covarying positively with py is high. As a consequence, these assets’ return history improves,

and their momentum weight rises. Momentum’s underperformance occurs at intermediate stages
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Figure 1:  Unconditional Sharpe ratio of momentum as function of the lookback
window 7 over which past returns are calculated.

of the cycle. Indeed, the expected return of assets covarying positively with p; has increased but

their return history has not caught up with that increase.

To characterize the performance of the momentum strategy at different stages of the cycle, we

compute in Appendix D (Proposition D.6) the strategy’s conditional Sharpe ratio. As with the
value strategy, we condition on (C’t, y¢) only. Using (4.2) and (A.4), we show in the Appendix that

the expected weights of the momentum strategy conditional on Z; = (C’t, y¢) are

raafr nxe’
a+a ndn

Ey, (w}) = ns + (87 + 04+ 01u) oy, (5.5)
where ((56\/[ ,5% ,6§VI ) are constants. For the remainder of our analysis, we focus on the optimal
momentum strategy with the seven month lookback window, for which (6}, 637) are positive and

5
g

. eM . LA . .
the ratio 37 is smaller than . An increase in C} lowers momentum weights of assets covarying
12

0

positively with py because 5% is negative. Because it also lowers A, the conditional Sharpe ratio

of the momentum strategy is positive and large when Cy is large in absolute value (early stage of

the cycle). A decrease in y; raises the momentum weights of assets covarying positively with p;
because 5:],)‘4 is negative. Because it also raises A, the conditional Sharpe ratio of the momentum

strategy is positive when g adjusts to the change in Cy by becoming large with opposite sign to Cy

(late stage). The conditional Sharpe ratio is instead negative for a range of intermediate values of

M I . . .
1. Indeed, because sir < "/R:YTS’YR7 A4 changes sign before momentum weights do during the process
12 1 2
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of y,’s adjustment.

The unconditional mean and standard deviation of the conditional Sharpe ratio of the momen-
tum strategy are 40.74% and 46.58%, respectively. The Sharpe ratio of the momentum strategy
varies less than that of the value strategy, reflecting the more limited variation in momentum’s

performance over the cycle.

Since momentum performs well at the early stage of the cycle, moderately well at the late stage,
and poorly at intermediate stages, it is weakly correlated with the value spread. The unconditional
correlation between the value spread and the conditional Sharpe ratio of momentum is -8.13%. The

correlation between the conditional Sharpe ratios of momentum and value is 28.22%.

Figure 2 plots the dynamics following a shock that moves the state variables (C’t, y¢) away from

their long-run means (C,%). The shock is a decline to the flow portfolio’s return at time zero,

equal to one standard deviation of the portfolio’s annual return. The left panel plots the shock’s
effect on (@,yt)7 as function of time ¢t. Following the shock, the investor’s expectation C, of the

active fund’s cost jumps up and declines gradually to C. The investor’s share y; in the active fund

declines gradually for 22 months after the shock. After that time, it increases gradually to 7.
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Figure 2: State variables (left panel) and conditional Sharpe ratios and the value
spread (right panel) following an one standard deviation drop in the return of the flow
portfolio py at time zero.

The right panel plots the Sharpe ratios conditional on (C’t, y¢) for the optimal strategy (black
solid line), the value strategy (blue dashed line) and the momentum strategy (red dashed-dotted
line), as function of time ¢. The value spread is also plotted (green dotted line). The units for the
Sharpe ratios are shown in the left y-axis, and the units for the value spread are shown in the right

y-axis.
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When (C’t,yt) are equal to their long-run means (C,%), the Sharpe ratios of momentum and
value are close to zero: -2.48% for momentum and 0.38% for value. Following the shock, the Sharpe
ratios experience large movements in opposite directions. The Sharpe ratio of momentum jumps
up to 114.99%. It then declines rapidly, becomes negative twelve months after the shock, becomes

positive again twenty-two months after the shock, reaches a maximum of 17.36% three years and
two months after the shock, and finally declines to its value for (Cy,4;) = (C,%). The Sharpe ratio

of value jumps down to -116.96%. It then rises rapidly, becomes positive thirteen months after the

shock, reaches a maximum of 36.71% three years after the shock, and finally declines to its value

for (ét, y:) = (C, 7). The value spread jumps up following the shock, and keeps increasing as the

mispricing worsens. It reaches a maximum thirteen months after the shock, and then declines to
its value for (Cy, ;) = (C, 7).

The Sharpe ratio of the optimal strategy is remarkably close to that of value or of momentum.
The difference between the optimal strategy’s Sharpe ratio and the larger of the value and the
momentum Sharpe ratios is smaller than 6% for a long period after the shock, which is composed
of two sub-periods. During the first sub-period which lasts for the first five months after the
shock, momentum is approximately optimal and its Sharpe ratio lies within 6% of the optimal
strategy’s. During the second sub-period which lasts from fourteen months to 10.5 years after the
shock, value is instead approximately optimal and its Sharpe ratio lies within 6% of the optimal
strategy’s. Hence, within the context of our model, value and momentum span well the set of

trading strategies, with each of them being approximately optimal at a different stage of the cycle.

The shock in Figure 2 is a decline to the flow portfolio’s return. Under the opposite shock,

(C’t — O, y; — ) would change sign, and the right panel would flip around the z-axis. The left panel
would remain approximately the same, however. This is because the Sharpe ratios depend almost
exclusively on the stage of the flow cycle and not on whether the flows occur from the active to
the index fund or vice-versa. The conditional correlation between value and momentum, plotted

in Figure 3, would also remain approximately the same.

5.4 Combining Value and Momentum

We next compute the gains from combining value and momentum. This requires computing the

correlation between the two strategies’ returns, an exercise of independent interest since it reveals

how the strategies relate to each other. For two general strategies (w{‘,th ), the Sharpe ratio of
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their optimal (mean-variance maximizing) combination is (Appendix D, Lemma D.5)

~A ~B
SR = ¢ SR2, , + SR?, , — 2SR ,a S Rys Corry, (i d Ry, i th). 56

1 — Corrg, (W' dRy, WP dR;)?

The Sharpe ratio of the optimal combination depends only on the two strategies’ Sharpe ratios and
on the correlation between the strategies’ returns. The calculations in (5.6) are conditional on an
information set Z;, in the sense that strategy weights, Sharpe ratios and the correlation can depend
on Z;. The correlation in (5.6) is between the strategies’ index-adjusted versions, but as with the

Sharpe ratios we refer to it as pertaining to the strategies as well.

In Appendix D (Proposition D.7) we derive a closed-form solution for the unconditional cor-
relation between value and momentum, and for the Sharpe ratio of the optimal unconditional
combination of the two strategies (Z; = ()). In our calibrated example, this Sharpe ratio is 63.45%.
It is 10% larger than the unconditional Sharpe ratio of momentum (53.66%) and 36% larger than
that of value (27.05%). Thus, combining value and momentum improves significantly over using
one or the other strategy and yields a Sharpe ratio close to that of the optimal strategy (70.21%).
The improvement is due to the low unconditional correlation between value and momentum, which
is -12.20%. The correlation is negative because value loads up on assets that have underperformed
over a long period, while momentum tends to short those assets as they have been trending down

in the recent past.

The low unconditional correlation between value and momentum masks large variation in the

conditional correlation. We compute the value-momentum correlation conditionally on (C’t, y¢) in
Appendix D (Proposition D.7). The conditional correlation has unconditional mean -8.13% and
standard deviation 73.02%. Figure 3 illustrates the large variation in the conditional correlation

by plotting its dynamics following the same shock as in Figure 2.

When (C, 1) are equal to their long-run means (C, ), momentum and value are approximately
independent, with a correlation of -4.53%. Following the shock, the correlation jumps down to
-97.06%. The two strategies thus become approximately perfectly negatively correlated. The
correlation remains below -80% for the ten months after the shock. It then rises gradually, becomes

positive twenty months after the shock, reaches a maximum of 52.30% three years and four months

after the shock, and finally declines to its value for (Cy,y;) = (C, 7).

During the period of high negative correlation, the momentum strategy shorts assets that covary
positively with the flow portfolio py because the shock drives down these assets’ returns. By

contrast, the value strategy longs these assets because their price is low. During the period of high
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Figure 3: Conditional correlation between value and momentum following an one
standard deviation drop in the return of the flow portfolio ps at time zero.

positive correlation, value continues longing these assets, and momentum switches to longing them

as well.

Combining value and momentum conditionally on (C’t, y¢) yields small gains over using one of
the two strategies only. In the dynamics shown in Figure 2, the Sharpe ratio of the optimal value-
momentum combination never exceeds the larger of the individual Sharpe ratios by more than 6%.
(This can be anticipated from the closeness between the Sharpe ratio of the optimal strategy and
the larger of the individual Sharpe ratios.) The improvement from combining value and momentum

conditionally is smaller than unconditionally because of the variation in the relative performance of

the two strategies. Momentum is the much better strategy for a set of values of (C’t, y¢) and value

is for another set. Within either set, combining the strategies yields small gains relative to using

the better strategy. When, however, information on (C’t, y¢) is not used, the identity of the better
strategy is unknown. Combining the strategies then yields larger gains because the weight on the

worse strategy is reduced and so is the scope for under-performance.

The conditional correlation between value and momentum is informative about the Sharpe ratio
of each strategy. That information is particularly precise for value: the unconditional correlation
between the conditional value-momentum correlation and the conditional Sharpe ratio of value
is 86.02%. This can be anticipated from Figures 2 and 3, as the conditional correlation and the
conditional Sharpe ratio of value respond similarly to the shock. While Figures 2 and 3 suggest
a negative unconditional correlation between the conditional value-momentum correlation and the
conditional Sharpe ratio of momentum, that correlation is positive and equal to 41.34%. Thus,
a positive value-momentum correlation indicates high conditional Sharpe ratio of both value and

momentum.
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6 Performance over a General Finite Horizon

6.1 Optimal Strategy

We next allow the investment horizon to take any finite value. To determine how horizon influ-
ences the choice of strategy, we begin with an optimization exercise. Consider an investor who has

horizon T" and maximizes the unconditional Sharpe ratio SR, 7. Suppose that the investor must
follow a strategy of the form w; = (dp + 51Cy + 820 + d3y:)py and can optimize over the coeffi-
cients (dg,d1,d2,03). The optimal coefficients depend on the horizon T', and we denote them by
( 0.1 017+ 05 s ;T) We determine in Appendix I the Sharpe ratio SR, ;- of the optimal strategy
(Proposition F.1) and the strategy’s correlation with value and momentum (Propositions .5 and
E.6).

The optimization is not over the full set of strategies: the strategies are assumed to invest only
in the flow portfolio py; the investment in p; is assumed linear in the state variables (C’t, Ci,yt);
and the coefficients in the linear function are assumed constant over time. The first and second
assumptions are shown as results for the short-horizon optimal strategy w; = Ay (Section 5.1), and
we conjecture that these results extend to the long-horizon optimization. In particular, since the
Sharpe ratio SRy, 1 reflects compensation only for risk corresponding to py, it should be maximized
for a strategy that invests only in py. The third assumption is restrictive. Indeed, since the optimal
coefficients (657T, 03 7 05 1 5§7T) depend on the horizon T, the investor may want to change them
as time passes and the end of the horizon approaches. Restricting the coefficients to be time-
independent simplifies the calculation of the (constrained) optimal strategy and of its closeness to

value and momentum (both of which are defined to be time-independent).

Figure 4 illustrates properties of the optimal strategy. The left panel plots the unconditional
return correlation of the optimal strategy with the value strategy (blue dashed line) and with the
momentum strategy (red dashed-dotted line), as function of the investment horizon. The correlation
concerns returns computed over the horizon corresponding to the optimal strategy (e.g., one-year
returns for the one-year optimal strategy, and ten-year returns for the ten-year optimal strategy).
When the horizon is short, the optimal strategy correlates more highly with momentum than with
value. The higher correlation with momentum is consistent with the finding in Section 5 that

momentum has a higher Sharpe ratio than value over an infinitesimal horizon.

The main new observation from the figure concerns the variation of the correlation with the
investment horizon. As horizon increases, the correlation of the optimal strategy with momentum

decreases, while that with value increases and overtakes momentum’s for horizons longer than thir-
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Figure 4: Unconditional correlation of the optimal strategy with value and momentum
(left panel) and unconditional Sharpe ratios (right panel), as function of the investment
horizon.

teen years. Similar conclusions follow when measuring closeness by weights in a tracking portfolio.
When value and momentum are combined into a portfolio whose return is the closest to the opti-
mal strategy’s, as measured by unconditional variance, their weights have a similar dependence on

horizon as the correlations. We defer a fuller discussion of optimal weights to Section 6.4.

The effects of investment horizon on the correlation that the optimal strategy has with value
and momentum are related to the effects of horizon on the strategies’ Sharpe ratios. The right
panel of Figure 4 plots the unconditional Sharpe ratios of the optimal strategy (black line), value
(blue dashed line) and momentum (red dashed-dotted line), as function of horizon. We compute
the unconditional Sharpe ratios of value and momentum in Appendix E (Propositions .2 and
[.3, respectively). The Sharpe ratio of the optimal strategy is closer to that of momentum for
short horizons and to that of value for long horizons. This is consistent with the results on the
correlations. Consistent with those results is also that value’s Sharpe ratio overtakes momentum’s
for horizons longer than thirteen years. The main new observation from the figure concerns the
variation of Sharpe ratios with horizon. The Sharpe ratio of the optimal strategy is an inverse
hump-shaped function of horizon, as is the Sharpe ratio of value. The Sharpe ratio of momentum

initially decreases with horizon and then stays essentially flat.

The effects of horizon on Sharpe ratios are driven by the autocorrelation of strategy returns. In
Appendix I (Lemma £.2) we show that the unconditional Sharpe ratio SR,, r of a strategy w; over

horizon T' can be expressed in terms of the unconditional Sharpe ratio SR, over an infinitesimal
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horizon and the unconditional autocovariance of returns over all horizons from zero to 1

SRyr = Sty ) (6.1)

BT (1 _ ut) CovlindRebudt)
\/1 +2/; — ) S a(e iR

The Sharpe ratio is independent of horizon when strategy returns are serially uncorrelated. This is
because expected returns are horizon-independent when expressed in annualized terms (dividing by

T'), and lack of serial correlation implies that the same is true for standard deviation (dividing by

VT). When instead strategy returns are positively autocorrelated, annualized variance increases
with horizon, and SR, r is smaller than SR,,. The converse is true when returns are negatively
autocorrelated. Thus, the effects of horizon shown in the right panel of Figure 4 reflect variation in

return autocorrelation. We examine that variation next, in the context of value and momentum.

6.2 Value

We compute unconditional autocorrelations of value and momentum returns in Appendix I (Propo-
sition [£.8), and plot them in Figure 5. The left panel plots correlations between value (blue dashed
line) or momentum (red dashed-dotted line) returns over a lookback window 7 ending at time ¢
with the same strategy’s returns over the year starting at time ¢. The right panel replaces re-
turns one year ahead by returns ten years ahead. Value returns are positively autocorrelated over
short horizons and lookback windows, reflecting asset-level momentum. They become negatively
autocorrelated over long horizons or lookback windows, reflecting partly asset-level reversal and
mostly the nature of the value strategy. Value loads up on assets that have performed poorly, and
has low turnover because it is based on slow-moving signals. Suppose that the poorly performing
assets held by value experience a further long period of underperformance, lowering value returns.
The expected returns of those assets increase, and so does the weight given to them by the value
strategy. This boosts value’s expected return, resulting in negative autocorrelation of value returns
over long lookback windows. Lengthening the horizon (moving from the left to the right panel)
renders autocorrelations more negative, and negative for all lookback windows. This is because the

effect of momentum is small over long horizons.

The autocorrelation pattern of value returns is reflected into the inverse hump-shaped pattern of
value’s Sharpe ratio. For short horizons, the relevant autocorrelations are those over short lookback
windows in the left panel of Figure 5. Since these are positive, annualized variance increases with
horizon and the Sharpe ratio decreases. For long horizons instead, the autocorrelations over long
lookback windows become relevant, lowering the annualized variance and raising the Sharpe ratio.

The long-window autocorrelations are larger in absolute terms than the short-horizon ones, and
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Figure 5: Unconditional autocorrelations of value and momentum, between returns
over a lookback window 7 ending at time t and returns over the year (left panel) and
the ten years (right panel) starting at time ¢. Autocorrelations are plotted as function
of 7.

die off to zero slowly when the window increases. Consequently, their effect on the Sharpe ratio
is quantitatively important. While the unconditional Sharpe ratio of value is 27.05% over an
infinitesimal horizon (Section 5) and drops to 19.78% for a two-year horizon, it rises to 29.66% for

ten years, 38.43% for twenty years, and 47.42% for forty years.

The effect of horizon is even more pronounced on value’s conditional Sharpe ratio. The left panel
of Figure 6 plots the unconditional mean of the conditional Sharpe ratios of value (blue dashed line)
and momentum (red dashed-dotted line), as function of horizon. We compute conditional Sharpe
ratios in Appendix E (Proposition [£.4). The unconditional mean of value’s conditional Sharpe
ratio drops from 21.46% for an infinitesimal horizon to 15.77% for a two-year horizon, and rises to
44.58% for ten years, 53.97% for twenty years, and 60.79% for forty years. Value’s Sharpe ratio
overtakes momentum’s for horizons longer than five years (rather than thirteen years in the case

of unconditional Sharpe ratios).

We next turn to the predictability of value’s conditional Sharpe ratio. The conditional Sharpe
ratio over a given finite horizon varies less than the infinitesimal-horizon Sharpe ratio. This is
because it can be viewed as an average of current and future expected infinitesimal-horizon Sharpe
ratios, adjusted for autocorrelation. Its variation in the case of value remains significant nonetheless.
The unconditional standard deviation of the conditional Sharpe ratio of value drops from 63.25%
for an infinitesimal horizon to 39.39% for an one-year horizon, 40.88% for five years, 31.33% for ten

years, and 18.16% for twenty years.

Lengthening the horizon changes drastically the predictors of value’s conditional Sharpe ratio.

The value spread becomes a better predictor. Its unconditional correlation with the conditional
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Figure 6: Unconditional mean of conditional Sharpe ratios as function of the invest-
ment horizon (left panel), and conditional five-year Sharpe ratios and the value spread
following an one standard deviation drop in the return of the flow portfolio py at time
zero (right panel).

Sharpe ratio of value rises from 26.00% for an infinitesimal horizon to 77.24% for an one-year
horizon, 97.81% for five years, 96.92% for ten years, and 96.45% for twenty years. Conversely, the
(instantaneous) conditional correlation becomes a worse predictor. Its unconditional correlation
with the conditional Sharpe ratio of value drops from 86.02% for an infinitesimal horizon (Section
5) to 47.63% for an one-year horizon, -3.56% for five years, -7.72% for ten years, and -6.92% for

twenty years.

The effect of horizon on the predictive relationships can be understood by plotting the response
of the conditional Sharpe ratios to an one standard deviation drop in the flow portfolio’s return.
This exercise is performed for infinitesimal Sharpe ratios in Figure 2, and we repeat it for five-year
Sharpe ratios in the right panel of Figure 6. While the infinitesimal Sharpe ratio of value drops
substantially in response to the shock, its five-year counterpart rises. This is because the five-year
Sharpe ratio incorporates future expected infinitesimal-horizon Sharpe ratios, which rise in response
to the shock. As a consequence, the five-year Sharpe ratio moves more in synch with the value
spread, resulting in a higher correlation. It also moves less in synch with the value-momentum

correlation, resulting in a lower correlation.

6.3 Momentum

Similar to value returns, momentum returns are positively autocorrelated over short horizons and
lookback windows, reflecting asset-level momentum. In contrast to value returns, the autocorrela-

tion does not become negative for long horizons or lookback windows but instead drops to zero.
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The autocorrelation vanishes because the momentum strategy has high turnover, holding assets

based only on their recent performance.

The positive autocorrelation of momentum returns is reflected into momentum’s Sharpe ratio,
which decreases with investment horizon. The unconditional Sharpe ratio of momentum is 53.66%
over an infinitesimal horizon (Section 5), and drops to 37.06% for an one-year horizon. It then
stays essentially flat, equal to 34.28% for five years, 33.49% for ten years, 33.04% for twenty years
and 32.82% for forty years.

We next turn to the predictability of momentum’s conditional Sharpe ratio. Momentum’s
Sharpe ratio varies significantly less than value’s, especially as horizon increases. The unconditional
standard deviation of momentum’s conditional Sharpe ratio drops from 46.58% for an infinitesimal
horizon to 11.93% for an one-year horizon, 6.52% for five years, 4.52% for ten years, and 2.35% for

twenty years.

The predictability of momentum’s conditional Sharpe ratio becomes similar to value’s as horizon
increases. Momentum’s conditional Sharpe ratio is well predicted by the value spread, with the
unconditional correlation rising from -8.13% for an infinitesimal horizon to 27.13% for an one-year
horizon, 87.99% for five years, 91.75% for ten years, and 91.53% for twenty years. Conversely, it is
not well predicted by the conditional correlation between value and momentum. Its unconditional
correlation with that variable rises from 41.34% for an infinitesimal horizon (Section 5) to 53.91%
for an one-year horizon, but subsequently drops to 18.47% for five years, 8.01% for ten years, and

6.64% for twenty years.

6.4 Combining Value and Momentum

We compute the unconditional correlation between value and momentum returns over a general
investment horizon in Appendix E (Proposition [.7). Figure 7 plots this correlation as function
of horizon. The correlation is negative for returns computed over horizons up to seven months
and turns positive for longer horizons. It is relatively small in absolute value, rising from -12.20%
for an infinitesimal horizon (Section 6.4) to 19.92% for a forty-year horizon. As a consequence,
combining value and momentum improves significantly over using one or the other strategy and
yields a Sharpe ratio close to that of the optimal strategy. The difference between the Sharpe ratio
of the optimal strategy and of the optimal value-momentum combination drops from 6.76% for an

infinitesimal horizon to 3.20% for an one-year horizon, 1.76% for five years, 1.30% for ten years,

0.94% for twenty years, and 0.64% for forty years.

The change in sign of the value-momentum correlation from negative to positive as horizon

increases reflects the cross-autocorrelations between the strategies (lead-lag effects). We compute
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unconditional cross-autocorrelations for value and momentum returns in Appendix F (Proposition
[.8), and plot them in Figure 8. The left panel plots correlations between value (blue dashed line)
or momentum (red dashed-dotted line) returns over a lookback window 7 ending at time ¢ with the
other strategy’s returns over the year starting at time t. The right panel replaces returns one year

ahead by returns ten years ahead.
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Figure 8: Unconditional cross-autocorrelations (lead-lag effects) of value and momen-

tum, between returns over a lookback window 7 ending at time ¢ and returns over the

year (left panel) and the ten years (right panel) starting at time ¢t. Cross-autocorrelations

are plotted as function of 7.

Lead-lag effects differ for short- and long-horizon returns. Over short horizons (left panel),
they are mainly driven by the joint variation of the strategies’ expected returns during the flow

cycle, and they are present only from value to momentum and only over short lookback windows.’

“In Appendix E (Equations (E.6) and (E.7)), we show that the correlation Covz, (ﬁJf;dRu,wfj/dRu/) between
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High returns on value predict high returns on momentum (positive lead-lag effect). This is because
value earns high expected returns towards the end of the flow cycle, and as these returns cumulate,
momentum starts earning high expected returns as well. By contrast, momentum returns do not
predict short-horizon returns on value. This is because momentum earns high expected returns at
the beginning or at the end of the flow cycle, and these are followed by low expected returns of

value in the former case and by high expected returns in the latter case.

Lead-lag effects over long horizons (right panel) are mainly driven by the response of the strate-
gies’ expected returns to shocks, and they are present from both value to momentum and from
momentum to value. A long period of underperformance by the assets held by value indicates
that those assets will earn high future expected returns. Hence, those assets will be included in
momentum portfolios, which will perform well on average (negative lead-lag effect). A long pe-
riod of overperformance by momentum indicates that flows out of funds holding poorly performing
assets and into funds holding well performing ones are larger than expected. This indicates high

mispricing and thus high future expected returns by value (positive lead-lag effect).

The cross-autocorrelation from value to momentum changes sign to positive as horizon increases
because the positive lead-lag effects dominate the negative ones. Therefore, the drivers of the
switch in sign of the value-momentum correlation are the short-horizon lead-lag effect from value

to momentum, and the long-horizon one from momentum to value.

Using the unconditional Sharpe ratios and correlation of value and momentum, we compute in
Appendix E (Proposition [£.9) the investment in these strategies in their optimal (mean-variance
maximizing) combination. We express the investment in normalized terms by rescaling strategy
weights in the assets so that strategy standard deviation times investor risk aversion is equal to
one. We refer to the normalized investment as the weight given by the investor in a strategy. The
weights for value and momentum are plotted as function of horizon in the left panel of Figure 9.
Momentum’s weight is 169% that of value for an infinitesimal horizon, and rises to 199% for a two-
year horizon. It then decreases with horizon, becoming equal to value’s weight for thirteen years,
and to 57% of value’s weight for forty years. Momentum’s weight declines with horizon relative
to value’s weight because value’s Sharpe ratio increases while momentum’s stays essentially flat.
Momentum’s weight declines with horizon in absolute terms because value’s weight rises and because

the value-momentum correlation turns positive.

instantaneous returns of strategy j at time u and strategy k at time u’ > u can be written as
Covz, [Eu(wﬂdRu),Eu/ (wﬁ/dRu/)] +Ez, [w{;COVu(dRu,wﬁ/Eu, (dRu/))] .
The first term is the correlation between expected returns at v and v’, and drives lead-lag effects over short horizons

in our calibration. The second term describes the response of expected returns at u’ to shocks at u, and drives
lead-lag effects over long horizons.
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Figure 9: Weights of value and momentum in the combination of the two strategies
that maximizes the unconditional Sharpe ratio (left panel) and in the combination that
minimizes the unconditional variance of the difference in returns between that combi-
nation and the optimal strategy (right panel), as function of the investment horizon.

The right panel of Figure 9 plots value and momentum weights in the combination that best
approximates the optimal strategy derived in Section 6.1. We construct that combination by
minimizing the unconditional variance of the difference in returns between that combination and
the optimal strategy. The weights of value and momentum in that combination are computed in
Appendix E (Proposition F.10). Figure 9 shows that they are nearly identical to those in the

mean-variance maximizing value-momentum combination.

7 Empirical Analysis

7.1 Data

We next examine whether the theoretical patterns shown in Section 6 appear in the data. We use
a monthly vector auto-regression (VAR) of value and momentum returns together with the value
spread, the panic variable of DM, and the value-momentum correlation. Our sample runs from

January 1940 to December 2021.°

Value and momentum returns are those of the HML and UMD factors, respectively, sourced
from Ken French’s website. We compute these returns over a monthly horizon, and express them

in logarithms.

To construct the value spread, we first create an annual series following CPV. Our % values

SWe start the sample in 1940 following CPV who exclude the pre-1938 data because the poor disclosure regulation
at that time (documented in the accounting literature) could have resulted in unreliable book equity data. Our main
findings are robust to this choice.
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come from Ken French’s website; we use the ratio based on market equity M E at the end of June of
each year, and book equity BE measured at the end of December of the previous year but adjusted

for net stock issuance up to the end of June. The value spread at the end of June is the difference
in the logarithm of % between the high and the low % portfolios. We next create a monthly

series following Campbell and Vuolteenaho (2004) and Campbell, Giglio, Polk, and Turley (2018).
Specifically, the value spread at the end of each month from July to May is constructed by adding

to the end-of-June value spread the cumulative log return on the low ﬁ—% portfolio from the end of

June, and subtracting the cumulative log return on the high % portfolio.

To construct DM’s panic variable at the end of each month, we multiply an indicator variable
equal to one if the market return in the previous two-year period is negative by the realized variance
of the market return during the previous six-month period computed using daily observations. We
take the value-weighted CRSP portfolio as our market proxy and source return data from Ken
French’s website. To construct the correlation between HML and UMD at the end of each month,

we compute the realized correlation using daily observations during that month.

A difference between our empirical analysis and our calibration is that the former is done at the
stock level while the latter is done at the level of industry sectors. We assume industry sectors in our
calibration for parsimony: going at the stock level requires additional assumptions on how large the
sector-specific component of returns is relative to the stock-specific component, what the inter- and
intra-sector distributions of fund holdings are, etc. On the other hand, constructing empirical value
strategies at the sector level is challenging because book value may not be comparable across sectors.
Stock-level value strategies are less affected by this problem because they also exploit intra-sector
variation. Indeed, CPV find that the profitability of stock-level value strategies derives primarily
from intra- rather that inter-sector variation. Our theory suggests that it should be possible to
construct profitable sector-level value strategies in the data using measures of fundamental value

that are comparable across sectors.

7.2 Results

Figure 10 plots the value spread (red), the panic variable (black) and the value-momentum corre-
lation (blue) over our sample period. Each variable is demeaned and standardized by its in-sample

standard deviation.

The value-momentum correlation varies significantly over time and is persistent. Its average in
our sample is -6%, and its standard deviation is 52%. It is negative over some extended periods,
e.g., the years around the dot-com boom and those around the global financial crisis. It is positive

over some extended periods as well, e.g., between those two episodes. The value spread is more
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Figure 10: Predictors of value and momentum returns.

persistent. Its three most recent peaks are during the dot-com boom, the global financial crisis, and
2020. The panic variable is equal to zero much of the time and has occasional spikes, the largest

of which occurred in 2009, towards the end of the global financial crisis.

Table 11 shows the VAR results. Each pair of rows reports results for the regression predicting
the corresponding variable in the first column. The regression coefficients are in the upper row and

the ¢-statistics are in the lower row. Boldface indicates statistical significance at the 5% level.

Table II: VAR results.

Intercept ~ HML UMD Corr VS Panic | R2
HML | -0.01415 0.15334 -0.00832 0.00418 0.01166  -11.38827 | 2.9%
-2.05 4.74 -0.34 2.39 2.58 -1.49

UMD | 0.01604  -0.05716 -0.01689 0.00404 -0.00419 -57.42914 | 3.4%
1.74 -1.32 -0.52 1.73 -0.70 -5.65

Corr | 0.22005 3.48653 -0.00340 0.73941 -0.16341 73.76268 | 61.3%
2.68 9.07 -0.01 35.48 -3.04 0.81

VS 0.03865 -0.16348 0.01683 -0.00248 0.97449 7.66643 96.7%
4.11 -3.72 0.51 -1.04 158.59 0.74

Panic | 0.00001 0.00014 0.00008 -0.00001  0.00000 0.91011 | 82.1%
0.44 2.45 1.85 -1.59 -0.30 66.00

The return on HML is positively predicted by its lagged value. Thus, HML has short-run mo-

35



mentum, consistent with Ehsani and Linnainmaa (2019). The return on HML is also positively
predicted by the value spread, as in CPV, and by the value-momentum correlation. All three predic-
tive links are consistent with our theory, and we are the first to document that the value-momentum
correlation predicts value returns. Indeed, in unreported results, we find that the coefficient on the
value spread is much weaker when we exclude the lagged HML return and the value-momentum
correlation from the HML regression. This finding is consistent with the importance of taking our
theory’s flow cycle view of value predictability into account when using the value spread to forecast

value returns.

The return on UMD is predicted negatively by the panic variable, as in DM. It is positively

predicted by the value-momentum correlation, with statistical significance at the 10% level.” The

latter finding is consistent with our theory.

Following high HML returns, the value-momentum correlation increases, and the value spread
decreases. Intuitively, high HML returns render value stocks more likely to be selected into mo-
mentum portfolios, raising the the value-momentum correlation. They also lower the value stocks’

book-to-market ratio, lowering the value spread.

Using the VAR coefficients in Table 11, together with the covariance matrix of VAR residuals,
we compute Sharpe ratios and correlations of value and momentum returns over general horizons

and compare to our results in Section 6. The calculations are in Appendix G.

The left panel of Figure 11 plots the unconditional Sharpe ratio of value (blue dashed line) and
momentum (red dashed-dotted line) as function of horizon. The right panel plots the unconditional
correlation between value (blue dashed line) or momentum (red dashed-dotted line) returns over
a lookback window 7 ending at time ¢ with the same strategy’s returns over the year starting at
time ¢. In this and the next figure, the thin lines are one-standard-deviation bounds, produced by

bootstrapping the VAR.

Figure 11 provides some support to our theory. While the standard-deviation bounds are
wide due to the noise in returns, the general patterns of the Sharpe ratios and autocorrelations
resemble those in Section 6. Over short horizons, the Sharpe ratios of value and momentum
decrease with horizon. Over long horizons, momentum’s Sharpe ratio becomes approximately flat,
while value’s Sharpe ratio increases. Reflecting these patterns, the autocorrelations are positive
over short lookback windows and become approximately equal to zero for momentum and negative
for value over long lookback windows. All these properties are consistent with our theory. A
discrepancy arises in the magnitude of the effects, which are more modest than in Section 6. While

value’s Sharpe ratio increases non-trivially with horizon (it is 36% larger in relative terms over

STf we exclude the other forecasting variables from the UMD regression, the coefficient on the value-momentum
correlation increases by roughly 19% and has a t-statistic of 2.11.
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a forty-year horizon than over an one-year horizon), it does not overtake momentum’s over long

horizons (right panel of Figure 4). Moreover, value’s return autocorrelations are not as negative as

in Section 6 over long lookback windows (left panel of Figure 5).

Figure 12 plots correlations and lead-lag effects. The left panel plots the correlation between
value and momentum returns as function of horizon. The right panel plots the correlation between

value (blue dashed line) or momentum (red dashed-dotted line) returns over a lookback window 7

ending at time ¢t with the other strategy’s returns over the year starting at time ¢.
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The correlation between value and momentum depends on horizon in a way consistent with our
theory: it is negative over short horizons, and turns positive over longer horizons. Also consistent
with our theory, the dominant lead-lag effect is from value to momentum and is positive. Figure
12 differs from its lead-lag counterpart in Section 6 (right panel of Figure 8) in that the lead-lag

effect from value to momentum does not decay to zero as fast as horizon increases.

8 Conclusion

We study dynamic portfolio choice in a calibrated equilibrium model where value and momentum
anomalies arise because capital moves from under- to over-performing market segments and does so
slowly. Our model provides answers to questions that are key to dynamic portfolio choice and that
the theoretical literature has not addressed so far. We determine, in particular, how the Sharpe
ratios of value and momentum depend on investment horizon, how value and momentum returns
correlate with each other, and how these returns and Sharpe ratios depend on predictor variables.

We provide novel empirical evidence supporting our model’s predictions.

A common thread running through our results is that Sharpe ratios, correlations, and predictor
variables depend significantly on horizon. Over short horizons, momentum’s Sharpe ratio exceeds
value’s, the value-momentum correlation is negative, and the conditional value-momentum correla-
tion positively predicts the Sharpe ratios of value and momentum. In contrast, over long horizons,
value’s Sharpe ratio can exceed momentum’s, the value-momentum correlation turns positive, and

the value spread becomes a better predictor of Sharpe ratios.

Our results imply that performance metrics computed using returns over short horizons, e.g.,
monthly or annual, can give poor guidance to investors such as pension funds and sovereign-
wealth funds, whose horizons span decades. Constraints on portfolio deviations from benchmarks,
which are pervasive in practice, can be at odds with long-horizon objectives for similar reasons.
For example, tracking-error constraints evaluate risk over a short horizon and can overestimate it
over a long horizon in the same way that the value strategy’s short-horizon risk overestimates its
long-horizon risk. Our analysis suggests that performance metrics and constraints of long-horizon
investors should be re-examined on the basis of the investment behavior and horizon that they

induce.
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Appendix

A Proofs of Results in Section 3

Equation (3.3) follows from combining VW equation (28) with (29) and (B34). VW equation (B34)

implies
aaf nso' /
= h >
ap ot ansy "+ Yo2py
with
C + byys — k1q1 — ko kA
_ k(71 +72)C + boys 141 242 ‘a <f+ ,> ' (A1)
r nxm

Equation (3.1) is VW equation (30). Equation (3.2) is VW equation (31), shown in Proposition 4.
Equations (3.5) and (3.6) are VW equations (22) and (38), respectively, shown in Corollary 9.

Additional equations from VW that we use in subsequent proofs are those describing the co-

variance matrix of returns (VW equation (37) shown in Corollary 8)

Covi(dRy, dRy) = (f3 + kXp)psY) dt, (A.2)
the properties of the flow portfolio (stated between VW equations (A28) and (A29))

np =0,

0%py = pyip) = 77§77”
the investor’s stock holdings (stated just before VW equation (A63))

a nxb

A3
o+ a 77217’77’ (A-3)

T + yeze = ypy +

stock returns (VW equation (B7))

raaf nxe’

dR; =
! o+ andny

S + (7’70 +91C + 1 Cr + iy — w( +72)C — bm) = }} o
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¢ Bay1 A
+ (0 + ﬁlylEp}pfa) dBl{j + p—— (0 + ,BQ*ylzplfpr) dBtF —sy2 1+ ;;177/ Ep;chtC,
(A.4)
where
M= (r 4 K+ P+ biva, (A.5)
% = (r+ k) — s (A.6)
W= (r 4 ba)7s, (A7)
(r + Kk)yA
= 11— —FF— A.
p=H < S : (A.8)
and the dynamics of C; (VW equation (B6) combined with (BS))
dCy = k(C — Cy)dt + p(Cy — Cy)dt — Biprod BP — B ¢psodBi _ s1AdBY (A.9)
t= t Pl t 1Py t 2 "R ey ) .
where
7A T nEy
=T |1- —_ | — Al
b=T1- (2] B (A10)
— 5272
(r+k)* ' nXy’
and T, the investor’s conditional variance of C%, is the positive solution to
A 2 , 82(;52
2 (4 V2 nxn _ (r++)2 _
T (1 (r+k) 77277/> A + 26T e ey 0. (A.12)

(r+k)? nXn’

We focus on the steady state reached when ¢ goes to infinity, where the coefficients (51, 82,T") are

time-independent, and thus so are all other coefficients describing the equilibrium.

Substituting 7o from (A.1) and using (3.6), we can write (A.4) as

raaf nxo

dR; =
! a+ anxn

kA
> — | AP, dt
n + <f+ 77277/> t Pf]
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o
r+ K

Ban A
nXn’

+ (0 + BimEpipyo) dBP + (o + B Xp)pso) dBE — sy (1 + > Ep}dBf.

(A.13)

The term in square brackets in (A.13) is E¢(dR;) and maps to the two-factor model (3.5).

B Additional Background Notation and Results

Lemma B.1 determines the state variables (Fj, C’t,Ct,yt) in steady state as function of all past

Brownian shocks.

Lemma B.1. The values of (Fy, C’t, Cy,yt) in the steady state reached when t — oo are

t
F,=F+ / e =W oodBY (B.1)
. t t dBE A
Cy=0C +/ et gqBC — / e~ (FHo)(t—u) BiprodBE + 9bzpsodBy +s|1-— b2z dBC|,
— oo r+ K nxn’
(B.2)
_ t
Cr=C+ / e = gdBY (B.3)

b b c
Y=Y+ / [e*“(t*”) —e” Z(t’")] sdB,,

oo K — b2

t P
by (ke p) (=) —bo(t—u) D . $PapsodB, Bay2 A o
/_oo K+ p— by {6’ e } BiprodB, + T r +s(1 S dB,/ | .

(B.4)

Proof: The dynamics of F; are given by the stochastic differential equation (2.6). Integrating that

equation with initial condition Fy, and letting t — oo, we find (B.1). The dynamics of (C’t, Cy,yt)

are given by the system of stochastic differential equations (A.9) and (2.3), and ordinary differential
equation (3.1). Integrating that system with initial conditions (C’o, Co, o), and letting t — oo, we
find (B.2)-(B.4). [

We next introduce some notation, which we use together with Lemma B.1 to compute auto-

covariances of (Fy, Cy, Ct, yt, dRy) in Lemma B.3. For scalars (91, ¥, 13, 1[)1, 1&2, 1[)3) and a function
v(w,T), we define the function G (1, 9,13, T,v) by

G(djb 71127 ¢37 7.7 V) =
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- [ww(n 0T+ = ot . T) — vl T”} g <1 " 6;;7%)
_ [Wl + o) (k, T) + Kwib[; (v(k, T) — l/(bz,T))] 5% <1 + ﬁ;giﬁ) 7

the function H (1,12, 13, b1, 2,13, T, v) by

H(qvbla ¢27w3a 12)177&2’ 1,2)3, T, l/) =

U3y < P3by

e L2, £088) A

(r+ k)2 nxn' | nXny

1 . by Y1k Y3bik
2+ <w1+/€+p—b2> </<c+p_¢2_ (ﬁ+p)(ﬁ+p+b2))y(ﬁ+p’7-)

~

P3by ( 291 kp
(R+bg)(l€+p—b2) (

1 <1&1+1/32+ by >< b b )V(&T)

YP3kbip > $2Bav2 A
— ba, T
ba(k — b2)(k + p + b2) v( )] nn’

+
k—by ) \26+p (26 + p)(k + b2)

1 . by Y1p Y3bip
249 (1/}1+ /{+pb2> <2(f~€+p) R 2(/<;+p)(/£+p+b2)> v(k+p.7)

_ YP3bip ( 1p
(K +b2)(k —b2)(k+p—b2) \K+p+bs

_ YP3b1p
2b2(l-€ +p+ bg)

52,

by ) vt T)

and the functions K (1,3, T,v) and Ko(¢1,v3,T,v) by

_ 1 ¥3b1 ¢* B2
Ki(¢1,¢3,T,v) = — T (% - /<¢+b2> V(H’T)r+n’

¢* P2

ngl,wg,fr,u)s—[ <w1+ Ysby )umﬂm— Vs vl2 )

2K+ p K+ p—by (k+b2)(k+ p—be
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We define the functions vy(t) and {v;(w, T)}i=1,.4 for T = (¢, At) and At > 0 by

ol ) = e,
(e, T) = / t
e T) =

w, |ul)1 >0y du,

”LL‘ 1{u<0}du,

At
/ / [u' = u)1 <y dudu’,
u'=t—At Ju= At

t 0
T) = / / vo(w, Ju" — ul)Lys s dudu’.
uw/'=t—At Ju=—At -

We define the scalars (L1, L) by

_raaf nse’

Ta+anXy’

kA -
n)+('h +3C + ARG — kiqy — koo = <f+

Ly =ra (f—i—

and the scalars (A1, Ag, Az, Ay) by

Ay =f (772377/ -

Ay =f (772310} -

n2P SR

(nS?n)?

Sy’ > R )

2,/ 2./
ST ) + knX pyprXtpy,

2./

(n%2p))? >
Ag=f (prSP’ - nTnJ’c +E (ps2%))"

where Tr(M) denotes the trace of the matrix M.

Lemma B.2 derives closed-form solutions for the functions {v;(w,

Lemma B.2. The functions {v;(w,T)}i=1,2,34 are equal to

(&

%1 (w, T) ==

—wmax{t—At,0} __ oW max{¢,0}

9

W
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o) B,

T)}i=1,2,34-

(B.5)

(B.6)



ew min{¢,0} _ ew min{¢t—A¢t,0}

vo(w, T) =i (w, (=t + At, At)) = - ,

—w max{t+At,0} Le v max{t—At,0} __ 2¢~w max{¢,0}

V3w, T) = & =
n min{max{t, —At},0} — min{max{t — At, —At}, O}’
w
(60, T) = sl (—t,p)) = o TR pet
n max{min{¢,0}, —At} — max{min{t — At, 0}, —At}‘

w

Proof: We first compute (v1(w,T),v2(w,7T)). Since the variable u in vq(w,7) is non-negative,

we can drop the indicator function 1y,>0) and change the integration bounds and the argument of

vo(w,t) as follows:

e “Udu =
max{t—At,0} w

max{¢,0} —wmax{t—At,0} _ _—wmax{t,0}
141 (w) T) = / ‘ ‘ .

This is the expression in the lemma. To compute vo(w, T), we make the change of variable from u

to —u:

—t+At
va(w, T) = / o (w, [u])1 0y du

—t

—(t—At)

= / vo(w, [u]) Loy du
—(t—At)—At

= vy (w, (—t + AL, AL))

e w max{—t+At—At,0} _ e w max{—t+At,0}

w

e w max{—t,0} _ e w max{—(t—At),0}

w

v min{¢,0} _ v min{t—At,0}

)
w

which is the expression in the lemma.

We next compute (v3(w, T ), va(w, T)). Since the difference v’ —u in v3(w, T) is non-negative and

u > —At, v’ must also exceed —At. Proceeding as for (v1(w,T),v2(w,T)), we drop the indicator
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function 1f,<,} and change the integration bounds and the argument of 1(w,t) as follows:

max{t,— At} min{u’,0} ,
v3(w,T) = / / =) dudu
w'=max{t—At,—At} Ju=—At

max{t,— At} ew(min{u’,O}fu’) _ ew(fAtfu’)
= / du'. (B.7)
max{t—At,—At} w
Integrating the second term inside the integral yields
max{t,—At} ew(—At—u’) ew(—At—max{t—At,—At}) _  w(—At—max{t,—At})
/ =
max{t—At,—At} w w?
e w max{t,0} __ e w max{t+At,0}

- . (B.8)

w

To integrate the first term inside the integral, we separate it into two using indicator functions,

and then change the integration bounds:

du’

/max{t,—At} ew(min{u’,O}fu’)

max{t—At,—At} w

max{t,—At} w(min{u’,0}—u){ max{t,—At} w(min{u’,0}-u")7 |
:/ € {u >0}dul+/ € (w0} 5/

max{t—At,—At} w max{t—At,—At} w

—du’
max{max{t—At,—At},0} W min{max{t—At,—At},0} ¥

max{max{t,—At},0} e—wu' min{max{¢,—At},0} 1
= / du’ + /

max{¢,0} e—wu/ min{max{t,—At},0} 1
= / du’ + / —du’

max{t—At,0} W min{max{t—At,—At},0} W
ewmax{t=At0} _ gmwmax{t.0}  mipnfmax{t, —At},0} — min{max{t — At, —At},0}
- w2 + o (B.9)

Substituting (B.8) and (B.9) into (B.7) yields

oW max{t—At,0} _ oW max{¢,0} e—w max{t,0} _ oW max{t+A¢,0}

Vg(W,T) = 2 - 2

w w

n min{max{t, —At},0} — min{max{t — At, —At},0}
w Y

which is the expression in the lemma. To compute v4(w, 7'), we revert the order of integration, and
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add —t to both integrands:

0 t
oD = [ [ el = )i

0 t
= / / vo(w, [u" —ul) 1<y dudu’
u'=—At Ju=t—At
—t 0

= / / vo(w, [u — ul) 1<y dudu’
w=—t—At Ju=—At B

= v3(w, (—t, Dt))

oW max{—t+At,0} Lew max{—t—At,0} _ 2¢~w max{—t,0}

w?

N min{max{—t, —At},0} — min{max{—t — At, —At},0}

w

—w max{—(t—At),0} Lew max{—(t+At),0} _ 9,—wmax{—t,0}

e (&

w?

N min{— min{¢, At},0} — min{— min{t + A¢, At},0}

w

ewmin{t—At,0} +oev min{t+A¢t,0} _ 9 wmin{t,0}

w?

Lz max{min{t, At},0} + max{min{t + A¢, At},0}

w

Adding —At to both terms inside each maximum in the last line, we can write it as

—max{min{t — At, At — At}, —At} + max{min{t + At — At, At — At}, —At}

w
—max{min{t — At,0}, —At} + max{min{t, 0}, —At}
= - ,
and thus obtain the expression in the lemma. |

Lemma B.2 derives covariances between the state variables and between them and returns.

Lemma B.3. Fort' >t,

(COVt(th, wlét’ + ¢2Ct’ + ¢3yt’) - G(¢17 ¢2; ¢37 t/ - tv VO)Ep/fdt7 (BlO)
N ¢2 / ’
Covi(dRy, Fy) = P (2 + B Xp)psE) wo(k, ' — t)dt, (B.11)

50



Covi(dRy, dRy) = G(v{', 75574, t — t, v0)SpypySdtdt, (B.12)

and for t' > t,

Cov (17[)1015 + ¢2Ct + w?)ytv ’(Zjlétl + 7])207&/ + 172}3yt’> = H(w17¢27¢371[}177]}27 17213)# - ta VO),

(B.13)
Cov <¢1Ot + P20t + Y3yt Ft’) = K1(¢1,¥3,t" — t,10)Ep}, (B.14)
Cov (Ft,iblét' + ¥Cp + 1/13,%') = Ko (1, ¥3,t" — t,10)2p}, (B.15)
Cov(Fy, F)) = @uo(n,t’ —1). (B.16)

2K

Proof: We first show (B.10). Since the covariance is conditional as of time ¢, it involves only the
Brownian terms in dR; and not the drift terms. Using (A.4) and (B.2)-(B.4), and noting that the

only non-zero covariances are between Brownian increments of the same process as of time t, we

find

Covy(dRy, wlét’ + 2Cy + Y3y )

(K ’_ b (K ’_ _
— (o + BinSpypso) {@016 (m+e)(=1) 4 P— +¢;ib2 (6 (He) (=) _ g~bal? ”)] Bro’'plpdt

/ b / /
(o + B Spps0) {@016 (m+p) (1) Y3by (ef(mp)(t —t) _ g—balt t)>:| 9B o't

Ttk k+p—by r+ K
P A k=) Wbt () -
— 572 (1 + 77277/ (¢1 + ¢2) + — K — by (6 e >

(5+0) (t'—1) P3by (i) (E'—t) _ gba t’—t By ANT
[ww +/<e—|—p—b2 ( ] < S s

(ktp) (' —1) Y3bi (54p)(#' 1) _ g=ba(t'—1)
- [t S )

BimA $*Bo 2 Bay2 A 52’71A
- [Bl <1+ ¥y ) - ((T+H)2 -7 72( iy >> ( Sy ﬂ

- {(wl T gt . Vb (e*““’*t) - e’u(t’t))} s*72 (1 b 271A> } Spydt

I€—b2 nxn’
(5-+p) (t'—1) P3by C(Rp)(t—t) _ —ba(t'—t) L. A
e ) (s
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_ —K(t'—t) P3by —k(t'—t) _ _—ba(t'—1) 2 Bay1A ,
(Y1 + 9a)e + by (e e )} 572 (1 + St Ypdt, (B.17)

where the third step follows from (A.11). Equation (B.17) yields (B.10).

We next show (B.11). Using (A.4) and (B.1), and noting that the conditional covariance involves
only the Brownian terms in dR;, and that the only non-zero covariances are between the Brownian

increments of the process F; as of time ¢, we find
Covi(dRy, Fj) = —2— (0 + By Zpypso) po’e " Nat,
r+K

which yields (B.11).

We next show (B.12). Using (A.4), and noting that the conditional covariance involves only the

Brownian terms in dR; and only the drift terms in dRy, we find
Cov¢(dRt,dR}) =Covi(dRy, Ey (dR}))
=Cov(dRy, 'yfé’t/ + ’yé%Ct/ + 'yé%yt/)pfﬁdt’, (B.18)

where the second step follows from (A.4). Combining (B.18) with (B.10) yields (3.12).

We next show (B.13). Using (B.2)-(B.4) and noting that the only non-zero covariances are

between Brownian increments of the same process as of the same time u € (—o0, t], we find
Cov (7/11ét + 902G + Pys, ¥1Cy + PaCy + 77133.%') (B.19)

t
_ —(ebp)t—u) | WD (k) (t—u) _ —ba(t—u)
/_oo[wle +I€+p—b2 (e e )}

N 212
o) (¢ ) ¥sbr (R —u) _ —ba(t'—u) 2 976 ) A
’ [%6 Thto b <e ’ )] ( Y erer) g™

t

—00 H—bz

ettt o W30L( (sp) i) _ haew)) | (P22
e s g (e )

x| (@ + o)t 4 PO (et — emtatt =)

H*bg
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@y Y301 ey —ba () _ BapAN| 5
Pre + e e 1 s“du. (B.20)

K+p—bo nxn'

Integrating all products of exponentials in (B.20) and summing, yields (B.13). To perform the

_ BoyeA
nxn’

2
) into quadratic terms in B;gff, linear terms and

algebra, we separate the terms in (1
constant terms.

We next show (B.14) and (B.15). Using (B.1)-(B.4) and noting that the only non-zero covari-

ances are between Brownian increments of the same process as of the same time u € (—oo,t], we

find
Cov (¢1C't + V2 Cy + Y3y, Ft’)

t OBy
- _ —(k+p)(t—u) & —(kt+p)(t—u) _ ,—ba2(t—u) —k(t'—u) ” PETEf
/ [1/116 +I€+p—b2 (e e )}e p—— du

—0o0

(B.21)

and
Cov (Ft7 wlét’ +12Cyp + ?l)syt/)

¢ 2 /
= —/ e rl(t—u) [wle—(wp)(t’—u) + & (e—(fi-i-p)(t'—u) _ e—bQ(t'_u)>] @du.
K+p—by r+K

—0o0

(B.22)

Integrating all products of exponentials in (B.21) and (B.22) and summing, yields (B.14) and
(B.15), respectively.

We finally show (B.16). Using (B.1) and noting that the only non-zero covariances are between
Brownian increments of the same process as of the same time u € (—o0o, t], we find

t
Cov(F;, F})) = / PP e W gmrl =) gy, (B.23)

Integrating (B.23), we find (B.16). |
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C Proofs of Results in Section 4

The portfolio optimization problem corresponding to SR,,; is as follows. Consider an investor
at time ¢ with infinitesimal horizon dt, who can invest in the riskless asset, the index 7 and the

strategy w;. The investor has mean-variance preferences

Ez, (dW;) — gVarL (dWy). (C.1)

She chooses an overall exposure 4 to the index and a position ¢, in the strategy. These positions

can depend on information in Z;. The investor’s overall exposure to the index at time ¢ is

2 A R Covt(wtht,nth)
T Ty (gdRy)

the sum of a position Z; in the index and an exposure resulting from the strategy. The investor’s

budget constraint is

Cth == TWtdt + jtnth + Qtwtht

N " (COVt(U)tht, 77th)
= rWydt
rWidt + (-Tt + Ui Var,(ndRy)

> 77th + thA}tht
= rWydt + &ndRy + i dRy. (C.2)

Lemma C.1. The investor’s mazimum utility is
L (sR2 1 5R2,)d C.3
oo (SFS -+ SR2,) dt (©3)

Proof: Substituting dW; from (C.2), and noting that (ndR;, w;dR;) are uncorrelated, we can write
(C.1) as

2 N « a (2 ~ A
2Bz, (ndRy) + 3Bz, (widRy) — 5 (foarIt (ndRy) + thVarIt (wtht)> . (C.4)
Maximizing (C.4) over (fjt, U¢) yields the utility

1
o (SR}, + SR, ;) dt. (C.5)
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Since n¥p} = 0 and (A.4) imply

ARy — raaf
a

BF
nx0'dt + no (dBtD 4 245 > : (C.6)
r+K

+
Ez,(ndR;) and Varz, (ndR;) coincide with their unconditional values. Therefore, SR, ; = SR,;, and
(C.5) coincides with (C.3). (]

The portfolio optimization problem corresponding to SRy, ¢ 1 is as follows. Consider an investor
at time ¢ with horizon T', who can invest in the riskless asset, the index 1 and the strategy w;. The

investor has mean-variance preferences

a
EL(AWH—T) — §Varzt (AWH_T) (C7)

over the increment AW, 1 = Wt+Te*TT — W, in discounted wealth at the riskless rate r. She

chooses an overall exposure #; to the index and a position ¢; in the strategy at time ¢. These
positions can depend on information in Z;. The investor is assumed to scale up these positions

u—t)

over time at the riskless rate r, to Jf’u = i‘teT(”_t) and ¢, = g)te’"( , respectively, at time u. The

investor’s overall exposure to the index at time w is

FRPS Covy (wydRy,ndRy,)
u = Lu T Yu Var, (ndRy) ’

the sum of a position Z, in the index and an exposure resulting from the strategy. The investor’s

budget constraint is

AW, = rWdt + #undRy + Gutwed Ry

R . Covy(wydRy,ndRy,) o
=rW,dt u+ Uu dR,, + Gy Wy dRy C.8
r +<l‘ +9 Vary (d 1) n + Gy W (C.8)
= rWodt + &e"“ IndRy, + Gie” Dby dRy, (C.9)
and integrates to
T t+T
t t

from time t tot + T
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Lemma C.2. Suppose Covz,(ndR,,w,dRy) =0 fort <u < u'. The investor’s maximum utility

18
(SR2 + SR, )T (C.11)

Proof: Substituting AW, 7 from (C.10), we can write (C.7) as

. t+T t+T
g, ( / ndRu> + 9 E7, ( / wudRu>
t t
al. t+T t+T . t+T t+T
=) [ﬁ:?VarIt (/ ndRu> + g)tZVarIt (/ wudRu> + 22,9:Covz, </ ndR,, wudRu>} .
t t t t

(C.12)

To compute the covariance in (C.12), we write it as

t+T t+T  pt+T
/ Covz, (ndRy, WydRy,) / / Covz, (NdRy, Wy dR,) , (C.13)
t u=

where the first term in (C.13) is the covariance between contemporaneous returns and the second
term is the covariance between lagged returns. The first term is zero because of the definition (4.3)

of wy. Since (C.6) implies that the covariance Covz, (ndRy, W, dR,) for u > u' is zero, the second

term is

t+T  pt+T
/ / Covz, (ndRy, Wy dRy) ,
u'=

and is zero because of the assumption Covz, (ndR,, w,dR,) = 0 for t < u < «'. In the proof of

Proposition E.10 we show that this assumption is satisfied for the strategies that we examine in

this paper. With a zero covariance in (C.12), maximization over (%t, U¢) yields the maximum utility

1
o (SR2, 7+ SR, 1) T. (C.14)

Since (C.6) implies that the conditional moments Ez, ( i ndRu> and Varz, ( s ndRu) coin-

cide with their unconditional values, SR, ;7 = SR, 7. Since, in addition, Covz, (ndR,,ndR,)
= Cov (ndRy,ndR,) = 0 for u # v/, Lemma E.2 implies SR, 7 = SR,,. Therefore, (C.14) coincides
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with (C.11). |

We next move to the calibration. We compute model-implied moments for general asset payoffs,
and specialize them to symmetric assets, withn = 1/, F = F1 and ¥ = 6%(I+w11’), in Lemma C.5.
The calculations of Sharpe ratios and correlations in Appendices D and E also concern general asset
payoffs, except when symmetry is explicitly mentioned. Lemma C.3 computes the Sharpe ratio of
the index, the correlation between an asset and the index, and the fraction of an asset’s variance

that is generated by fund flows.

Lemma C.3. The Sharpe ratio of the index n is

A ¥
SRy — SRy — "OOVT 10 (C.15)
’ a+a nuny
The correlation between asset n and the indez is
X)n
Corr(dRyy, ndRy) = VI (n>) _. (C.16)
V50 [FSnn + B[y S)n]?]
The fraction of asset n’s variance that is generated by fund flows is
E[(prX)n)?
[(py%)n] N (C.17)
[ + k[(pfX)n]
Proof: Equation (C.6) implies
E(ndR,) =~ s0ar (C.18)
n t) — a+ 6/7 ) .
Var(ndR;) = fnXn'dt. (C.19)

Substituting (C.18) and (C.19) into (4.4), and noting that SR, = SR,, we find (C.15). The
correlation between asset n and the index is

nt X)n
Corr(dRput,ndRy) = Cov(dFn,ndRe) _ _ (fn>) , (C.20)

 /Var(dRp)Var(ndRy) \/ FnEn (FE + kEppsS)nn

where the second step follows from (A.2), (C.19) and n¥p’ = 0. Equation (C.20) implies (C.16).

Equation (C.17) follows from (A.2). |
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We approximate the calculation of the index’s expected return per dollar by dividing the index’s

expected return per share by the index’s expected price

E(dR,) _  Sfdnno'dt (C.21)
E(nSt) nt — %zgz, nEn’'

The active-share calculation is as follows. The active share of the residual supply portfolio is

N
1 enSn nnSn
ASp=352 - (C.22)
2 n=1 Z%:l Qm‘s’m 2%21 nmsm

Since asset prices vary over time, active share does too. We use expected active share, and approx-
imate its calculation by replacing prices S, in the numerator and denominator of (C.22) by their

expectations. Our approximation for expected active share thus is

N

ASy= 1>

n=1

0,E(Sy) B NE(Sy) '
erle OmE(Sm) Zr]le NmE(Sm)

(C.23)

Using (3.3) and Lemma B.1, we find that expected prices are

E(S)—E— aaf nxo
Y a+andn

21" — (0 + (11 +72)C + g39) Zp.

Lemma C.4 computes the standard deviation of flow-induced trading for asset n.

Lemma C.4. The standard deviation of the change in the investor’s holdings of asset n between t

and t + At 1s

V/2[H(0,0,1,0,0,1,0,v0) — H(0,0,1,0,0,1, At,v0)] |(pf)nl - (C.24)

Proof: Equation (A.3) implies that the change in the investor’s holdings of asset n between ¢ and

t+ 7 is

(Teprn + Yeratzerae)n — (T + Yeze)n = (Yerar — yt)(pf)n-
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The standard deviation of that change is

VVar(year — ye) |(pf)nl - (C.25)
Since
Var(yeyae — yi) =Var(yirae) + Var(ye) — 2Cov(ye, yerat)

:2Var(yt) — QCOV(yt, yt+At),

where the second step follows in steady state, (B.13) and (C.25) imply (C.24). (]

The standard deviation in Lemma C.4 is computed for a given asset n over time and is expressed
per share of the asset. When assets are symmetric and 6, is equal to 6 + o (6) for half of the assets
and to 6 — o (6) for the other half, |(py),| is the same for all n, and the standard deviation (C.24) of
the change in asset holdings is the same across assets. Hence, changes in asset holdings are drawn
from the same distribution for all assets, and the standard deviation (C.24) describes both the cross-
section and the time-series. Lou (2012) computes a spread in changes in asset holdings between
top and bottom deciles of 22.27%. This translates to a standard deviation of 6.55% (=22.27%/3.4).
The counterpart quantity in our model is the standard deviation (C.24) divided by the number of

shares held by the active and the index funds. That number is § = 1 for the average asset.
The ratio of the investor’s conditional standard deviation of C; to the unconditional standard
deviation is , /%, where T is given from (A.12). Equation (3.10) implies that the response of
b
the investor’s share y; in the active fund at time ¢’ to a shock dR; at time ¢ is proportional to
G(0,0,1,t' —t,1p).

Lemma C.5 derives formulas for symmetric assets. We use these formulas to simplify the model-
implied moments computed in Appendix C, and the Sharpe ratios and correlations computed in

Appendices D and E.

Lemma C.5. Suppose n =1 and ¥ = 6%(I +w11’). For all i € N,

iy’ = 6% (1 4+ wN)'N, (C.26)
nE'p =0, (C.27)
prip'Jz =6%0(h)2N, (C.28)
Tr(S) =6% [(1+wN)' + N —1], (C.29)
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S =6%(0' - 01). (C.30)

Proof: Using the binomial formula and n = 1/, we find

(ZC i,i")w’ (117 > 5% <I+ iC(i,i’)wi'Ni/111’> : (C.31)

=1

Post-multiplying (C.31) by 1’ and 6’ yields

Sy = 6% (1 +) G, z")w"/Ni/> 1=6%(1+wN)1, (C.32)
=1
Y9 =6% |0 + (Z C(i,i)w" N ) 01] =6% [0 — 01+ (1 +wN)"01], (C.33)
=1

respectively. Pre-multiplying (C.32) and (C.33) by n, and setting i = 1, yields

nxf' = on>n, (C.34)
which in turn implies

pr=0—0n=0-01. (C.35)

Pre-multiplying (C.32) by 7 yields (C.26). Post-multiplying X! by p’ ' and using (C.32)-(C.35) yields
(C.30). Pre-multiplying (C.30) by 7 yields (C.27). Pre-multiplying (C.30) by py and using (C.30)
yields (C.28). Summing the diagonal terms in (C.31) yields (C.29). |

The model-implied moments computed in this section depend on 6 through the aggregate quan-
tities in Lemma (.5 and the components of the vector py = 6—01' = 6—1'. The aggregate quantities
depend on 6§ only through 6 = 1 and o (¢). To compute the components of ps, we assume that 0,

is equal to 8 + o(6) for half of the assets and to § — o(0) for the other half.

D Proofs of Results in Section 5

Lemma D.1 computes the Sharpe ratio of a general strategy w; over an infinitesimal horizon dt. It

also characterizes the optimal strategy and its Sharpe ratio.
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Nt

Lemma D.1. The Sharpe ratio of a strategy w; over horizon dt is SRy, = JDur’ where
w,t
1 . kA /
Nwﬂf = %Ezt (wtht) = f + 77277, EZ‘t (At'LUtEpf) s (Dl)
1 X Ez, [(w:Xn')?
Dy = £Varzt (W dRy) = f | Ez, (wiXw}) — [572;7/)] + kEIt[(thp})2]. (D.2)

It is mazimized for the strategy wy = Aypy. The Sharpe ratio of the optimal strategy is given by

(5.2).

Proof: Lemma D.1 coincides with VW Proposition 8 in the case of the unconditional Sharpe ratio.
The arguments in that proposition extend to the case of the conditional Sharpe ratio. ]
Proposition D.1 computes the optimal strategy’s unconditional Sharpe ratio, as well as its

Sharpe ratios conditional on different information sets.

Proposition D.1. The unconditional Sharpe ratio of the optimal strategy is

. A
SR, = (L3 + H(v 8 A8 A8 A A4 A8 0,00)] (D.3)

(f + n’“ﬁ) '

When Z; includes (C’t, Ct,yt), the Sharpe ratio of the optimal strategy is

A

SR , = <f+ n%%f) Sy

w,t

Lo+ Wﬁ(ét -C)+ 75‘(@ -C)+ 7:?(% ) (D.4)

and has unconditional expectation

A
(f+ 58 ) new

\/5 _R(Ap?
X —e 2
m

and unconditional variance

E (SRZ,,,&) =

H(7F77§77§77f277§77§707VO)

+ R(A) [1 = 2N (=R(Ay))] (D.5)

A
(f + nk‘EAn’) 77277,

Var (SR’Z;,t) = H(Vﬁ? 75, 7{?7 7?7 ’753 7?1)%3 07 VO) [R(At)2 + ]-] —E (SRTU’t)Q s (DG)
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= Ly ; — (C ;
where R(A¢) = NI R T Ak When instead I; = (Cy,y¢), the Sharpe ratio of the

optimal strategy is

A . _
SR, = S (B OF G- O )+ 6eT) 0
<f + 77277’) 77277/

Proof: To derive (D.3), we set Z, = () in (5.2) and note that

E(A?) = E(A4)? + Var(Ay)

1
= N2 [Lg + H(7F77§’7§?7{%7’7§>7§70> VO)] )

kA
(7+ %)
where the second step follows because the definition (B.6) of Lo implies

E(A) = —— L (D)

[+ s

and because (3.6) and (B.13) imply

1
Var(At) = 7211(/7{%7’7577577{{77577?}?’0’VO)' (Dg)

(f + WIEAU’)

To derive (D.4), we note that when Z; includes (Cy, Cy, ), E(A2) = AZ. Substituting into (5.2), we
find

. KA\ A
SR:,, = \/<f + m) I (D.10)

Equation (D.4) follows from (D.10) and because (B.6) and (1.3)-(B.4) imply

1 . _
M=—"7x [L2+7f3”(0t—C)+’Y§(Ct—0)+v§%(yt—ﬂ)}- (D.11)
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Since A; is normally distributed,

2 _R@uy?
E(|A]) = /Var(Ar) ﬂ 5 4 R(A) [1— 2N (~R(A)] (D.12)
and unconditional variance
Var (|As]) = Var(A;) [R(A)? +1] —E (SR,,)?, (D.13)
where R(Ay) = ~E@A) _ and N (.) is the cumulative distribution function of the standard normal.

Var(A¢)
Equations (D.5) and (D.6) follow from (D.8)-(D.10), (D.12) and (D.13). To derive (D.7), we set

T, = (Cy, ;) in (5.2) and note that
Ez, (A?) =Eg, (At)2 + Varg, (At)
1

— <f+m)2 [(Lz + (0 +1)(C = C) + 755 (ye — g))2 + (ﬁ)QT] ’
nxn’

where the second step follows from (D.11) and because conditionally on (Cy, ), Cy is normal with
mean C; and variance 7. ]

Lemma D.2 specializes the Sharpe ratio formula that Lemma D.1 derives for a general strategy
to a class of strategies whose moments have a specific form. Value and momentum strategies belong

to that class.

Lemma D.2. Suppose that for a strategy wy and information set Iy,

Ez, (wi) = @103 + Parps ¥, (D.14)
1 A
Covz, (A, we) = ——x Py s, (D.15)
f 772,,7/
COVIt (w;, wt) = (i)tzz + (i)tEp/fpr. (D.lﬁ)

Then, the Sharpe ratio of wy conditional on Iy s \?[I%, with

kA
nxn'

Nt = <f + ) Ez, (Ae) (PunS2p) + PaupsS2p)) + @1 pr22p),
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Dyt = O3, A1 + 281, Po Ag + ((I)%t + ‘i)t> Az + &7 A

Proof: We can write the numerator in (5.1) as
kA
f + 77 UEIt (At)EIt (U)t) + COVZt (At, wt)] pr

kA
(f i ) Ez, (Ae) (811520, + Boupy220)) + Bpy 22, (D.17)

where the second step follows by substituting Ez, (w;) and Covz, (A¢, wy) from (D.14) and (D.15),

respectively. We can write the term inside the square root in the denominator in (5.1) as

[Ez, (w,) Tn')”

ST + k [EL (wy) Zp}] 2

f EZ)‘, (wt) EEL (wvlf) -

Varz, (w:Xn')

+f [(Covzt (we, Sw)) — S

] + kVarg, (wtzp’f)

[Ez, (wy) Sy

S + k [EL (wy) Zp'f] 2

= f EIt (wt) EEL (wllf) -

nXCovrz, (we, wy) Xn'
nXn’

(n=n)? 2
= %t [f (772377/ - W +k (772229})

+f [TT (ECovz, (wy,wt)) — ] + kprECovz, (wy, wy) Ep’f

NP SR
nxn’

(nx?p))? 2
f <pf23p} Sl Rdorh)

+ 281, Py [f <n23p’f - ) + knX?pp St

+ <<I>§t + <ii>t)

+ o7 [f <Tr(22) ZE ) + kpfzgp,f:|
Al + 2B Py Ay + ( : T q)t) As + (I) A4, (D18)

where the third step follows by substituting Ez, (w;) and Covz, (w}, wt) from (D.14) and (D.16),

respectively. The lemma follows from (D.17) and (D.18). (]

Proposition D.2 computes the unconditional Sharpe ratio of the value strategy.
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N v

Proposition D.2. The unconditional Sharpe ratio of the value strategy (/.1) is SR,v = =
wV
where
LyLy L3 1—e
NwV = , 7722]7,]0 + (: - . liKl (7{%7 7?1;27 07 VO) + H(f)/f%/.)/éi 757 71,725,738, 07 VO)) pf22p/fa
L? 2L1Ls
D,v = ?21A1 + 2 YAV
L3 2(1—¢) (1 —e€)2¢?
—= — K 0 H 0 Az + ————Ay.
+ <7"2 r4+ K 1(717737 7V0)+ (717727737'717727’737 7V0) 3+2(T+I€)2I€ 4
Proof: Substituting (3.3) into (4.1), we can write the value weights as
v (1—e)(F,—F) aaf nx¢ A
e by C C 2. D.19
wy ey +Oz+o‘w7277’77 + (Y0 + 711Gt + 720 + v3y:)ps (D.19)
Taking unconditional expectations in (D.19), we find
aaf nxo = _
E (w)) = ) C )
(wy) aranmy™t (v + (71 +72)C + 39) py
L L
r r
where the second step follows from (B.5) and because (A.1), (A.5)-(A.7) and (B.6) imply
Ly = _
— =20+ (1 +2)C + 77 (D.21)
Taking the unconditional covariance of (D.19) with (3.6), and using (B.13) and (B.15), we find
1 1—ce¢
Cov (At’wly) = kA < Kl(q/f%v’)/é%?o?yo) +H(75)7§v7§771572773505V0)> pfZ (D22)
f+ S r+K

Taking the unconditional covariance of (D.19) with the transpose of (D.19), and using (B.13),
(B.15) and (B.16), we find

VNV (1-¢)%” 2(1—¢) /
Cov ((wt ) » Wy ) = mz‘i‘ —ﬁKl(’Yb’Y&OaVO) + H (71572, Y3 71, 725 V3, 0, 0) Epfpfz.

(D.23)
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Equations (D.20), (D.22) and (1D.23) imply that the unconditional Sharpe ratio of the value strategy
can be deduced from Lemma D.2 by setting Z; = (),

L
¢1t - 715
T
L
(b2t_ 727
T
1—¢€
(I)é\: r+ K (7577§7O7V0)+H(’Y{%ny;ﬂfyg?’Yl?’YQufY?n071/0)7

s (1— €)°¢’
2(r + K)2k’
A 2(1 —
5 21-9
T+ K

K1(717’737 07 VO) =+ H(717'72a73)'717727’737 Oa VO)'

The proposition follows from this observation and (D.8). (]

Lemma D.3 computes moments of value weights conditional on Z; = (C’t, yt). We denote the

covariance matrix of (C’t, yt) by

Gy _ Var(Cy)  Cov(Cy, )
Cov(Ch,y:)  Var(yy)

H(1,0,0,1,0,0,0,19) H(1,0,0,0,0,1,0,)
H(1,0,0,0,0,1,0,1) H(0,0,1,0,0,1,0,p)

Lemma D.3. Fort" >t >t,

L4 Lo
B (ul) = 2% + (22 4 0l (G O+ o= ) ) %, (D.24)
1 A A - A _
Br(M) =+ s (L2 + 001 (Co = )+ 00— D)) (D.25)
nxn’
1
Covz, (wZ,Atu) = P Ct' b —tDf 2, (D.26)
nxn’
1
(COVIt (At’7 wz,/,) = fimCi//\‘_/t,tu_tpr, (D27)
nxn’
(COVIt (('UJX), wt//> C 7 t/E =+ Cgf/_tt//_tzp'jfpr, (D28)
Covz, (Ay,Ayr) = Ct{}—t,t”—ta (D.29)
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where

5Y2t’—t C -1 (1 E)Kl(iOt_tVO) +H(1 0 07’)/17727’737t/_t7V0)
G = (2 y) okt / . (D.30)
53,t’7t r+r +H(O O ]-7/)/177277371: _t7V0)
5{\2 b —t = (Eéy) -1 H(lvovovvf{v’}é%u’}/é%at, _t7 VO) (D 31)
553\,15’—15 H(0707177ﬁ77§77§%7t/_t7 VO)
(1 B 6>K2(7R7 7R7 t” - t/7 VO)
Ct"/i\t,t”ft =- . 2 +H(717727’y3a7{%77§7’7§>t// _tlvy())
r+K
% 1% C 5{\2 v —t
— (6f2—4 05 )XY N E
1)
3t —t
(1— ) Ki(v{,~4,0,0)
Ctj}l/t,t”ft =- - 2 +H(7F77§)7§7’71a’72>73707VO)
r+K
c 5Y2 b —t
(512 A —t 53,1&'4)2 Y v )
1)
3t —t
(1—e)?¢?
Ct” t/ = myo(/{/, t,/ - t/)
1% 1—e " / " /
Cor_y gy = e [Kl(’Yla’Y&t —t',v0) + Ka(71,73,t" —t >V0)}
1% 1% C 5}/2 ' —t
+H(’71772>’73771772773at” _t/>V0) - (512,t’7t753,t’7t)2 Y V7 - )
53,t”—t
A R _R _ R _R_ R R i _ 4 A A c 5{\215”15
Co e = H(n', 7251557157255 785 1 — ¢, v0) — (612,045 03,0 —1) XY A
53,t”—t
Proof: Using the joint normality of ((wt/) Ay, C’t,yt) (D.8) and (D.20), we can set
v L Lo 1% A A v - 1%
wy — | —nX+ —pr An,tut(ct -0)+ Aa,tut(yt -y + G, (D.32)
1 1 A
Ay — —x L2 = [512,1:’4(0 C) + 68y _y(yr — 9) + <t/] (D.33)
f+ 77277 f T 77277

where the error terms (Ct‘,/ , Ct’,\) have mean zero and are independent of (C’t, Yt)-
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Taking covariances of both sides of (D.32) with C; and y;, and using (B.13), (B.14), (D.19) and

the independence of ¢}/ from (Cy,y1), we find

(_ (1— ) K1(1,0,¢ —t, )

& ¢
r+ kK + H(L 0,0,71,72,73, t'— t, VO)) pfE = AYQ,t’ftzlly + A}S{t’ftz:lev

(D.34)

(_ (1 — G)Kl(o, 1,t/ — t, Vo)

¢ ¢
r+ K + H(()’ 0,1,71,72,73, t'— t, VO)) pr - A‘lg,t’—tz:Zly + Agt’—t222y7

(D.35)

respectively. Equations (D.34) and (D.35) imply A}g’t,_t = 5¥2’t,_tpf2 and Ai‘i/,t’—t = 5§{t,_tpf2 for
two scalars (5}/27]5,_” 5§{t,_t). Writing (D.34) and (D.35) in terms of (5Y27t,_t, 5¥t,_t), and solving for
(5¥2’t,_t,5¥’t,_t), we find (D.30). Equation (D.24) follows from (D.32) because ¢} has mean zero
and is independent of (C’t, Yt)-

Taking covariances of both sides of (ID.33) with Cy and y, and using (3.6), (3.13), (13.14) and

the independence of g} from (C’t, y¢), we find

¢ ¢

H(L 07 07 ’Yf%a 757 73]’{7 t/ - tv VO) - 5{&2,15’—15211?4 + 6§X,t’—t212y7 (D36)
¢ ¢

H(0,0, 1,978,448, 345t — t,00) = 61 v D57 + 0541357, (D.37)

respectively. Solving (D.36) and (D.37) for (62, ,,_,, 65, ), we find (D.31). Equation (D.25) follows
from (D.33) because ¢/ has mean zero and is independent of (Cy, ).

Writing that the covariance between the left-hand side of (D.32) evaluated at ¢’ and the left-
hand side of (D.33) evaluated at " is equal to the covariance between the corresponding right-hand

sides, and using (3.6), (B.13), (B.14), (D.19), A¥2,tut = 6Y27t,7tpf2, Aé/,tut = 5§ft,7tpf2 and the

independence of (¢, ¢V) from (Cy, yt), we find

l—e KQ 7R77R7t//_t,71/0
<_( ) ( ! 2 ) +H(7177277377F77§77§%7t”_tlvl/O) pfz

r+K
14 1% Zlé’ly 5{&2 t'—t VvV A
= (612,t’—t7 53,t’—t) Eéy 61\7 N pr + COV(Ct/ y Ct//). (D38)
21 3.t —t

Equation (D.26) follows from (D.38) by noting that Fn L~ Cov(¢Y, () = Covy, (w), Ayr).

nZn’
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Writing that the covariance between the left-hand side of (D.33) evaluated at ¢’ and the left-
hand side of (D.32) evaluated at t” is equal to the covariance between the corresponding right-hand

sides, and using (3.6), (B.13), (B.14), (D.19), A‘1/2,t’—t = 5¥2,t’—tpf27 Az‘s/,t'—t = 5§{t,_tpf2 and the

independence of (Ct/}, ¢) from (C’t,yt), we find

1—e¢)K; R, R,t”_tlayo
(_( ) (71 V3 )+H(’Y{27’Y§,’Y3R)71772)’y37t”_t/7V0) pfz

r+ K
A A Elély 5Y2 t"—t A LV
= ((512715/7“ 53,t/7t) A T pr + COV(Ct/ y Ct”)' (D39)
Zg’ly 52‘3/t” t

Equation (D.27) follows from (1.39) by noting that f+1k7A Cov((t/}, Ct‘,/;) = Covy, (At/,wg//,).

nXn’

Writing that the covariance between the left-hand side of (DD.32) evaluated at t” and the trans-
pose of the left-hand side of (D.32) evaluated at ¢’ is equal to the covariance between the correspond-

ing right-hand sides, and using (B.13)-(B.16), (D.19), AYQ,tut = 6¥27t,7tpf2, A}{t,ft = 62‘3/,t/—tpf2

and the independence of (¢}, ¢}) from (Ct,yt), we find

(1 - 6)2¢2 " / 1—e " / " /
TVO(Hvt _t)2+ _m [Kl(f}/laf)@vt _t7V0)+K2(71>’737t _t77/0)]

+ H(y1,72,73, 71, 72,73, 8" — 1, V0)> SppsE

Elély 5¥2 t—t /
= (O o—) | o, 20| Splpym + Cov ((¢F) ) - (D.40)
E21 53,t”—t

Equation (D.26) follows from (D.38) by noting that Cov ((Ct‘,/)/ , Qﬂ) = Covg, ((wy)/ : w%)

Writing that the covariance of the left-hand side of (D.33) evaluated at t” and the left-hand

side of (D.33) evaluated at ¢’ is equal to the covariance between the corresponding right-hand sides,

and using (3.6), (13.13) and the independence of (¢}, ¢J) from (Cy, ), we find

Cy A
z 0
R R _ R _ R _ R R A A 11 12,1 —t A A
H("Yl y V257357172573 t” - t,a VO) = (612,t’7t7 53,t’7t) Zéy 5A + COV(Ct’ ) Ct”)'
21 3.t/ —t

(D.41)
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Equation (D.29) follows from (D.41) by noting that Cov(¢2, ¢X) = Covz, (Ay, Ap). [

Proposition D.3 computes the Sharpe ratio of the value strategy conditional on (C’t, Yt)-

Proposition D.3. The Sharpe ratio of the value strategy (/.1) conditional on (C’t, yt) is SRyv =

va,t
D

, where

wv,t

Nov = L2 + 8 o(Ce = C) + B30l — )|

L L . i
X [;77221’} + (TQ +6150(Cr — C) + 65 (ye — y)) Pf22p/f] +Co o Spy,

L? Ly (L .
Dyv,= 721A1 + 271 (: +015,0(Cr — C) + 6Y o (ye — g)) A,

L ~ B 2
+ <: +6150(Cy — C) + 65 (ye — y)) +Coo| Az +CY AL

Proof: Lemma D.3 implies that the Sharpe ratio of the value strategy conditional on (C’t, y¢) can

be deduced from Lemma D.2 by setting Z; = {C, y;},

L
Oy =—,
r
_ L VoA ~ v _
Oy ==+ 612,0(Ct — C) + 63 o(yt — ¥),
o = Cop
by =y,
The proposition follows from this observation and (.25). ]

We next compute the value spread. We define the value spread as the standard deviation of

the market-to-book ratio in the cross-section of assets,

ZN Sn/t 2
ZN Snt - n!/=1 Bn/t
n=1 Bnt N

N 9

VS =

(D.42)
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and assume that all assets have the same book value, which we take to be the average price in the

cross-section of assets and over time,
1
=+ 2_E(Sm) = B. (D.43)
n=1

Proposition D.4 computes the variance of the market-to-book ratio conditional on (C’t, y¢) in the

cross-section of symmetric assets. We take the square root of that quantity as our measure of the

value spread conditional on (C, yy).

Proposition D.4. Supposen =1, F = F1 and ¥ = 6%(I +w11"). The value spread conditional
on Iy = (Cy, y1) is

A~ — 2 6
\/ [(L +6%0(Ci = C) + 8oy — ) +C(‘)/,0] Ga(6)? + CY P O

\/E7,VS? = - , (D.44
Tt T _ 260 §52(1 1 wN) (D-44)

where (615,063 ,Clo,Cy >) are derived in Lemma 1.3 for e = 0.

Proof: Using B,; = B, we can write (D.412) as

2
ZN S . — 25:1 Sty
1 n=1 nt N

1
V=3 N B N ’

(D.45)

where the second step follows by using (4.1) and setting ¢ = 0 and F' = F1. Equation (D.32)

implies

W, _——m—m—m——

N N
v w1 W L1 ) Dn=1 (12)
M N | (2),

N N 1%
(Bashu@-o+ iy -v) <<pfz>n - Z:]E,)> (), - 2=l

Py
N \%
= (2 4 8@ 0 ot ) 0y, 4 (6), — Z= (D.46)

where the second step follows from 7 = 1’ and ¥ = 62(I + w11’). Squaring both sides of (D.46),
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taking expectations conditional on Z; = (C’t,yt), and denoting by e, the N x 1 vector with n’th

element equal to one and all other elements equal to zero, we find

2
N 14
E 2 Zn’:l Wyt
T; | Wnt N

2 N v 2
— (%2 8hholC - O+ ot =) ((0r%),)" + En ((cX ) - ZN@))

- (L2 +015,0(Cy — C) + Yo (e — y)) (o))"

r

1Y 1
+ <en -~ ) (C(‘)/EE —i—C(‘)/’OEp}pr) (en — N1> ;

Ly v N Ay sV S 2 oV 2 Lys(V—-1)6°
=\ + 01044 (Ct — C) + 83y (yt — 9) ((pf2),,)" + Co,0 ((ps%),,)" +Co N
(D.47)

where the second step follows from (DD.28) and the third step follows from

and

Summing (D.47) across assets and using (C.30), we find the term inside the square root in (D.44).

To compute B, we note that since n = 1', B = % = %. Using the expression for E(7S;)

in the denominator of (C.21), together with n = 1/, (C.26) and (C.34), we find the denominator of
(D.44). 5

Proposition D.5 computes the unconditional Sharpe ratio of the momentum strategy.

Proposition D.5. The unconditional Sharpe ratio of the momentum strateqy (/.2) is SR, =
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w where
D, ,m

Nont = LiLomn3?py + [L37 + H(y{', 750 w35 15 a5 135 Tove) + GOt st s T va) | prS2p),
Dy = L3T2 A1 + 201 Lo Ag
+ [L57% + 2H (0], 755 35 5 180 s Tova) + 2G(0 180 78, T va) + k] Az + Ay,
and T = (0,7).
Proof: Substituting (3.3) into (4.1), we can write the momentum weights as

v raaf nxé
w =
t a+ anxn

kA t t ,
™Y + (f + nZn’) ( /t 3 Audu> s+ /t _T[dRu — Ey(dRy)] (D.48)

Taking unconditional expectations in (1.48), we find

raaf nxo kA /t
» E(A,)d Y
oc+dn2n’m T\ n>n’ t—r (Au)du J vy

= L1mnX + LaTps%, (D.49)

E (uf’) =

where the second step follows from (B.5) and (D.8). Taking the unconditional covariance of (D.48)

with (3.6), we find

kA t t
Cov (A, wi!) = (f + 77277/> ( Cov (A, Ay) du) P +/ Cov (A4, [dRy — Ey(dRy)]') .
t—1 t—1

(D.50)

To compute the second term in (D.50), we note that for a random variable X; that depends on

information up to time ¢
Cov (X, dRy, — Ey(dRy,)) = E (X4[dR, — Ey(dRy)])
=E[E, (X¢[dR, — Ey(dRy,)])]

= E [Cov, (X3, dRy)] - (D.51)
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Using (3.6), (B.10), (B.13) and (D.51), we can write (1D.50) as

1

Cov (A, wf\/[)
f * nEn

— [HOE A8 v 8 Tove) + G(vt, st s T v2)] prS. (D.52)

Taking the unconditional covariance of (D.48) with the transpose of (D.48), we find

2/ ot t
Cov ((wi\/[)/,wiw> = (f + 77kZA77’> (/u,:tT /u:tT Cov (Ay, Ayr) dudu’) Splps %
Y[ [ on -

<f+77277> </u N TL  Cov (A, dRy — Bu(dR, ))dU>pr

[ Cov (dR, — Ey(dR,,), [dR, — E,(dR,)]') . (D.53)

t—7

_|_

To compute the second and third terms in (1D.53), we note that the covariance in (D.51) is zero for
t < u. To compute the fourth term in (D.53), we note that it is equal to E[Cov,(dR,,dR),)]. We
can thus write (D.53) as

2
Cov (( 2<f+n2n> (/ N T/u uT(Cov(Au,Au/)dudu> RS>

) s, < / " Cov (Au ARy — Bu(dRu)) du’>

uw'=t—1 Ju=u'

+ | f+

(7
(5

_|_

t t
f+ SN > < Cov (Ay,dR,, — Ey(dRy)) du) P

u=t—7 Ju'=u

t

+ | E[Covu(dR.,dR.). (D.54)

\

t—T
Using (A.2), (3.6), (B.10), (B.13) and (D.54), we find
/
Cov ((wi‘]w) 7w£]\/[> - [2H(7{%77§77§77{%77§77§7 7-7 V4) + QG(’YFaFYé%?’Y?{%?Tv V4)] Ep/fpf2

T (fE + k:Zp'fpr) : (D.55)

Equations (D.49), (D.52) and (D.55) imply that the unconditional Sharpe ratio of the momentum

74



strategy can be deduced from Lemma D.2 by setting Z; = 0,

Dy = Lq,

@y = Lo,

o = H(v{', 907518555 Tove) + G 85135 T va),
& = fr,

(i)t = 2H(7{{77§77§77{%77§77§77—7 V4> + 2G('YF,’Y§,’Y§,T, V4) + k.

The proposition follows from this observation and (D.8).

Lemma D.4 computes moments of momentum weights conditional on Z; =

Lemma D.4. Fort" >t >t,

where

EIt (’U)t/ ) LlTT]E -+ (LQ’T + (512 = t(C C) + (53 t— t( )) pr,

1
M MA
COVIt (wt/ ,At//) = fimct/fm//,tpfz,
nxn’
1
Covz, (At’a w% ) = wa}%,t”—tpf27
f nEn

/
COV_’[t ((wi\%) wt//) Ct” t’E +Ct’ it — tEpfpr

H(laovoﬁﬁﬁfﬁgaTﬂﬂ)

(ét, yt)~

(SM A\ —1 +H(7{%7’7§”7§71>0707T7 VQ) +G(17O>O’T7 VQ)
124t | _ (ECy)
O ¢ H(0,0,1,7f A% AF, T, 1)

+H(vE A8 428,0,0,1, T, v2) + G(0,0,1, T, 1)

Ct’ tt!"—t = H(’Y{i"75’79{%7’7{%7757’)’577—,_7’/2) +G(’71 /72 » V3 7T/_ )

5A

12,t"—t
6A

9

M Cy
(512 A —ts 53,7:’4)2
3.t —t

Ci/’\%,t”—t = H(7F77§77§77F77§77§7 Tla Vl) + H(7F77§77§a7{{77577§77ﬁ7 ’/2)
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(D.57)

(D.58)

(D.59)

(D.60)



. 5M "y
T+ GORAFALT ) — (06 )= [ 200
0341
CiiZy = fmax{r +¢ —",0}, (D.61)
M _
CHlyr—e = HOWH 28 5585 s T vs) + H(W 28 a5 it a5 s Ty va)

+ GO AR AR T vs) + G A AR, T va)

A 5M 17
+ k maX{T +t - t//, O} - (5%,1/—1%7 5%’—15)2011 (;Jf/lt -
3.t —t

T={t—-t7),T={"-t,7)and T~ =t —t", 7).
Proof: Using the joint normality of ((wé‘/ ), NeR yt> and (D.49), we can set
wp — (LynS + LotpsS) = Alg 1 (Co — C) + AL (e — 9) + G, (D.62)

where the error term ¢}/ has mean zero and is independent of (Co, ).

Taking covariances of both sides of (D.62) with C; and y;, and using (D.48) and the independence
of ¢} from (Ct, 1), we find

A ¢ .
(f + 77];77'> / Cov (C’t, Au) du
t

! —T
¢ ¢
= ANy 21 + A 2T, (D.63)

kA
(f * 77277)

¢ ¢
- A%7t1_t221y + A?%/_tz)zQy. (D64)

t/
psE + / Cov (Ct, [dR, — Eu(dRu)]’)
t

I—T

t/
prY+ /t Cov (yt, [dR, — Eu(dRu)]’)

I—1

t/
/ Cov (yt, Ay) du
t

! —T

Noting that the covariances in the second term of (D.63) and (D.64) are zero for ¢t < u, and using

(3.6), (B.10), (B.13) and (D.51), we can write (D.63) and (D.64) as
[H(]-a 07 07 VlRa ,.}/2R’ ’757 T7 Vl) + H(/Y{%) 7?7 7?1,%7 17 07 O) 7—7 VQ) + G(17 07 07 7-7 VQ)] pfZJ

M C M C
= Afg 207 + A3 21, (D.65)
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[H(0,0, 1,7, v 4%, Tovn) + H(yft, 43, 445, 0,0,1, T, v9) + G(0,0,1, T, v2)| prS

¢ ¢
= A{g,t,_tzzf + Agft,_tzzg, (D.66)

respectively. Equations (D.65) and (D.66) imply A%t,_t = 5%t,_tpf2 and A%,_t = 5%,_tpf2 for
two scalars (5%7t,_t, 5%/_,5). Writing (D.65) and (D.66) in terms of (5%7,5,_'5, 5%1_75), and solving for
(6., . 68, ), we find (D.60). Equation (D.56) follows from (D.62) because ¢}/ has mean zero
and is independent of (C’t, Yt)-

Writing that the covariance between the left-hand side of (1D.62) evaluated at ¢’ and the left-

hand side of (1D.33) evaluated at " is equal to the covariance between the corresponding right-hand

sides, and using

kA tl t/
Cov (w), Apr) = <f - 77277,) ( Cov (Ay, Apr) du) PS4 / Cov ([dRy — Eu(dR,)), Apr)
t'—7 t'—T

(D.67)

which generalizes (D.50) from (Ag, wM) to (Apr, wl), together with (3.6), (B.10), (B.13), (D.51),

AM =M s, AM, =M, 5% and the independence of (¢}, (M) from (Cy,y,), we find

[H (AR AR AR AR AR T v0) + GO AR AR, T 1) s S

M M Elély P M A
= (012, 1,03 ¢) A T prE 4 Cov(Gy, Gr).- (D.68)
Z%y 5:13\t” t

Equation (D.57) follows from (D.68) by noting that —Cov(¢), () = Covz, (w), Apr).

5
Writing that the covariance between the left-hand side of (D.33) evaluated at ¢’ and the left-

hand side of (D.62) evaluated at " is equal to the covariance between the corresponding right-hand

sides, and using

t”

t//
) ( Cov (Ay, Ay) du> prE+ Cov (A, [dR, — Ey(dRy)]')

t—1 t'—1

kA
nxn'

Cov (Ay,wii) = <f+

(D.69)
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which generalizes (D.50) from (A¢,wM) to (Ay,wl), together with (3.6), (B.10), (B.13), (D.51),

A% vt = 5%’t,_tpf2, Aé\fft,_t = 5%,_tpf2 and the independence of (Ct’}, ¢M from (C’t,yt), we find

[H( A A8 vt v, T vn) + H(v vt v e vt v, T ve) + Gt vt 5, T ve) | pr

v P
= (04 0 054 ) gy 1A2»t Pl pr® 4 Cov(¢h, ¢M). (D.70)
2oy 53,15”—1:

Equation (D.26) follows from (D.38) by noting that f+% Cov (¢, (M) = Covy, (Ap,w)l).
nxzn

Writing that the covariance between the left-hand side of (D.62) evaluated at ¢’ and the trans-

pose of the left-hand side of (D.62) evaluated at ¢’ is equal to the covariance between the corre-

sponding right-hand sides, and using

t”
Cov wM/,wﬂf/[ :< ) / / Cov (Ayr, Ayr) dudu” | Sp'ep 2
<( t ) t ) T]ZT] 1=t _ Jo! =t — ) f f
t”
<f + ) (/ / (COV ul [dRu// - Eu// (dRu//)],) dul>
"=t Ju! =t —1

tl/
+ / Cov dR r— u’ dRu/ 7Au” du” P M
< 77277 ) ( n_ptt _ g S =t! — 1 ( ) ) f

t/
+1rqw_wsoy | Cov (AR, — Eu(dRy), [dR, — Eu(dR,)]), (D.71)

"—r

which generalizes (D.53) from (w}M, wM) to (wl!,wl), together with (A.2), (3.6), (B.10), (B.13),
(D.51), AM vt = =M v—PrE, A3 vy = 5?])\{5’—15pr and the independence of CtM from (C’t,yt), we
find

[H( st A e st v, T vs) + H(vd vt v i vt v, T va)
+G (858 T vs) + G 195,735 T va)) Splps S

+ max{r +t' — ¢",0} (fZ + kZp’fpr)

Eéy 5M " !/
— (M 52 zlély ;jj | £p}ps= + Cov ((gﬁ/ ) i ) . (D.72)
21 3t —t
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Equation (D.59) follows from (D.72) by noting that Cov ((Ctj)/l), , C%) = Covy, ((wf\,/[), , w%) (]
Proposition D.6 computes the Sharpe ratio of the momentum strategy conditional on (C’t, Yt)-
Proposition D.6. The Sharpe ratio of the momentum strategy (4.2) conditional on (C’t,yt) is

ij\l’t

V DwNI,t

, where

SRwM,t -

Nypm 4 = [L2 + 5?2,0(015 -C)+ 55/3\,0(% - 17)]
X [LlTnEQp} + <L27 + (5%’0(@ —0)+ 6%(% — g)) przp’f] + C(%Aprzp},
Dy = L2 Ar + 2Li7 (Lot + 0% 0(Ci — ) + 850(s — 9)) A

A _ 2
| (Bar + MaC - ©) + o~ )+ €| A+ G

Proof: Lemma D.4 implies that the Sharpe ratio of the momentum strategy conditional on (C’t, Yt)

can be deduced from Lemma D.2 by setting Z; = {C, y:},
Q= L7,

Py = Lot + 5%’0(015 - O) + 6%(yt - :’j),

o) = VA,
o =",
o, = CY.
The proposition follows from this observation and (1).25). (]

Lemma D.5 computes the Sharpe ratio of the optimal (mean-variance maximizing) combination

of two strategies (wil, w?).
Lemma D.5. The mazimum Sharpe ratio of a combination of (wi*,w?) is given by (5.6).

Proof: Consider an investor at time ¢ with infinitesimal horizon dt, who can invest in the riskless

asset, the index 7 and the strategies (wf', w?). The investor’s optimization problem is as in Lemma
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(.1, except that the budget constraint (C.2) is replaced by
AWy = rWedt + &md Ry + {07 d R + ™M wPdRP. (D.73)

Substituting dW; from (D.73), and noting that ndR; is uncorrelated with (wf'd Ry, wZdR;), we can

write the investor’s objective (C.1) as
2 - - N A a (x
Tz, (nth) + yquIt(wdet) + yMEIt (thth) D) (:U%V&I‘It (77th)

+ (5 Varg, (0AdRy) + (§™)? Varg, (0P dRy) + 255™ Covy, (i dR;, thth)) . (D.74)
Maximizing (DD.74) over (&, 77, 9™) yields the utility
2i <SR7277tdt + (E4P) (Covf—tB)_l ]EgB) , (D.75)
a
where E45 = (Ez, (wf'dR;), Ez, (WP dR;))" and

Varz, (0{'dR;) Covg, (w7'dRy, P dR;)
Covy, (W{'dRy, wPdR,) Varz, (0P dR,)

Comparison of (C.5) and (D.75) yields

SRyan, = \/ L (BAP)' (CoviP) ' EAB. (D.76)

The term inside the square root in (1.76) has numerator
N 2 . N 2 N
(Ez, (@ dRy))” Vary, (0P dRy) + (Ez, (0P dRy))” Varg, (w] dRy)

— 2K, (W' dRy)Eq, (W dRy)Covy, (W' dRy, P dRy)
and denominator

|Varr, (' dR;) Varz, (6 dR,) — Covy, (w;dRy, wf dR,)*| dt.
Dividing numerator and denominator by Varz, (w;“th) Varz, (th th) dt, we can write the term
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inside the square root in (1).76) as the term inside the square root in (5.6). (]

Lemma D.5 computes the covariance between the returns of (the index-adjusted versions of)

two strategies (wf, wp)

Lemma D.6. The covariance between the returns of (wi*,w?) conditional on Iy is given by

1 . .
Gupa Bt = a(CovIt (w;qth,wdet)
Ez, (wi'Sn'wPny’
= f Bz, (]S (wf)) - == ( thZ, e | g, (wiSpwPsp)) . (D.77)
Suppose that fori = A, B
Ez, (w;) = ®}n% + @4y (D.78)
Covy, ((th)/ : w?) = $ABEy 4 @fBZp’fpr. (D.79)

Then, the covariance between the returns of (wi*, w?) conditional on Ty is given by
Gt i = PRODAL + (PADT + DL DY) Ay + (cbg‘tqs% + @;“B) Ag + ABZA, (D.80)

Proof: The covariance between the returns of (w{*,w?) conditional on Z; is

Covy, (#{'dR;, ®PdR;) = Eq, (&' dR0P dR,) — Bz, (0'dRy) Bz, (w{'dRy)
= Ez, (@7 dRyP dR;)
= E7,E; (@] dRyf dRy)
_ By, (w;‘Et(thng) (th)’)
= Bz, (7' (Covi(dRdR}) + Ey(dR) E(dR,)') (6F)")
— Bz, (7'Covi(dRidR) (f)')
(i

= Ex, (df (fS + kp}p;%) (] )’) dt, (D.81)

where the second and sixth steps follow because the term that is dropped is of order (dt)? while

the term that is kept is of order dt, and the last step follows from (A.2).
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Using (4.3), we can write (D.81) divided by dt as

(COVt(’U)Ath T]th) (COVt(deRt ’I’]th) '
=E A_ L= Y+ kSppY) (wf — ¢ 7%
gwA’wB’t H (wt Vary(ndR;) g (f RSPy ) o Vary(ndRy;)
AN,/ By, ./ /
A wiXn B WX
Ez, [(wt — S 77) (fE—l—kEp’fpr) <wt — S 77) ] , (D.82)

where the second step follows from (A.2) and n¥p) = 0. Expanding the products in (D.82) and

using nXp’ = 0 yields (D.77).

We can write the right-hand side of (D.77) as

Ez, (wi) Sn'Ez, (w?) 2n/
e () g, (up) - Z LRV VI gy ) sy, ()
C AZ ! wBsy
+ f |Covz, (wf‘, z (w?)/> - o (wtnzzl’wt ) + kCovz, (wap;c?thZp}) . (D.83)

Using (D.78), (D.79) and (D.83), and proceeding as in the derivation of (D.18), we can derive
(D.80). |
Lemma D.7 computes covariances between the weights of value and momentum strategies con-

ditional on Z; = (C’t, Yt).

Lemma D.7. Fort" >t >t,
Covr, ((wy,)’ , w%) = CYMES ey M L S, (D.84)

/
Covz, ((wg‘/ ) th) — CHVIS 4 e s, (D.85)

where

2
! 6)¢2 Boyiva(k, T')

1—c¢€
Ct"/%,t”—t = — [K2<7{%77§77—,7 Vl) + K1(7577§%7T/7V2>] - ((7”‘—|-:‘€)

r+ kK

+ H(v1, 92,73 71 v L Tov) + H( A8t vdt v, v2, s, T )

N 5M
T v 12,6
+ G2, /’VQ)_(6Y27t’—t753,t’—t)20y 5Mt ",
3,/ —t

82



(1—¢€)¢?

VMY _ !
CoZir = —WVQ(K,T),
1—ce¢ _ (1 — €)¢? _
MV — R R
Ct/—t,t//—t = _r + K/Kl(’yl 7’73 7T/ 7V2) — (T + K/)2 ﬁQ"}/lVQ(/i, 7-/ )

+ H(7ﬁ>7§7’7§{7717727737 7—,_7 VQ) + G(’717727'737 T,_a VQ)

. sV
M M C 12,4 —t
- (512,7&/4753,1&/4)2 v v )
53,t"—t
2
uvs . (1=¢€¢ _
Ct’—t,t”—t = _7(7“ T /{)2 V2(/‘€7T/ )7

T'=@"—t,7), T =t —t"7), and (8Y5,,05,,) and (6{3,,,03%) are defined in Lemmas D.3 and

D.J, respectively.

Proof: Writing that the covariance between the left-hand side of (D.62) evaluated at t” and

the transpose of the left-hand side of (D.32) evaluated at t' is equal to the covariance between
the corresponding right-hand sides, and using (D.19), (D.48), AYQ gy = 5}3 v DFY, Ai‘{t”—t =
5§{t,,_tpf2, Ag,t’—t = 5%7t,_tpf2, Aé\ﬁ,_t = 5%,_,5pr and the independence of ((t‘,/,g)f[) from
(éta yt)v we find

kA 1—e [
(f + 77277,> <_7“ n ; / Cov (Ayr, Fyr) du”pr (D.86)
w!=t" —r

1"l

t//
+ / Cov (Au 1Cy +72Cy + 73yt/) du”Ep’fpr>
u

1_6 tl/
_ Cov (Fy,[dRy — Eyn(dRy)]") du’
+< 7‘+/<&/u~:t~—r ov (Fy, [ (dRy)]') du

t//
—i—Ep/f / Cov (flet/ + vCy + Y3yp, [dRu// — Eu//(dRu//)]/) du”)

"—yt

Elély sM

"_ /
= O | oy || T SR (@) 6. (D.87)
21 3,/ —t
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Using (3.6), (B.10), (B.11), (B.13), (B.14), and (D.51), we can write (D.87) as

(1—€)¢2 / 1—e¢ R _R R _R 41—
m”2<"5a7-)2+ —m[fﬁ(’h77377'7V1)+K1(’Y17’7377- ,v2)]

+ H(7177277377f%77§773R7 Tlu Vl) + H(Vﬁ?Vf?W?uVl)VQ?V?HT/) VQ)

(1 - €)¢2 / / /
2 /BQFYIVZ(K)T) + G(71>72773’T ) 1/2) EpfpfZ

B (r+ k)
Eléf/ 5%t”t I M
= (O e—) | &, 200 ) Sy + Cov ((¢F)' 6 (D.88)
E21 53,t”—t

Equation (D.84) follows from (D.88) by noting that Cov ((Ct‘,/)/ , (%) = Covg, ((wz,/)/ : w%)

Writing that the covariance between the left-hand side of (D.32) evaluated at ¢” and the trans-

pose of the left-hand side of (D.62) evaluated at ¢’ is equal to the covariance between the corre-

sponding right-hand sides, we likewise find

kA 1—c¢ ¢
(f + 772,]7/> <_,r 4 ﬁzp,f // Y COV (Au/7Ft///) dul (D89)
w'=t'—7
t .
+/ Cov (Au/, ’let// + 7201‘,” —+ 733/7&”) du/Ep'fpr
u'=t'—1
1—¢ [t ) /
Sl Gl . Cov (dRy — Ey(dRy), Fin) du
w'=t'—7
t R
+/ Cov (dRu/ — Eu/(dRu/)”letu + PYQCt” + ’733/15”) du/pr
u'=t'—1
M M Eléf/ M, vy
- (512’#7“53’#%) Cy M - Ep/fpfE + Cov ((gt/ ) a@ﬂ) . (D.90)
Z:21 53,t”—t
Using (3.6), (B.10), (B.11), (B.13), (B.14), and (D.51), we can write (D.90) as
l1—e ¢2 _ 1—c¢ 3 -
— ((7,_{_’3:)2V2</€7 T/ )E+ _mKl(V]{%’fy:SR”T/ ’1/2)+H(7F77§’7§’71772’7377—'/ ,VQ)

(1 — €)¢2 — ,— ,
W/BQ'YU/Z(H,T )+ G (1,792,793, T ) | SppsS
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Cy 1%
A, 01o. 47—

= (oM., _, oM, ) .
12,/ —t> 93¢/ —t Cy %
g1 53,

Ep'fpr + Cov ((Ct]y‘[)/ ) C%) . (D.91)

Equation (D.85) follows from (D.91) by noting that Cov ((ng[)/ , CX,) = Covr, ((wi‘/)/ , w%) |

Proposition D.7 computes the correlation between the returns of value and momentum strate-

gies, both unconditionally and conditionally on (C’t, Yt)-

Proposition D.7. The unconditional correlation between the returns of the value strategy (/.1)

and the momentum strategy (/.2) is Corr(w) dRy, W) dR;) = %, where
L? L1Lo L3 1—e (1 —€)g?
GV M = 717'A1 +2 TAg + 727 e ﬁK1(’Yﬁ,7§,T, V) — e Bayiva(k, T)
R R R (1-¢)¢’
+ H(75 72573571572, 73: T v2) + G(1,72,73, T, ve) | Az — WW(H?T)A%

T = (0,7), and D,v and Dym are defined in Propositions D.2 and D.5, respectively. The cor-

relation between the returns of the value and momentum strategies conditional on I; = (C’t,yt) 18

ng,wM,t

7
V Dwv ,tDwM ,t

Corrz, (0) dRy, WM dRy) = where

L3 L VA L " -
G i1 = 781+ = (Lar +60(Co = O) + 63w — ) Do + L7 (: 1+ 8%0(Cr — C) + 8% (e — y)>

L N
+ [( 2 4 610(Co — O) + 0¥ o (ye — y)) (Lgr +6730(Cr — C) + 655 (ye — g)) + C%"} Az +CYVEA,,

s
and Dyv 4 and Dyym 4 are defined in Propositions D.5 and D.0, respectively.

Proof: To show the equation for the unconditional correlation, we need to show that the uncondi-

tional covariance between the returns of the value and momentum strategies is G,,v ,,mdt. Since the

unconditional expectation of value weights is given by (1D.20) and of momentum weights is given

by (D.49), the result follows from Lemma D.6 provided that

_ 2 _ _ 2
(COV ((wiw)’,w,}/> = —sz(FL,T)Z + <—:+ZK1(’Y{B,’}/§,T, VQ) — mBQ’YlVQ(H,T)

+ H(’Y{%772R77?I)%7717727737 7-7 VQ) + G(717727’Y37 7-7 V2)> Ep/fpfE

(D.92)
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Equation (D.92) follows by noting that Cov <(w{w )/ ,wy ) is equal to the left-hand side of (D.91)
for t" =t =+t.

To show the equation for the correlation conditional on Z; = (C’t, yt), we need to show that the

conditional covariance between the returns of the value and momentum strategies is G,,v ,m ,dt.

Since the conditional expectation of value weights is given by (D.24) and of momentum weights is

given by (D.56), the result follows from Lemma D.6 provided that
Covz, ((th)’ , wtv) — CYVES 4 M s (D.93)

Equation (D.93) follows from Lemma D.7, by setting t” = = ¢ in (D.85). [
The unconditional expectations and standard deviations of functions of (C’t, y:) are calculated

using the unconditional distribution of (C’t, yt), which is normal with mean (C,¥) and covariance

matrix 26V,

E Proofs of Results in Section 6

Lemma E.1 expresses the Sharpe ratio over investment horizon 7' of a general strategy w; in terms

of expectations, variances, and autocovariances of instantaneous returns.

Nw,t,T

Lemma E.1. The Sharpe ratio of a strategy w; over investment horizon T is SRy, ;1 = ~= —
\/Dw,t,T+,Dw,t,1T+Dw,t,2T

2

where
1 t+T
N = 7 /t Ez,(dR.), ()
1 t+T
Dw,t,T = T/ Varz, (wudRu)’ (E2)
t
t+T  t+T
Dgotv% =— / Covz, [WyEy(dRy,), Wy Ey (dRy )], (E.3)
t+T t+T
Dgot"% = / / Ez, {w,Covy, [dRy, Wy Ey (dRy )]} (E.4)
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Proof: The Lemma will follow from the definition (4.5) of the Sharpe ratio provided that

1 t+T
Tvarlt (/ wudRU> =Dy + DS?XIT + DS?Z% (E.5)
¢

We can write the left-hand side of (E.5) as

1 t+T t+T
—Covy, < / ydRy, u?udRu>
T t t

t+T t+1T  pt+T
/ COVIt (wudRu, wudR / / (COVZt (Tf)udRu, Tf)u/dRu/)
u= =t
t+1T  pt+T
=Dy 4T + — / Covz, wudRu, Wy dRy, ) (EG)

where the second step follows by separating the covariance between contemporaneous returns and

the covariance between lagged returns. We can write the second term in (E.6) as
t+T  pt+T
/ {(COVIt ’U}udRu,E (wu/dRu/)} + COVIt [’lf)udRu, ’lf)u/dRu/ — Eul(ﬁ)u/dRu/)]}
t+T  pt+T
/ Covy, [WydRy, Ey (W dR,y)]
t+T  pt+T
/ {Covz, [Ey(wudRy), Ey (W dRy )] + Covy, [ydRy — Ey(0ydRy,), By (W dR,y )]}
t+T  pt+T
/ {COVIt (’Li)udRu), Eu/ (ﬁ)u/dRu/)] + EL [(COVu(ﬁJudRu, Eul (’lf}u/ dRu/))]}

t+T t+T
/ {(COVL wu (dRu), QDu/IEu/(dRu/)] + EL [wu(Covu (dRu, wu/Eu/ (dRu/))]}

Cov Cov
IDwC;f % Dwot %7 (E7)

where the second step follows from writing Covy, [Wyd Ry, Wy dRy — By (W dRy )] as
Ez, [udRu(thwdRy — Ey (wdRy))] — Ex, (0udR)Ex, [y dRy — Eu (b dRuy)]

and noting that each term is zero because of the Law of Iterative Expectations, and the fourth step

follows from (D.51). Combining (E.6) and (£.7), we find (E.5). ]

Lemma E.2 specializes Lemma F.1 to the unconditional Sharpe ratio (Z; = 0).
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Lemma E.2. The unconditional Sharpe ratio of a strategy w; over investment horizon T is

SRyT = Ny where
) \/Dw+DCOV1 +D(Cov2 ’

kA

Ny = —E(idRy) = < Sy > E (Atwtzplf) 5

&~

E [(wiZn')?]

Var(widR:) = f oo

E(wXw;) — + kE[(thp'f)Q],

are the unconditional versions of (N, Dw¢) defined in Lemma D.1, and

Covy 2 t+T u—t R .
Dt = — 1-— Cov [ Ei(dRy), Wy By (dRy)] (E.8)
w, dt J, T
Cov 2 t+T u—t A .
Dw7T2 = 7 1-— T E {w;Cov; [dRy, W, Ey (dRy)]} - (E.9)
t

Proof: The lemma follows from Lemma F.1 by noting that when Z; = (:

1 (AT E(w 1 (AT E(w
[T R AR L [T R g
t

1 t+T
S E(d,dR,) = —
Nupr =7 /t (udFn) = 75 du dt

where the third step follows because the expectation is unconditional;

1 t+7T Au » 1 t+T A
/ Var(w,dR,,) / Var(wtht)du _p,.
t ¢

T du=7 dt

1 t+T
Dw = Au u) =
4T T/t Var(w,dR,,) T T

where the third step follows because the variance is unconditional;

C t+T t+T—u
Dw?t‘flT = f / Cov [wu (dR ) wu-i-s u+5(dRu+s)]

t+T1T—s
2 / / Cov [ibuEw (dRy), s sFurs(dRuss)]
s=0 Ju=

/ /t+T s (COV wu (dRu)awu+SEu+5(dR“+s)]du
s=0 Ju= du

2 / /f+T * Cov [WBy(dRy), Wit sBrys(dRirs)]
s=0 Ju=

dt
o 2 Cov [tht(th) wt+sEt+5(th+s)]
T (T =9 dt
s=0
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_ z t+T[T B (u B t)] (COV [UAJtEt(th), ?j)uEu(dRu)] D(Covl

dt wT'

where the first and sixth steps follow from the change of variable s = u — t, the second step
follows by changing the order of the integrals, and the fourth step follows because the covariance

is unconditional and depends only on s; and

t+T t+T—u
,Dg?t‘j% = T / E {wu(Covu [dRua wu+sEu+s (dRu+s)]}

t+T—s
2 / / E {16, Cova, [dRu, s sFou s s (ARuss)]}
s=0 Ju=

du

/ /HT * EA{w,Covy [dRy, Wyy sy s(dRy1 )]}
5s=0 Ju= du

/ /t+T SR {wt(COVt [th’ wt+SEt+s(th+s)}}du
dt
s=0 Ju=

_2 /T (T - S)E {0:Covy [dRy, Wiy sEtqs(dRets)]}
dt

_ z t+T[T _ (u . t)] E {TZ)tCOVt [th, wt—&-sEt-i-s(th—‘rs)]}

D(COVQ
T u=t

dt w, T

where the first and sixth steps follow from the change of variable s = u — ¢, and the fourth step

follows because the expectation is unconditional and depends only on s.

Since the same argument as in the derivation of (F.7) implies

(C0v1 Cov 2 i u—t A ~
Dyrq' +Dyp® = pr 1— Cov (w¢dRy, wydRy,) ,
t ) T

we can write the Sharpe ratio SR, 7 as

E(irdRy)
LVar(iydRy) + j T (1~ ut) Cov (drdRy, dudRa)

SRw,T =

Dividing numerator and denominator by /4 Var(d:dR,) and using the definition (1.5) of the

Sharpe ratio over an infinitesimal horizon, we find (6.1). [

The terms {DthT}l 1,2 in Lemma E.1 and {D Ovl}l 1,2 in Lemma E.2 involve covariances

89



between products of random variables, such as W, E, (dR,,) and w,/E, (dR,/). Lemma .3 computes

covariances between products of normal random variables.

Lemma E.3. If the random variables {X;}i=1234 are jointly normal, then
Cov (X1 X2, X3) =E(X1)Cov(X2, X3) + E(X2)Cov(X7, X3) (E.10)
Cov(X1 X2, X3X4) =E(X1)E(X3)Cov(Xa, X4) + E(X7)E(X4)Cov(Xa, X3)
+ E(X2)E(X3)Cov(X1, X4) + E(X2)E(X4)Cov (X1, X3)

+ (COV(Xl, Xg)(COV(Xg, X4) + (COV(Xl, X4)(COV(X2, Xg). (E.ll)

Proof: We first show (E.10) and (E.11) in the special case where {X;}i=12,34 are mean zero. Since

these variables are normal, we can set

. COV(Xi, Xg)

X; = X i E.12
Var(Xg) ste ( )

for i = 1,2, 4, where ¢; is normal, mean zero and independent of X3s.

Using (E.12), we can write the left-hand side of (F.10) as

COV(Xl,Xg)COV(XQ,X;g) (COV(Xl,Xg)

(COV(X32,X3) + COV(XgEQ,Xg)

Var(X3)? Var(X3)
Cov(Xo, X
WCOV(Xgél,Xg) + Cov(er€2, X3). (E.13)

The first term in (12.13) is zero because
Cov(X3, X3) = E(X3) — E(X3)E(X3) =0,

where the second step follows because the normality and mean zero properties of X3 imply E(X3) =

E(X3) = 0. The second and third terms in (E.13) are zero because
Cov(X3e;, X3) = E(X3e;) — E(X36)E(X3) = [E(X3) — E(X3)*] E(e;) = 0,

for i+ = 1,2, where the second step follows because ¢; is independent of X3, and the third step

follows because ¢; is mean zero. The fourth term in (F.13) is zero because (€1, €2) are independent

of X3. Therefore, (I2.13) is equal to zero, which implies (F.10).
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Using (E.12), we can write the left-hand side of (F.11) as

Cov(X3, X4)

X1 Xo, X2) + Cov(X1 Xy, X
Var(Xs) Cov(X1 X2, X3) 4+ Cov(X1 X2, X3eq)

~ Cov(X3,Xy) [Cov(Xy, X3)Cov(Xa, X3) Cov (X1, X3)

Cov(X2, X2) + Cov(X3e, X3)

Var(Xs) Var(X;)? Var(Xs)
Cov(X2, X3) 2 2 Cov(X1, X3)Cov (X2, X3) 9
WCOV(X%L X3) + Cov(ere2, X3) | + Var ()2 Cov (X3, X3eq)
Cov (X1, X3) Cov(Xs, X3)
V(v Cov(Xser, X ——— " Cov(Xze, X, C Xseq). (E.14
Var(X3) Cov(Xzes, Xyea) + Var(Xs) ov(X3ze1, Xzeq) + Cov(erez, Xzeq).  (E.14)

To compute the first term in (.14), we note that
Cov(X2,X3) = E(X3) — B(X2)? = 2E(X3)? = 2Var(X3)?, (E.15)

4
where the second step follows because the mean-zero property of X3 implies that % is the
3

kurtosis of X3 and because the normality of X3 implies that X3 has a kurtosis of three. The second

and third terms in (E.14) are zero because
Cov(Xsei, X3) = E(X3e;) — E(X36,)E(X3) = [E(X3) — E(X3)E(X3)] E(e;) = 0,

for i+ = 1,2, where the second step follows because ¢; is independent of X3, and the third step
follows because ¢; is mean zero. The fourth term in (I£.14) is zero because (€1, €2) are independent

of X3. The fifth term in (E.14) is zero because
Cov(X3, Xses) = E(X5eq) — E(X3)E(Xses) = [E(X3) — E(X3)E(X3)] E(eq) = 0,

where the second step follows because €4 is independent of X3, and the third step follows because

€4 is mean zero. To compute the sixth and seventh terms in (E.14), we note that
Cov(X3e;, X3eq) = E(XSeies) — E(X36)E(X3eq)
= E(X3)E(eies) — E(X3)°E(e;)E(es)
= E(X3)E(cics)

= Var(X3)Cov(e;, e4)
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= Var(X3)Cov(X;, e4), (E.16)

for i = 1,2, where the second step follows because (e;,€4) are independent of X3, the third and
fourth step follow because (X3, €;, €4) are mean zero, and the fifth step follows from (12.12) and the

independence of (X3, €4). The eighth term in (E.14) is zero because
Cov(erez, Xzes) = E(e162X3e4) — E(er62)E(X3es) = E(X3) [E(er€2€4) — E(erea)E(es)] =0,

where the second step follows because (€1, €2,€4) are independent of X3, and the third step follows
because X3 is mean zero. Suppressing all zero terms and using (F.15) and (F.16), we can write
(E.14) as

Q(COV(Xl, Xg)COV(XQ, Xg)(COV(Xg, X4)
Var(Xg)

+ Cov(X1, X3)Cov(Xa,€4) + Cov(Xa, X3)Cov (X1, es)

(COV(Xg, X4)
Var(Xg)

(COV(X?,, X4>

= Cov(Xy, X3)Cov | Xo, Var(X3)

X3+ €e4| + Cov(Xe, X3)Cov | X7, X3+ ey

= COV(Xl, Xg)COV(XQ, X4) + COV(XQ, Xg)COV(Xl, X4),

which implies (E.11).

We next show (E.10) and (1.11) when {X;}i=1234 can have a non-zero mean. We set X; =

Xi - ]E(XZ) for ¢ = 1,2,3,4.

We can write the left-hand side of (E.10) as
Cov |(E(X1) + X1) (E(Xz) + X2), X
= E(X;)Cov(Xa, X3) + E(X3)Cov(X1, X3) 4+ Cov(X; X, X3)
= E(X;)Cov(Xa, X3) + E(X3)Cov(X1, X3) + Cov(X Xa, X3). (E.17)
Combining (F.17) with (E.10) applied to {X;}i=1 93, we find (1.10) applied to {X;}i=12.3.
We can write the left-hand side of (E.10) as
Cov |(B(X1) + X1)(E(X2) + Xa), X3 X4

= E(X,)Cov(Xa, X3X4) + E(X2)Cov (X1, X3X4) + Cov(X1 Xy, X3X,). (E.18)
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Equation (F.10) implies
Cov(X;, X3X,) =E(X3)Cov(X;, X4) + E(X,)Cov(X;, X3)

=E(X3)Cov(X;, X4) + E(X4)Cov(X;, X3) (E.19)
for i = 1,2. Moreover,
(Cov(Xng, X3X4) =Cov [XlXQ, (E(X3) + X3)(E(X4) + X4)
=E(X3)Cov(X1 X2, X4) + E(X4)Cov(X1 X2, X3) + Cov(X; Xa, X3Xy)
=Cov (X, X, X5X,), (E.20)

where the second step follows from (.10) and because X; is mean zero. Combining (E.18)-(E.20)

with (F.11) applied to X;, and noting that
Cov(X;, Xir) = Cov(Xi, Xir)

for i = 1,2 and i = 3,4, we find (E.11) applied to X;. [
Lemmas .4 and E.5 use Lemma E.3 to compute the terms {Dth}Z 1,2 in Lemma .1 and

{DCO‘”}Z 1,2 in Lemma F.2. To ensure that the normality assumption in Lemma .3 is met, we

restrict trading strategies to be linear, in the sense that strategy weights must be integrals of the

Brownian shocks with constant coefficients. The value strategy (4.1), the momentum strategy (4.2),

and all strategies of the form w; = (dy + 51C; + 8,0, + d3y:)py are linear.

. . . T (t+T
Lemma E.4. For linear trading strategies, Dgotvr} =% ZZ 1 t+ ft+ Covl’ u,u")dudu', where

ov kA
DEL (o) = <f+ n,) Ez, (A)Ez, (Aw)Covz, (waZp)y, wySp)),

ov kA
Dg,t 172(u, u/) = <f + 77277/> Ez, (A )EL (wu/Zp/f)(COVIt (wupr, A )
Coviy, N kA 2
Dy "(u,w) = | f+ nEn/ Ez, (wuzpf)EIt (Aw)Covz, (Ay, wu’zpf)
D(Covl, A kA 2
w,t ( ) ) =\(f+ / EIt (wuzpf)EIt (’U)ulzpf)COVZt (AU7A )
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Dy (u, ) = <f + kAn,>2(COVL(AU7Au’)COVIt(wuZp/fawu/Ep/f)7
D3 (u,u') = <f + k;A) 2 Covz, (Au, wuXp}y)Covr, (wu Xp, Aur),
: s
and Dg?tv? =2y t+T A A DCOVQ’ ,u'Ydudu', where
Dy (u, ) = . <f + :An) Ez, [yAwCovy(dRy, wySph)]

DL (u, ) = L ( f+ ha )EL [ty Wy XpCovy (dRy, Aw)] -

Proof: Equations (4.3) and (A.13) imply

. Covi(wid Ry, ndRy) raaf nEQ’ kA
E = - A
WiEu(dRy) (wt Vary(ndRy) 1 a+a 77277 ! + S/ t pf di
weXn raaf 7729/ kA
— (w, - A
(wt S 77> [a Tany St sy ) M|
kA
(f + 7 ) Ay Xply, (E.21)

where the second step follows from (A.2), (C.19) and nEp’f = 0, and the third step follows from
r_
nxp = 0.

Using (E.21), we can write (E£.3) as

C 2 t+T t+T , , ,
oV
Dwyt’r} =z ( oS ) A / Covrz, ( uqupf,Au/wuerf)dudu . (E.22)

The equation for Dgotv} in the lemma follows from (F.22) by using (F.11) and setting X; = A,

Xo = qup’f, X3=A, and X, = wu/Ep}.

Using (E.21), we can write (F£.4) as

. 2 T 4T
Dwotv% = ( ) / / Ez, wu(COVu(dRu,A /wu/Epf)] du’ (E.23)
" 20" ) Ju=
The equation for Dcotv% in the lemma follows from (£.23) by using (F.10) and the Law of Iterative
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Expectations and setting X7 = dRy, Xo = Ay and X3 = wu/Zp’f. [

Lemma E.5. For linear trading strategies, DSOF =239, tt+T (1—22h) DSV (u)du, where

2
77277,> E(At)2(cov(wt2p/f7 wuzplf)7

]E(At)E(thp})Cov(thp’f, Ay),

=

(A)E(w;Xp}y)Cov(Ag, wyXp}),

(wtzp/f)z(Cov(At, Ay),

121)
kA 2

DEVIS () = | f + oS (COV(At,Au)(Cov(thp'f,wuZp}),
kA 2

DEov1S(y) = ( f + o) Cov(As, w,Xp’s)Cov(wXp}, Au),

)
e
=
S
—~
&
Il
N N Q N N
+
™
| P
N———— N—— N— N— N—
no
=

and DS(}}Z =2%2 tt+T (1—2=) Do (u)du, where

kA .
(f + 77277/> E [thu(Covt(th,wuZp/f)] ,

kA
<f + 7’]27’]’) E [wtqupr(COVt(tha Au)] ’

Proof: Using (E.21), we can write (E.8) as

Covy kA 2o u—1 / /
Dyt =2(f+ S t 1-— T Cov(ApwiXp, AywyXp})du. (E.24)

ov1

The equation for DS 7' in the lemma follows from (12.24) by using (I2.11) and setting X; = Ay,
Xy = thp’f, X3=A, and X, = qup’f, and by noting that when expectations are unconditional,
E(A¢) = E(Ay) and E(weEp}) = E(w, Xp)).

Using (E.21), we can write (E£.9) as

Covy 2 kZA t+T u—t R ’
Doy’ = p I+ oS 1— T E {wt(Covt [th, Auqupf] } du. (E.25)
t
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The equation for DSOQVP in the lemma follows from (E.25) by using (E.10) and the Law of Iterative
Expectations and setting X7 = dRy, Xo = A, and X3 = qup’f. |
Proposition .1 computes the unconditional Sharpe ratio over investment horizon T of a general

strategy of the form w; = (do +6,C,+ 8,C, +63y:)ps. The formula for the Sharpe ratio is expressed
in terms of integrals. While the integrals can be computed in closed form, we do not present the

closed-form solutions because they require introducing additional notation.

Proposition E.1. The unconditional Sharpe ratio of a strategy wy = (oo + 610, + 8,04 + 03Ye)py

over investment horizon T is SRy, T = {C\Qj ——, where
\/DW+D T +Dw,T2

w,

Ny = [LQ ((50 + (61 + 62)C + (53@) + H(yE A& AR, 61,69, 03,0, VO)] S

kA
nXn’

D, = (f I ) [(50 + (61 4 62)C + 657)° + H(61, 8,03, 61, 62, 53, 0, yo)}

n¥n'’

and (DS?}”,DS?}’?) are derived in Lemma F.5, with

A 2
Dgovl,l(u) — L%H(61’62,53,517527537u — t,VO) <'I7E77/> )

DG (u) = Ly (8o + (81 + 62)C + 037) H (1, 02, 63,71, 755, vats u — t, 1) (

DSOth(U) = L2 (50 + (51 + 62)0 + 53@) H(757’7§>’7§%7 517 (527 537 u—t, VO) <

2
o, A
DSV (u) = (80 + (01 + 62)C + d37) " H (71, vat, A5, it dt At u — t, 1) < ) :

A 2
DSOVLB(U) = H(7ﬁ77§77§77ﬁ77§a7§au - t? VO)H(617627637617527537U - t? VO) ( ) )

A 2
DSOVL(S(U) = H(7F77§77§7517527537u - t? VO)H(6176275377]]_%7’Y§77§7U - t? VO) ( ) )
pCovil(y) = (Lo (80 + (81 + 62)C + 837) + H (31, 02, 03, 717, ¥4t va% u — £, 10)]
A 2
G(61,09,03,u —t —
X (17 2,03,U 71/0) <7]Z77/> )

DE™22(u) = [ (J0 + (81 + 62)C + d)” + H (31,82, 83, 81, 82, 03, u — 1,10 |
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R R R A ?
X G(fyl y Y2573 ,U—t,l/(]) <77277,> .

Proof: The Sharpe ratio has the form in Lemma F.2. To compute N,,, we note from Lemma .2

that

kA .
Ny = (f + 77277'> E [At(50 + 01C; + 62C; + d3y:) | PP

kA A R A
= <f + ,) [E(At)E(&) + 01Ct + 62Ct + d3y1) + Cov(Ay, dg + 01C + 62C + (53yt)]
2 nxn

= [LQ (50 + (61 + 52)6 + 63@) + H(Vﬁvvgalyrfa 515 52a 637()’ VO)] W?

where the first step follows from w; = (dp + 51Cs + 690y + d3y:)p¢, the second step follows from
prp’f = ﬁ, and the third step follows from (3.6), (B.13) and (D.8). To compute D,,, we note

from Lemma E.2 that

D, = fE [(50 + 6,04 + 6,0, + 53yt)2} psSp; + KE [(50 +6,04 + 6,C, + 53%)2] (pyp))’

kA 5 1 A
- <f + 77277’> E |:(50 + 51015 + 52015 + 53yt) :| W

kA A .
= (2 ) [BGo + 01C0 + 801 + S3y)? + Var(do + 61C + 851 + S|
nxn’ nxn’

kA _
= <f + 77277’> [(50 + (01 + 62)C + 53?])2 + H (61, 02,03, 61, 02, 93, 0, VO)} S

where the first step follows from w; = (5o + 51Cy + 85C, + d3y:)py and T)Ep’f = 0, the second step

follows from prp'f = ﬁ, and the fourth step follows from (B.13). To compute {DSOVl’i(u)}i:L“,ﬁ,

we use their definitions in Lemma F.5 together with w; = (Jo +5lé’t+520t+53yt)pf, prp’f = ﬁ,
(3.6), (B.13) and (D.8). To compute {DS"”’"(U)}ing, we use their definitions in Lemma F.5

together with w; = (8y + 61 Cy + 62C; + 3yt)pg, nXpy =0, prEp) = ﬁ, (3.6), (B.10), (B.13) and

(D.8). [

To determine the optimal strategy for a given investment horizon T', we maximize numerically
the Sharpe ratio in Proposition E.1 over (dg,d1,d2,03). Since the Sharpe ratio is the same for
(60,01, 92, 03) and (Adg, Ad1, Ad2, Ad3) for any A > 0, we can fix the value of one of the four arguments

(60,01, d2,03) to one if the argument is positive at the optimum and to minus one if it is negative.
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We do that for d3, which we set to minus one because it is negative at the optimum. Proposition

E.2 computes the unconditional Sharpe ratio over investment horizon T" of the value strategy.

Proposition E.2. The unconditional Sharpe ratio of the value strategy (/.1) over investment

(Covl +'DCOV2

horizon T is SR,v v = , where (N,v,D,v) are derived in Proposition D.2
\/D vAD T AP

and (D(C(",“T,D(COV2 ) are defined in Lemma FE.5, with

1—e€
DS?/VI’I(U) = I3 [(r s (K1 (71,78, u — t,v0) + Ka(v1, 73, u — ¢, 10)]
(1-¢)%¢?

_ t 23 /
2(r+ﬁ)2/£y0(ﬂ’u ¥y

2
+ H(717727737717’)/27737 u — ta 1/0)) (pf22p/f) +

v Ly Lo 1—e¢
DS?/L (u) = Lo (7722 f‘f‘*Psz f) (‘MKK’YF,’Y:?,U—RVO)

=+ H(’}/l, Y2,73, ’Yf%a 757 ’Yg]%v u—t, VO)) pfzgp/fv

C L1 Lo 1—¢

+ H(’Y{R)’Yé%’ 7?7 V1,772,773, U — t, VO)) pfzzp/fa

2
Covi,4 Ly Lo
Dw(‘)/VI (’LL) - < 22 f + pf22p/f> H(Vﬁ77§77§77?77§57§5u_t7 VO))

1—c¢
r+ kK

Covi,5
Dw(‘)/VI (U) = H(r)/{{?r)/fv’yézv’}/f%afyfufy?}}au - t) VO) |:<_ [Kl(’Ylv’Y?nu - t’ VO) + KQ(’)/l,’}/g,U - t7V0)]

(1—e)%¢”

2
H —t »2
=+ (71772)73)717727737“‘ ’1/0)> (pf pf) + 2(7, 4 Ii)

ol — t)pfz?’pf}

1—c¢
Cov1,6
Dw(\)/l (U) = <_T+HK1(7f{7’7§{?u_t7V0)+H(7ﬁ77577§7717’727737u_t71/0)>

1—ce¢ 2
X (7” +r (’Yﬁa’ygau - ta VO) =+ H(Wla’V?a’YBa’Y{%?’yg?rY??u - t71/0)) (pfzzp;‘)

LiLs

2
Cova,1 _ 2 L2 1—c¢ R R
Dwv2 (u) = [ n Py + (T—T+KK2(’Y1773>U—757V0)

+ H (71,72, 9315955755 1w — Vo)) prgp’f}

1—
X (((r_i_e);éﬁﬂlm( s u—t)+ G(y,72,78,u — ¢, 1/0)> Ps¥*py
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2,/ 2,/ 2
Lily [ g, NE0NEpy L3 l1-¢._ . p &
- X =2 — K. —t
[ r <?7 pf nzn/ + r r4+K 2(717737“ 7VO)

(n22p})2> (1 - €)¢?

(r+ k)2

77277/ V()(H,U - t)7

+ H(y1,72,78, 75785 Va0t — €, V0)> (pf23p} —

D(COVQ,Q(U) _

wV

L L 2 1—e
(7}7722[)/]‘ + :pfzzp/f> + (_’I"—‘—FL [Kl(’yh Y3, U — t) VO) + K2(715 Y3, U — ta VO)]

(1—¢€)¢?

N T —t 23 /
2(7‘_1_%)21%1/0(’{7“ )pf pf

2
+ H (1,72, 73,71, 72,73, — L, V0)> (pf22plf) +

X G(Wﬁv 75) 7?{%7 U — ta VO)'

Proof: The Sharpe ratio has the form in Lemma [£.2. To compute {Dg?,vl’i(u)}i:17_,,6, we use

their definitions in Lemma E.5, together with (3.6), (B.13)-(B.16), (D.8), (D.19), (D.20), and the

Cova,1

v (u), we use its definition in Lemma .5

derivations in the proof of Lemma D.3. To compute D

and note that (B.10), (B.11) and (D.19) imply

(1-e)¢?

|4 _
Covi(dRy, w,, Ep’f) = — CESE

(Z°P} + Bonips S0 S0 vo (s, u — t)dt
+ G(y1,72, 73, u — t,10)prS2p Splpdt. (E.26)

Combining (12.26) with (4.3) and nXp’ = 0, we find

E [y AyCovi(dRy, w), )]

1—¢€)¢p?
= E(w; £p/Ay) (—Mﬁwm(ﬁ, u—t) + G(y1,72,73,u — t, VO)) pySPpldt
X 1—e)¢p?
—E (wz/ <22p’f - 77277'?722])}) Au> Wuo(m,u — t)dt. (E.27)

Combining (1.27) with (3.6), (B.13), (B.15), (D.8), (1D.19) and (D.20), we find that DS?,VQ’I(U) is
as in the proposition. To compute DS?,VQ’z(u), we use its definition in Lemma E.5 and note that

(B.10) and (3.6) imply

1
kA
f nxn’

Covi(dRe, Ay) = GyE AR AR u—t, o) Xplydt. (E.28)
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Combining (I2.28) with (4.3) and n¥p’ = 0, we find

N 1
E [waXEp}(Covt(th,Au)] = fim]E(wYEp’waEp'f)G(yf,7§,W§,u —t,vp)dt. (E.29)

nxn’

Combining (E.29) with (D.20) and (Cov(w,YZp’f, wXEp’f) from the derivation of D;Cl)?,vl’l(u), we find
that Dg?,vz’z(u) is as in the proposition. [
Proposition E.3 computes the unconditional Sharpe ratio over investment horizon T of the

momentum strategy.

Proposition E.3. The unconditional Sharpe ratio of the momentum strategy (/.2) over investment

. . N . . ., -
horizon T is SRm 7 = C“’M ——, where (N, Dyar) are derived in Proposition 1.5
? ov ov
\/Dw]\/[ +’Dw]ul,T+/DwM2,T

Cov Cov . = .
and (DwM,lT’DwM,QT) are defined in Lemma F.5, with

DESTH (u) = L3 [(H (A A2 A8 A 8 d T ws) + H oy A8t gt Af A8 A8, T 1)
GO A AR T v3) + GO AT AR T va) + kmax{r + t — u,0}) (py=2p;)
+fmax{r +t—u, O}pr:)’p’f} ,

DI (u) = Lo(Lymy32p) + LorpsS20) (H (v 48 A4t i A8 v, T )
+ G5 T v2))pr S0,

DS (u) = Lo(Larn¥?ps + Lorpp2p) (H (v, 280 45 vt 8t v T )
+ H(y{, % 1595730 Thve) + GOt vt 13 T ve) o 520,

Covy,4
Dot (w) = (Lirn=p)s + Larps 2P 2 H (v, ' 145 1t 185 74w — t, o),

Covy,5
Do (u) = H(v 755 v s vas v uw — tvo) [(H (S 985 8 vt v vas Ty vs)
+ H(yf vt vt gt vds, T va) + G v v T vs) + G (v A8t v, T va)
2
+kmax{T +t—u,0}) (prQp'f) + fmax{T +t — u, O}pr?’p'f ,

Cov1,6 _ _
DS (u) = (H( v 8 v v T ve) + GOt s, v T, 1))

X (H (2 A8 A AR A8 A8 T vn) + H(y A8 A8 A A8 A8 T 1)
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2
+ G(Wf%a ’Yé%a 731)%7 Tla VQ)) (prQP}')
Covo,1 -
Dw(z)u2 (u) = [L1L2T7722P’f + (L%T + H(vf,fyf,’yf,fyf,fyf,fy;f,T’ ,v2) + G(’yf%,’yg v ’o-, ))pf22pf]
x (G(Vﬁv 7527 75) 7-,7 Vl) + k1{7+t—u>0}) przp’f

NP a2y,
W/f + (L%T‘FH(’YR’Y?W??:’YFK}? » V3 7T/ )

LyLayT <7723P/f -

(nE?p))?
+G (VAT 1)) (pf23p} - nTnjj Flirpt—uso}s

C 2 2
Do (u) = [(LlTWEQP} + LompsS2p}) " + (H(W 8 v it s v T vs)
+ H v v s vt vt T va) + GOt v, 480, T vs) + G v 480, T va)

+hmax{r +t —u,0}) (py%) " + fmax{r +t — u,0}p;=3p}| GOV, A8 AR, u — t,10),

where T' = (u—t,7) and T'~ = (t —u, 7).

Proof: The Sharpe ratio has the form in Lemma [£.2. To compute {Dicui}fl’i(u)}i:17._6, we use their
definitions in Lemma F.5 together with (A.2), (3.6), (B.10), (B.13), (D.8), (D.48), (D.49), (D.51)

Cova,1 (

and the derivations in the proof of Lemma D.4. To compute D, u), we use its definition in

Lemma .5 and note that (D.48) implies
Cov¢(dRy, ’LUIJLV[Epr) = <f + o > </ Covy (dRy, Ay) dt ) pf22pf + Cov¢(dRy, th)l{T+t u>0}2pf

= G155 T v)prS2ps S + (FE20) + kprS2p Sp)) Liri—usops
(E.30)

where the second step follows from (A.2), (3.6) and (B.10). Combining (E£.30) with (4.3) and

nXp; = 0, we find
E [} AuCovi(dRe, wy' Sp})]

= E(w" SpAu) (GOvf 35985 T v1) + bl i—usoy) prS2ppdt

X/
—-E (wi\/l <22plf E ,7722 > Au> f1{7+t7u>0}dt' (Egl)
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Combining (I2.31) with (D.8), (D.49) and Cov(w{'Yp), Ay) from the derivation of Dcovl’ (u), we

find that DS?}Q’I(U) is as in the proposition. To compute DS?}”’ (u), we use its definition in Lemma

E.5 and combine

1
E [0 w)! SpsCovi(dRy, Au)] = ﬁﬁ(wi”Ep}wap})G(ﬁ,vf,viu—t, vo)dt,

nxn’

which is the counterpart of (12.29) for momentum, with (.49) and Cov(w Ep, wM Yp';) from the

derivation of DCOVI’ (u).

Proposition E.4 computes the Sharpe ratios of the value strategy and the momentum strategy

conditional on (Cy, ;) and over investment horizon T.

Proposition E.4. The Sharpe ratios of the value strategy (/.1) and the momentum strategy (/.2
N

wd ¢, T

Covq Cov2
\/D’“ T I g

conditional on (Cy,y) and over investment horizon T are SRy, p =

where j =V for value and j = M for momentum,
1 t+T A R B A
Nuyi g = T /t [(L2 + 619,41 (Ct — C) + 85,y (Yt — ﬂ))
X (lej nE2p) + (ngj + 6750t (Cr = C) + 6%y (e — )) pf22pf> Cifm_tprzp’f] du,
t+T A . A . . _ .
Dwﬁt,T = T /t [L%(Z])2A1 + QLIZ] (LQZ] + 5{2,U_t(0t - C) + 5§’u_t(yt - g)) AQ

. . “ _ . 2 . .
X ((LQZ‘] + 6{27,&725(6% — C) + 5§’u7t(yt — g)) + Clet,ut) Ag + C,JuEtA4:| du,

and (DC?‘;lT,DS?‘fT) are defined in Lemma F./, with

DS?‘? Yu, o) = (L2 + (5?2#_,5(@ -0)+ 6Z{>\,u—t(yt - ﬂ))

X <L2 + 6{\2,u/7t(ét -0)+ 5::{;X,uut(3/t - ﬂ)) (Cift,u/ft(pr?p )2 + C] uprS > ’
Dicu?vtl’ (u,u) = (L2 + 5?2,u7t(ét -0) + 55’)\,u7t(yt - g))

X (leanQp/f n (ngj 6 o(Co = O) 6] 0 (e — )) prpr> Cr, S,

'DS;’F&(u,u/) = (lejnZQP/f + (ngj + 6{2,u—t(ét — C) + 53u t(y )) DrX pf)
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x <L2 + 5{\2,14’—15(@15 - C') + 55/3\,u’—t(yt - 37)) C:}]t u/— tprQPf’
DS;’?’ (u,u) = (lejn22p/f + (ngj + 5{2,u_t(CA't -C)+ 53u ¢y — )) f22pf>
X (lejn22p’f + (ngj + 5{27u,_t(@ - C)+ 5§7u,_t(yt — Q)) pf22p30> Cﬁ_mf_t?
DU () = s (O 229 +C7 S0 )
Do ) = G2 O (05,
ey ) = | (L2 + (Lo 46y, (Co = O) 8,01 — ) y 2P
x (Lo + 8y —o(Co = )+ 0oy = 9)) + OO 2y =20

(1- 6)¢2 / /
X Lg=v _mﬁﬂll/o(/ﬁu —u) + G(y1,72,73, w0 — u, 1)

+ 1{J:M} (G(r}/{z? ’7527 7{?7 (u, —u, 7—)7 Vl) + k1{7+u—u’>0}):| prQP/f

A ~ B ' 772277/7722]9/
(L2 + 5?2,u—t(ct -C)+ 6{3\,u—t(yt - y)) <le] (nzgp} B nxn !

o o (n52p))?
+ <L2z3 + 5{27u/_t(0t -0)+ 53 w—t(Yt = )) <pf23 nTn]:

: (nx%p))? 1—€)¢
+C1j¢/it,u’—t <pf23plf - UTUJ: |:1{] M}f1{7'+u u'>0} — 1{] V}((’l“—{—lz)yo(ﬂ’ u' — u):| )

Dcﬁyf(u, u') = [(lejnﬁ%} + <L2zj + 5{27u_t(CA't ~C)+ 5§7u_t(yt - g)) prQp'f)
X (leanQp’f + (ngj + 5{2’u1_t(ét -C)+ 5§’u1_t(yt - Z?)) pf22p}>
. -
+C Ly (PrEPP)? + C pp SR | G A8h 3w — £ ),

and (2V,2M) = (L, 7).

r?

Proof: The Sharpe ratio has the form in Lemma E.1. To compute N, ; r, we note that (D.1) and

(E.1) imply

t+T
thT / < )Ezt(Aprf)d
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and we compute the integrand using the decomposition in (D.17) together with (1.24)-(D.26),
(D.56) and (D.57). To compute D,,; ; 7, we note that (1.2) and (I5.2) imply

Ez, [(wiEn’) 1

» 2
S + kEz, [(w{tzp'f) ] du,

1 t+T ) )
ij,t,T = T/t I |Ez, (w{LE(w{L)') -

and we compute the integrand using the decomposition in (D.18) together with (D.24), (D.28)

(D.56) and (D.59). To compute {D°"(u)}i—1._6, we use their definitions in Lemma .4 together

wJ ¢

with (D.24)-(D.29) and (D.56)-(D.59). To compute {DS?\;27i(U)}i:172, we use their definitions in

Lemma F.4 and proceed as in the proofs of Propositions .2 and E.3 replacing unconditional

expectations FE(w! EplAy) and E(w! Ep’fwiilp}) by conditional expectations Ez, (wiEp’fAu/) and
Ez, (wiXp/pw;, Xp}). ]

Lemma F.6 computes the unconditional covariance between the returns of (the index-adjusted

versions of) two strategies (w;, w?) over investment horizon 7.

Lemma E.6. The unconditional covariance between the returns of (wi*, w?) over investment hori-

zon T is given by

1 T T
—Cov ( / witdRy, / thth> =Gt s + G0 G0 (E.32)
0 0 b 9 b b

where

1

—-Cov (w7 dRy, WP dRy)

gwA,wB =

E (w{‘Zn'thZ}n’)
nxn

=f + kE (wap'fwap}) ,

E (wa (wf)/) —

is the unconditional version of G,a .5, defined in Lemma D.0, and

t4+T _
geor =1 / <1— “ t) {Cov [@;'E¢(dRy), WEE,(dRy)] + Cov [WPE(dRy), w5 Ey(dRy)] }
t

wA wB T = & T

(E.33)
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1 t+T _t
ggova y= dt/t (1 _ uT ) (E {w;*Cov; [dRy, wEPE,(dR,)] } + E {@fCovy [dRy, 05 Ey(dRy)]}) -
(E.34)
When the strategies (wi', wf’) are linear, QCZ” BT = > tt+T (1-*7) [ COVL s (u) + QSOBVLA( )} du,
where
Coviy,1 _ kA ? 2 i,/ ks, /
gwj,wk ( ) = f+ / E(At) Cov(wtzpf7wu2pf)a

&=

(A¢)E(wfSp))Cov(w] Lply, Au),

&=

(A)E(w! Sp))Cov (A, whEpl),

GEr ) = (1 + —r E(w] Sp) ) E(wfSpf)Cov(Ar, Ay),
Covisy) = AN v, A Cov (w9, wb sy
gwj,wk( ): f+,,72,,7/ OV( ts u) Ov(wt Py Wy pf)a
o EAN Y Coe(wiSp), Au)Cov(Ae, wbSy)
gwj7wk( )= f+ﬁ ov(wy Dy, u)Cov(A¢, wy pf),
and QSZ‘:;BI =7, tHT (1—2=) { COVZ’ 5 (u )—l—gg%‘:;g (u)} du, where

oV kA
ij,j;}(u) == (f + Sy > E [th Cov¢(dRy, wy, Epf)}

1 kA ;
gCsz,2(u) =— (f + 77277/> E [wiwﬁﬁp’f@ovt(dfit,/\u)} ,

for j,k € {A, B} and j # k.

Proof: The covariance between the returns of (wi', w) conditional on Z; and over investment

horizon T is given by

1 t+T t+T
—Covry, < / WAdR,, / w5 dRu>
T t t

1 t+T t+T t+T
=7 / Covy, (W dR,, wEdR,) / / Covz, (W) dRy, wEdR,,)
t u= '=t
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1 t+T t+T t+T
== / Covz, (Wi dR,, wPdR,) + / / Covz, (Wi dRy, wEdR,)
t u=
t+T t+T
/ Covz, (W BAR,, wAdR, /) (E.35)

where the first step follows by separating the covariance between contemporaneous returns and
the covariance between lagged returns. Proceeding as in the derivation of (E.7), we can write the

second term in (F.35) as

t+T  pt+T
/ {Covzt w;, AR w(dRy), W u/(dRu/)] +Ez, [wf(Covu(dRu,wf,Eu/(dRu/))]} (E.36)
and the third term as
t+T  pt+T
/ {(Covzt w, Bg. (dRy,), w u/(dRu/)] + Ez, [u?f(Covu(dRu,u?f,Eu/(dRu/))]}. (E.37)

When the covariance is unconditional (Z; = ()), we can proceed as in the proof of Lemma .2 to

show that the first term in (I2.35) becomes G4 ,,5, and (I£2.36) and (12.37) become QCOVwB o and

A B

QCOV respectively. When the strategies (w;", wy’) are linear, we can proceed as in the proof of

A wB T

Lemma E.5 to show g(cf,vl By Z?:l tHT (1 — %_t) { Covl : 5 (u) + QS?BV’L’A( )| du and Qci‘” By =

SL T (= ) [Goarh (u) 4+ G ()] du, with {{gﬁ;;i;i(u)}i:l,._ﬁ, (G55 )bz }

w wk G ke{A,BY,j#k

as in the proposition. [
Proposition E.5 computes the unconditional instantaneous correlation of a general strategy of

the form wy = (dg + 51C; + 620, + d3y:)py with value and momentum.

Proposition E.5. The unconditional instantaneous correlation of a strategy wy = (d¢ + 5.0y +

Gwi w
V ij Dy ’

value and j = M for momentum, D,, is derived in Proposition E.1, {D,;};=v.m are derived in

52C; + 03ys)py with value and momentum is (Corr(wzth,wtht) = where j =V for

Propositions D.2 and D.5,

kA L _
GV = ( Sy ) K 22 pr22p’f> (60 + (61 + 02)C + b37)

1—e€
" <_7'+ —HK1(01,03,0,v0) + H(71,72,73, 01, 02, 83,0, V0)> prQP}] ;
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kA _
G 4 = <f + 77277/> [(LlTnEQP/f + L27'pf22p/f) (60 + (01 + 62)C + d37)
+ (H(’Yﬁv 757 fy?])%a 511 527 537 T7 VQ) + G(517 627 531 Ta VQ)) prZP}] )
and T = (0,7).

Proof: Since D,v = Var(w) dR;), Dyu = Var(wMdR;) and D,, = Var(i;dR;), the results on the
unconditional instantaneous correlation will follow if we show Cov(w} dRy, W dRy) = GV wdt and
Cov(wMdRy, wdRy) = G
we find

wM

dt. Using Lemma D.G and noting that #¥p/; = 0 implies w;Xn" = 0,

Cov (wg' dR;, wtht)
= fE (w?Ew,’f) + kE (w{Ep’fthp’f)

= fE(wz)EIE(wt)’ 1+ kE (wi) Ep'fIE(wt)Ep’f + fCov (w{, Ewg) + kCov (ngp'f, thp}>

kA . _ . )
_ < I nEn’> [E (wg) S} (J0 + (51 + 82)C + d57) + Cov (wg, Jo + 0,Cy + 52C; + (53yt> zp’f}

(E.38)

for j = V, M, where the third step follows from w; = (dp + 61Cy + 6204 + 93y¢)py. Combin-
ing (I£.38) with (D.20), and computing Cov (w,}/, do + 51Cy + 520, + 53%) as in the derivation of
(D.22), we find Cov(w} dRy, widR;) = G,v ,,dt. Combining (F.38) with (D.19), and computing
Cov (wé‘/l, do + 510} + 620, + 531/,5) as in the derivation of (D.52), we find Cov(zﬂf\/[th,ﬁ)tht) =
Gy dL. |

Proposition E.6 computes the unconditional correlation of a general strategy of the form w; =

(6o + 51C4 + 620y + d3y¢)py with value and momentum over investment horizon T'.

Proposition E.6. The unconditional correlation of a strategy wy = (do + 51C4 + 62C4 + 03¢y

with value and momentum over investment horizon T is

(Dus + D5+ D52 (Du + DS + DEG?)

wI, T

+T t+T G ;. +¢gtor 4 gCove
Corr </ wljthQM / wudRu> = wI w wl w, T wl w,T 7 (E39)
t t \/
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where j =V for value and j = M for momentum, (D DSOCXl,DCOVz) are derived in Proposition

E.1,{Dy;}j=v.m are derived in Propositions D.2 and 1.5, {(DC%{, ’D(C?Vj%)} are derived in
) w j:V,M

Propositions .2 and .5, {Gyi . } j=v,m are derived in Proposition I.5, and { (gco“ GLov2 ) } .
]:

wd w, T “wl w,T

are defined in Lemma E.0, with

2,
Covy,1 72 1—e€ pfz pfA
gw‘o/xtzlu (u) - L2 <_T + K (51,(537“ — t, VO) + H(’yl,’)@,f}/?), 51, 527 53, u — t, 1/0)> W’
2./
Covy,1 72 1—e¢ pfzpfA
ng;‘l/ (u) - L2 <_T’ + K ((51,(53,“ - t7V0) + H(517627637717727737u -1, VO)) W,
Cov1,1 2 R R .R - . prQp}A
gwM71;) (U) = LQ (H(Wl y Y2573 751752,53,7- ,1/2) + G(51,52,537T 7]/2)) W’
Goohit (u) = L3 (H (81,82, 83,7, 73,985 T/ vn) + H(W' 731,74, 01, 82, 8, T v2)
2,/
prEpA
G(61,02,63, T S
+ ( 1,02, 37T,V2)) 77277/ R
GEXE2 (1) = Lo (0 + (01 + 02)C + 837)
1 prQP/ A
X 737 t,I/O)+H(’Yl,’Y2,’Y37’7f%,’Y§,’Y§,u—t,yo) 7{7
nxn
Qf,olzlv’ = Ly ( S2p) + 7pf22 > H (07,69, 03, v, A8 44w — t, VO)W’
ggiyh = Lo (50 + (01 + 62) C+ 53@/)
R R R R R R - - prE?pA
X (H(71 V2573571572573 ,T ,1/2) —|—G(’yl 7’}/2 » Y3 ’T )) W’
A
GO (w) = Lo (LirnSPpy + LopsS°py) H(S1, 8, 03,7175, 74w — t, ) S
Cov1,3 _ Ll 2 Lo 9 R R R
GV (W) = Lo ( ==l + —=ps S22y | H(v1', 75", 75", 61, 0, 03, u — ¢, VO)W,
GEE () = Lo (o + (01 + 02)C + 837)
2./
1-¢ R R R R .R prEpEA
X <_’f'+ HKl(ryl » V3, U — t’VO) +H(’YI Y2573 571,772,773, U — ta VO) W,

QSCXI;’,S(U) = Ly (Lirn3?p}y + LotpsS2p)) H(v{', 755 735, 01, 0, 83, u — £, 1)

n¥n'’
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Gotr 3 (w) = La (60 + (81 + 02)C + 835) (H (W, v, 74 A4, 5 4L T 1)

wM w
2./
prEepA
FHOM 31 288 T ) 4 GO gl T)) = =

ov ov L L ~ =
Gt () = G5 () = (ﬁnzzp% + :pf22p}> (80 + (01 +32)C + 657)

wV w w,wY

< H(~R ~R 4R R R R . _
(’71?72773a71a’727’73’u ?VU)nZn,’

G () = G0 () = (LirnS2p) + Lorps5°p)) (80 + (61 + 62)C + 837)

wM w,wM

x H (v, vat, vt it vat vat u — t, o)

nSn’’
Covi,5
gw(\)fﬂlﬂ (u) = H(7ﬁ77§a7§a7ﬁ77§77§au - t:”())
1—¢ prQp’fA
x | — Ko(d1,03,u—1t H 01,09,03,u —t _—
< h 2(01,03,u — t,10) + H(v1,72,73,01, 02,03, u 71/0)) T
Covi,5
Gt (u) = H(W' A3 73521 750 40w — t o)
2./
1—¢ prYpiA
X - K(;,(S, _ta H(S’(Sv(sv 9 ) ) _tv RS WEEE
<r—|—/<; 1(01,03,u — t,v0) + H(d1,02,63,71,72,73, U Vo)> oS
Covy,5
Gt o (W) = H (v, 735, 5 1930 50w — o)
pyYPpA

)

X (H('bea'Yf?'Y:?,(sh 627 537 Tli? VZ) + G(617527 6377-/77 1/2)) 7727]/

Covy,5
g ov1 ('LL) = H(7F77§77§77F77§77§7u - t,Vo) (H(6175275377ﬁ77§77§77-/7Vl)

wM ap

pyYPpiA

+H(7fz77577§%751762a63,T/’V2) +G(51’527537T/7V2)) 77277/ )

C 1—e¢
g OVl?G(u) = <_ HKQ(’YFaFY?I)%?u - ta VO) + H(717727737’7f%77§77§7u - t7V0)>

pyEPpA
nXn

I

X H(’Y{%f)/é%?'yga 517 527 537 U — t, VO)

gCOV1,6(u) - H(dlv 527 6377#77?7757” - t: VO)

w,wV
2
prEpA
n¥n'

1—e€
X <_T+KK1(’7{%77§7U —t,V()) +H(7{%77§77§%7717727737u_tv VO))

Cov1,6 _ _
G (w) = (H(v v v it vt s T ve) + G, v A T 1))

wM w
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prE?pA

X H(VF,V;,V?,(SL(SQ,&%U—t,l/o) 77277/ )

Cov1,6
g o (u) = H(61752a53a’7fz7’7§7’7§vu - taVO) (H(7f277§77§>7ﬁ77§37§7T,aVl)

w,wM

R R _R _R R _R 4 R R _R 4 prQPIfA
+H (%5555 s T ) + G(n ,vz,vg,T,w))W,
Cova,l L1L2 L2 1—e€
gw?/\tfu ( ) - |: 772217} + <TQ - "+ ,{KQ(fyfzafY?},zau - t, VO) + H(71)7277377f%)7§77§7u - t7VO)
Xp 221)/ G((Sl 52 53 u—t V())A
f f ) ’ ’ ) 77277/7

G2 (w) = [La (60 + (81 + 82)C + 835) + H (81, 82, 83, 7E, v, 74 u — t,10) ] pr 220y

w,wV

— )2 A — ¢)¢?
X |:<_m18271V0(H7U - t) + G(’Ylv’hary&u — 1, VO)) T’Enl - ((17' +€I-’)§;Z VO(K;’ U= t) !

Cova, _ _
Gl () = [L1LamnX2p) + (L37 + H(yf A8 A A8 A8 a0, T ) + G, 44t 8, T 1))

wM ap

pr22p;‘] G((Sla 02, 03,u — t, VU)W?

gg?ﬁf(u) = [L2 (80 + (61 + 62)C + 035) + H (01,62, 63, 71", 75", 13> u — t,v0)| prE2p)

A
X [(G(’Yfﬁfﬁira vi) + k1{7+t—u>0}) W + f1{7+t—u>0}] )

ov L L ~ _ 1—
ggvjf(u) = |:<T17722p} + ;prQp;c> ((50 + (01 4+ 02)C + 53y) + <_7“

€
Ko(d1,03,u—t
TR 2( 1,03,U 71/0)

+ H(Vl? 72,73, 517 52) 537 U — ta VO)) pf22pllf:| G(,}/{%’ ’75%7 7{?7 U — ta VO)W’

6K1(51,53,U —t,1)

Cova,2 Ly Lo _ ~
gw,w%/ (u) = [(rnEzp} + rpf22p30> (50 + (01 + 62)C' + 532/) + <_r "

A

+ H(517 627 537717 Y2,73, U — tv VO)) pf22p/f:| G(’YF7 75%7 7?1,{7 U — tu VO)W7

Goor? (u) = (102D + LatpsS2p)) (80 + (01 + 62)C + 037) + (H(v{,v3', 74, 01, 02,03, T, v2)

wM ap

GO, 05, T 2)) py 20} Gl Al A = )

GoovaR (u) = [(LimnS?p)s + LotpsS2p)) (60 + (81 + 02)C + 639) + (H (01,02, 63,71% 75", 55 T 1)

w,wM

+H(’7f%7 757 ’Yé%a 517 52a 637 T/7 V2) + G(517 627 637 Tl; V?)) pfzgp/f] G(’Yﬁa 75%7 7;,%7 u—t, VO)Wv
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where T' = (u—t,7) and T'~ = (t — u, 7).

Proof: To show the proposition, we need to show that the definitions of {{gg;)"ul)lT (u)} L
et i=1,..,

wI w, T

{QCQV” (u)} ) 2} in Lemma E.6 yield the equations in the proposition. The equations fol-
t j=V,M

low from the derivations in Propositions .2 and E.3. (These derivations determine the covariances

{Cov(wap}, (00 + 61C + 62C, + 53%))} .

j=V.M

and {(Cov((ao + 601G + 62C; + Gaur), wf;Ep’f)}j:V’M

by replacing (v{%, 74", 74") by (01,02, 03).) ]
Proposition E.7 computes the unconditional correlation between the returns of value and mo-

mentum strategies over investment horizon T

Proposition E.7. The unconditional correlation between the returns of the value strategy (/.1)

and the momentum strategy (/.2) over investment horizon T is

ov Cov
Corr </t+T deR s deR ) . ng wM + ng 111}M T ng,zUM,T
u (75} U - ,
| | \/(Dwv + DIV + DY) (D + DSy + D)

(E.40)

where Dy, Dym and Gv ,m are derived in Propositions 1.2, D.5 and D.7, respectively, (D(C?,V;,, DS?,V%)

g(Cov Covsg )

and (DCOVl DCOVZ ) are derived in Propositions I.2 and E.3, respectively, and ( V oM T Gy nt

M T’ T
are defined in Lemma .0, with
(1-¢)9”

mﬁﬂ’ll/z(f@ T

C 1—e¢
G5 0 = 23 | (- [Raloffoodt o) + Kaoft o T )] -

+ H(71)727V3)75)7§77§7T/7 Vl) + H(7577§77§7717727737T/7V2)

(-
(r+ k)2

1—¢€)p _
Mﬁﬂm(ﬁ T'7)+ HOM 5787592, T ve)

(1—¢)g?
(r+ k)2

G T, u2>) (07502 uz(n,T'>pf23p}] ,
Gy ) = 13 | (5 Tk Gl g T ) -
’ r+K
G T u2>) (00, (s T'—>pfz3p;] ,
Gov% () = Ly (LirnSpy + LotpsS2p))
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1—c¢
X (— 2(V, 4w — o) + H (71,72, 3, 11 80 v u — ¢, V0)> prE2p),

Covy,2 Ly Ly
v (w) = Ly <T7722P/f + Tpf22p'f)

gw]w,wV

X (H(vf' v 985 i va v T ) + GO st vt T/ ) pr 220,

Covi,3 Ly Ly
Gov i () = Lo (TTIEQP} - TprQPIf) (H 25t v v vat st T )

wV wM

+HO v s s T v) + GO, vat v T ve) ) pr 2205,

GCovi3 (u) = Lo (L17'7722p/f + LQTprzp})

wM v
1—c¢
X (_T T HKl(’yf,%l?,u - t> VU) + H(75a7§77§’713727737u —t, V0)> pf22p/fa
Covy,4 Covi,4 2T
GV o () = G300 (u) = (LanS2ply + Lopy3Pp)” —H (9,595,911 95', 8w = L),

Covi,b 1—¢
D) = HOff oot oo ) | (=328 (Kot f Tm) + Katoft o, T )

ng’w]bl
(A—-e)¢”
(r+r

2
B Boyiva(k, T') + H (71,72, ¥3, 115 125 5 T 1) + H(E v, vat v, 2,73, T, v2)

1 —€)¢?

+ G(717727737 TIJ VQ)) (pfzplf)Q - ((T_i_,2)27/2(/€;7-l)pf23p}

Covi,5 — € _
oV (U) = H(’Y{%77577§77F77§77§7U - ta 1/0) |:(_T' + KKI(Wf%a’Y?]?aT/ 77/2)

gwMﬂuv

(1_6)¢2 /— R R .R 1—
5 Bemive (s, T ) + H(v' 7285 71,72, 73, T 5 12)

C (r+r)

/— / 1— 2 /— /
+ G(715727735T 77/2)) (pfzpf)z - ((,’A_{_ZT;VQ(KJ,T )pfzspf] )

1—c¢
<_’r‘+l€ 2(7577§7u_t7V0) +H(’YlufY?)’Y&’Y{%afou’YZ?au_t)VO)>

g(Covl,G (u) _
X (H(,yf%’75’7:{)2’7{2775,75,7"71/1) + H(7{2772R’7§>7F77537§3T,a VQ)

wV ,wM

+G (AR AR T 1)) (0 E20))2,

Covi,6 _ _
Gorr oy (W) = (H({H 935 285 158 8 T ve) + Gl 0928 T )

2
(Vﬁa 7?}}7 u—t, VU) + H(ry{%a 757 7{?7 V1,72, 7V3, U — t, V0)> (prQPI/f) )

1_
><<— ‘K,
r+kK
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LyLsy

2
C 1 L 1—e¢
Gov oo (1) = { nE?p + <T2 - —Ko(' 955w — o) + H (v, 72,78, 5921595 u — Vo))

x pf22p’f] (GO 7559385 T ) + Kl re—usoy) PFED)

2.,/ 2./
LiLy 5, MRTNNETpy L2 1—¢ R R
- ————— ) =2 _ K. —t
+[ . (77 Py S 1 ey 2(11" 73, u —t, 1)

(n2?py)?
nxn’

+ H(’}/la V2573, ’7{{7 757 V?I?a u—t, VO)) (pfz?)p/f - fl{T+t—u>0}7

Cova,1 _ _
Gt 2w (1) = [L1Lomn=2py + (L37 + H(v{' 285 v 1 v 30 T o v) + GO gt v T )

(1- 6)¢2 2.7
2 Bayivo(k,u —t) + G(71,72,73,u — t,v0) | prE°ps

2
przp/f] < (T“i'l%

NS nE?p) _
— |L1Lo7 (nzgp} N W’f + (L3 + H(v, % v 15195735 T va)
ME=2)2\ | (1= e)g?
G(~B AR R 71— 23,/ _ f ¢
+ (71 772 773 77- 71/2)) pf pf 77277, (T+I€)2 VO(K/7U )7

1—c¢
r+ K

C 2T
g&ffﬁw (u) = [(LWEQP} + Laps¥2p) ot <— (Ko (%935 T ) + K (1 48 T, va))]

(1-¢€)¢’

- Wﬁ?fﬂV?("%Tl) + H(VI?V%’Y&VE?V??7§7TI7V1> + H(7577§77§7717727737T/7 V?)

(1-¢€)¢”

i 2 TOPr = | GOt 28w — b ),

+ G<717 Y2573, T/a 1/2)) <pf2p/f)2 -

1—c¢
K R7 R,T,_,
r+r (M7 V1)

Cova, 2T
Gty (W) = | (LanS2py + LopySPpy) " — + (—

1 — €)¢? _ 3
—W@MW(&T’ ) + H(' 878 7,72, 73, T va)

(1—€)¢?

+ G(71,72773,T/,V2)) (prEp})? — T En?

vo(k, TSPy | GO0l 285 73t u — t, o),

where T' = (u—t,7) and T'~ = (t — u, 7).

Proof: To show the proposition, we need to show that the definitions of {gggviﬁw r(u)}i=1,¢ and

{gg?,\jzﬂj(u)}i:m in Lemma .6 yield the equations in the proposition. The equations follow

from the derivations in Propositions 2.2 and 2.3, and the derivations of Cov(w;” Epl, wM Yp';) and
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(Cov(wfwﬂp}, wq‘pr’f) in Lemma D.7. ]

Proposition E.8 computes the unconditional correlation between the return of strategy wf over

an interval [t,t + T] and the return of strategy wf over a subsequent interval [t',# + T’], with
Jy ok €{V,M} and t' > t+T. The autocorrelation of value returns follows by setting j = k = V, the
autocorrelation of momentum returns follows by setting j = k = M, and the cross-autocorrelations

between the two strategies’ returns follow by setting (j, k) = (V, M) and (j,k) = (M, V).

Proposition E.8. Consider intervals [t,t +T] and [t',t' +T'], with (T, T") positive and t' > t+T.
The autocorrelation between the return of strategy wg over the interval [t,t + T| and the return of

strategy wy over the interval [t',t + T'], with j,k € {V, M}, is

A(Covl + ACOV2

wd wk Tt T’ wd wk Tt T

t+T t'+1’
Corr / W dR,, WhdR, | = )
t t \/(ij + DS?VTI + Dg?v%) (Dwk + D(Covl + DCovz )

wk T wk T

DCov1 Covsg

where {D,,; }j=v,m are derived in Propositions D.2 and 1.5, {( i s Doi

) } are derived in
=V,

Propositions F.2 and F.53, and (.A(lcuovl ACov2 ) are defined as

Jwk T T wi wk Tt T

1 6 t'+T’
Covi,i
Ao = 7 2 ), PP (W)
=1 -

1 - [T Cova,i
Ao = g 2 [, 0P (wdu,
i=1 -

J wd

for j =k with {{chvl’i(u)} , {DCQVQ’i(u)} } derived in Propositions F.2 and F.3
w i=1,..6 =12 ) iy

and F(u) = min{T,t' + T' — u} — max{0,t — u}, and as
1 6 t'+T’

C _ Covi,i
A = 7 2 J,_p Tt ()
=1 -

C 1 [T Cova,i
oV _ 2y

At ok 1 = \/ﬁz o F(u)g (u)du,
=1 -

IS ]

S L L with {qul,i } ’{ Covz,i } derived in P ion 7.
for j #k wi { ij’wk(u) - gwj7wk(u) =12 e erived in Proposition
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Proof: To show the proposition, we need to show

wI wk Tt T’ wI wk T T’

+T 4T
Cov / @l dR,, wkdR, | = VTT (AC°V1 + ACov ) (E.41)
t 4

Proceeding as in the proof of Lemma .1 and using ¢ >t + T, we find

t+T t'+T"
Cov / Wi dR,, / WrdR,
t 4
t+T  pt'+T" )
/ / Cov (@) dR, wlydRy )
u= u/=t’

t+T t'+T
/ / (Cov E.(dRy), W u/(dRu,)} +E [wgcovu(dRu,wﬁ/Euf(dRuf))}}

(E.42)

To compute (I£.42), we proceed as in the proof of Lemma [.2. Equation (£.42) becomes

t+T pt'+T' —u )
/ / (Cov wJ]E (dRy), 0k, W(dRW)] +E [wgccovu(dRu,w5+SEu+S(dRu+S))}}
u= S

t'+T"—t min{t+T,t'+T"—s}
_ / / {Cov [Eu(dR.), 0k Bt (dRurs)|
s=t'—(t+7T) Ju=max{t,t'—s}

+E [w](Covu(dRu,wu Eurs(dRys) ]

J
:/St’+T’—t /umm{t+Tt+T'—s} 1 { [ Eu §+5Eu+s(dRu+s)]
J

=t'—(t+7T) Ju=max{t,t/ —s}

+E [w’(Covu(dRu,wu Eurs(dRuss)) ] du

EHT—t pmin{tHTH 4T —s} : k
e / / d {COV [ AgEt(th), wt+SEt+S(th+s)]
s=t/—(t+T) Ju=max{t,t'—s} t

1R [uv{(covt(th, warsEt-i-s(th-&-s))} } du

t'+T’ 1
= / (min{t + T, t' + T" — s} — max{t,t’ — s}) — {(Cov [wt w(dRy), wt+SEt+s(th+s)}
s=t'—(t+T) dt

VE [w{covt(th, u}f+sEt+s(th+s))} }

t/+Tl 1
_ / (min{t +T,¢' + 7'+ t —u} — max{t,¢ + - u}) — {cov [wt o(dRy), ﬁEu(dRu)]
u=t'-T
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+E [wg’covt(th, w{j&(dRu))} }

t' 4T’ 1
= / (min{T, ¢’ + T" — u} — max{0,t' — u}) — {COV [wt w(dRt), W u(dRu)}
u=t'-T dt

+E [w{covt(th, w’;Eu(dRu))} }

:/t_iTF () {Cov [o1B.(dR0), 0. (aR.)] + B [o]Covi(dRs, ilEu(dR)| |, (E43

where the first and sixth steps follow from the change of variable s = v’ — u, the second step follows
by changing the order of the integrals, the third step follows because the covariance in the first
term and the expectation in the second term are unconditional and depend only on s, and the last

step follows from the definition of F'(u). Combining (E.43) with Lemmas E.2, E.5 and E.6, we find
(E.41). n
Proposition E.9 computes the weights of value and momentum in their unconditionally optimal

(mean-variance maximizing) combination over investment horizon 7. The proposition assumes

symmetric assets.

Proposition E.9. Supposen = 1" and ¥ = 62(I +w11'). The weights of value and momentum in

their combination that mazximizes an unconditional mean-variance objective over investment horizon

T are
| SRy g = SRy Corr ([T @Y dRy, [} wlaR, ) 7
) == , (E.44)
a 1_COH( t+T AVdRu,fHT OMdR )2 Var <ft+T WY dR )
1SRy g = SRy pCor ([T @Y dR,, [T @ldR,) T
a 1—(Corr< t+T WY AR, t+T MR )2 Var(ftJrT WMdR )
(E.45)

Proof: Consider an investor at time ¢ with horizon T, who can invest in the riskless asset, the

index 1 and the strategies (w),w}M). The investor’s optimization problem is as in Lemma C.2,

except that the budget constraint (C.10) is replaced by

T t+T t+T
AWipr = &4 / ndRy, + 9} / WY dR, + M / WwMdR,,. (E.46)
t t t
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Substituting AW;r from (E.46) and setting Z; = (), we can write the investor’s objective (C.7) as

) t+T t+T +T
iE < / nd&) +9"E < / Wy dRu) + yME < / M dRu>
t t t
al. t+T t+T t+T

) [zf:QVar < / nd&) + (9¥)*Var ( / WY dRu) + (g™M)?Var < / wM dRu>

t t t
R t+T t+T R t+T t+T

+ 2&9"Y Cov ( / ndR., / Y dRu> + 229M Cov < / ndR., wM dRu>

t t t t

t+T t+T
+29V M Cov < / WY dR,, Wl dRu>] : (E.47)
t t

The proof of Lemma C.2 implies that the first and second covariances in (E.47) are zero if
Cov(ndR,, HAJfL,dRu/) =0 for u < v/ and j = V, M. The proof of Lemma .1 implies

Cov(ndRy, 0,dRy) = Cov [nEu(dRu), W, By (dRu/)] +E [U(Covu(dRu, W By (dRu,))}

—F [nCovu(dRu, ), By (dRuf))]

_ i (f + nkZAn’> {]E [UAU/(Covu(dRu,wa,Zp'f)] +E [nwi,Ep'f(Covu(dRu,Au')] } ;

(E.48)

where the second step follows because (C.6) implies 7E,(dRy) = "2 yx6'dt, which is constant

a+a

over time, and the third step follows from the proof of Lemma F.4. Since (3.6) and (B.10) imply
that Covy,(dRy, Ay) is collinear to Ep’f, the second term in (F.48) is zero because an’f = 0. Since

(B.10), (B.11) and (D.19) imply that Cov,(dR,, wX,Ep}) is a linear combination of Xp’; and Ezp’f,
the first term in (I£.48) is zero for j = V because nEp} = 0 and because for symmetric assets,
Lemma C.5 implies nZzp} = 0. Since (A.2), (B.10) and (D.48) imply that (Covu(dRu,wap})
is a linear combination of Xp’ and EQp’f, the first term in (E.48) is zero for j = M because
nXp = nEZp’f =0.

Setting the first and second covariances in (E.47) to zero, we can simplify (F.17) to

R t+T t+T t+T
z < / nd&) +3"E < / WY dRu> +9ME ( / M dRu>
t t t
al. t+T t+T t+T
-5 [chVar ( / ndRu> + (5V)*Var ( / Y dRu> + (5™)?Var ( / M dRu>
t t t
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t+T t4+T
+2¢Y 5™ Cov ( / WY dR,,, / M dRu>] :
t t
The first-order conditions over ¢} and M are

t+T t+T t+T t+T
E < / WY dRu> =a |§¥Var < / Wy dRu) + M Cov ( / Wy dR,, / wM dRu>] :
t t t t

(E.49)

t+T r t+T t+T t+T
E < / M dRu) =a |§¥Cov ( / WwMdR,, wM dRu> + M Var < / wM dRu>] :
t t t t

_ (E.50)

respectively. Solving the linear system of (E.19) and (E.50), we find (E.44) and (E.45). We

. . . Var( [fTT @Y dR, Var( [T wMdR,
normalize yV and yM by setting a\/% = a\/ (s 7 ) =1. |

Proposition .10 computes the weights of value and momentum in the combination that best
approximates the strategy that is optimal over investment horizon T'. We construct the approximat-
ing combination by minimizing the unconditional variance of the difference in returns over horizon

T between that combination and the optimal strategy. The proposition assumes symmetric assets.

Proposition E.10. Suppose n = 1' and ¥ = 62(I + w11'). The weights (\V,\M) of value and

momentum in the combination that minimizes

t+T t+T t+T t+T
Var [ / wydR, — </\” / ndR, + AV / Wy dRy, + \M / wM dRuﬂ , (E.51)
t t t t

where wy 1s the optimal strategy over investment horizon T derived in Section 0.1, are

t+T t+T t+T t+T
A= {(Corr ( / WY dR,, / wudRu) — Corr < / wMdR,, / wudRu>
t t t t

t+T v t+T u 1 Var( tHT wudRu)
x Corr </ w,, dRy, w,, dRu>} T o 5 GT ,
‘ ' 1= Corr (JH7 Y Ry, /T @) aR, )\ Var (ST Y ar,)
(E.52)

t+T t+T t+T t+T
M — {(Corr ( / WwMdR,, / wudRu> — Corr < / WY dR,, wudRu>
t t t t

118



t+T t+T 1 Var ( tt+T wudRu>
x Corr < / WY dR,, / wM dRuﬂ .
¢ ¢ 1 — Corr ( :

ST Y Ry, T @M AR, ) *\ Var (S wirar,)

(E.53)
Proof: The first-order conditions from minimizing (12.51) over AY and AM are
t+T t+T t+T t+T
Cov ( / WY dR,,, wudRu> = MN"Cov ( / ndR,, oY dRu>
t t t t
t+T t+T t+T
+ AV Var ( / WY dRu> + MM oy ( / WY dR,, / wM dRu> : (E.54)
t t t
t+T t+T t+T t+T
Cov ( / wMdR,, wudRu> = MCov ( / ndR., / M dRu>
t t t t
t+T t+T t+T
+ AV Cov ( / WY dR,, / wM dRu> + MM vyar < / M dRu> : (E.55)
t t t

respectively. Since with symmetric assets Proposition .9 implies

t+T t+T t+T t+T
Cov ( / ndR.,, Y dRu) = Cov ( / ndR., M dRu> =0,
t t t

t

(E.54) and (E.55) imply (F.52) and (E.53).

To translate the weights A and AM to weights ¢ and §™ as in Proposition .9, we multiply

them by the weight ¢ given to the optimal strategy w;. Proceeding as in Proposition [£.9, we find

t+T t+T
Cov < / ndR,, wudRu> =0
t t

because Covy, (dR,,, wy Ep’f) is collinear to Ep}. Therefore, maximization of (C.7) yields

1 SRy

y: a \/Var (ftH_T wudRu> |

The resulting weights ¢ and 9™ are

1 t+T t+T t+T t+T
gV =g\ = - [(Corr < / WY dR,, wudRu> — Corr ( / wMdR,, / wudRu)
t t t t
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t+T t+T SR T
xCorr ( / WY dR,, M dRu)} w.l
t t 1 — Corr (

ftt-i-T @Y dR., tt—i—T wljydRu)? Var ( tt-l—T deRO ’
(E.56)
1 t+T t+T t+T t+T
gM — g)\M — - [Corr </ mi\/ldRu, wudRu> — Corr (/ deRu,/ wudRu>
t t ¢ t
t+T t+T SR, T
xCorr < / WY dRy, wa! dRuﬂ L 5 7 .
: t 1~ Corr ([T @Y dR,. [T adaR, )"\ Var (7 aitdR, )
(E.57)

Equations (F.56) and (E.57) are analogous to (12.44) and (I£.45) in Proposition .9. We normalize

. . : Var( [T @Y dR,, Var( [T wMdR,
gV and 9™ by setting a\/% = a\/ ar(Je Tw ) =1. |

F Sensitivity Analysis

Table F.I reports moments derived in Sections 5 and 6 in the following cases: baseline, where
parameter values are as in Table I; lookback window for momentum equal to one year instead of
seven months; fraction of asset return variance generated by fund flows equal to 10% instead of 15%;
fund flows as fraction of fund holdings smaller by 50% than in the baseline (spread in quarterly
FIT between top and bottom stock deciles sorted based on FIT equal to 22.27% x 0.5); and active
share of residual supply portfolio equal to 20% instead of 10%. When deviating from the baseline

to meet a calibration target, we choose parameter values to meet all remaining targets in Table I.

Table F.I indicates that many of the patterns shown in Sections 5 and 6 are robust across
cases. In particular: (i) the Sharpe ratio of value, which is stable across cases when horizon is short
(infinitesimal), drops somewhat when horizon increases (to five years), and rises significantly when
horizon increases further (to twenty years); (ii) the Sharpe ratio of momentum, which is less stable
than value’s across cases when horizon is short, drops significantly when horizon increases, and
becomes essentially flat when horizon increases further; (iii) the Sharpe ratio of value is more volatile
than that of momentum, especially for long horizons; (iv) value and momentum are modestly
negatively correlated for short horizons and modestly positively for long horizons; (v) the value
spread is positively correlated with value’s Sharpe ratio for short horizons and strongly so for long
horizons; (vi) the value spread is slightly negatively correlated with momentum’s Sharpe ratio
for short horizons but strongly positively correlated for long horizons; (vii) the value-momentum

correlation is strongly positively correlated with value’s Sharpe ratio for short horizons but slightly
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Table F.I: Sensitivity analysis.

Moment (%)

Base ‘ 1-yr Mom ‘ 10% Flows | Vol x 0.5 ‘ 20% AS ‘

SR,v 27.05 27.05 26.17 26.76 27.77
SR,v 5 23.00 23.00 25.16 23.26 27.25
SR,V 20 38.43 38.43 39.11 38.77 45.87
Var (SR,v ;) 63.25 63.25 39.18 61.50 56.49
Var (SR,v ¢ 5) 40.88 40.88 33.74 40.43 39.42
SR, 53.66 51.28 27.57 51.75 45.24
SR 5 34.28 29.86 21.64 33.54 31.45
SR 20 33.04 28.37 21.08 32.38 30.57
Var (SR ) 46.58 45.72 30.58 45.49 43.19
Var (SR, 5) 6.52 7.54 6.55 6.48 6.28

Corr (dR} , dR}M) -12.20 -16.81 -13.01 -12.51 -15.68
Corr (RY;, 5, R} 1) 11.68 12.43 8.61 11.15 8.85

Corr (V Sy, SR,,v ) 26.00 26.00 41.25 26.46 29.94
Corr (VSy, SR,v 4 5) 97.81 97.81 98.68 97.66 97.24
Corr (V' Sy, SR ) -8.13 -15.16 -11.77 -8.49 -11.79
Corr (VS SR 1 5) 87.99 82.77 90.01 87.81 88.08
Corr (Corry(dRY,dRM), SR v ;) 86.02 85.32 82.63 85.71 83.56
Corr (Corr(dRY ,dRM), SR,v ;5) | -3.56 -7.37 -0.77 -3.90 -7.52
Corr (Corry(dRY ,dRM), SR ;) | 41.34 39.99 52.75 41.77 45.71
Corr (Corry(dRY ,dRM), SR 4 5) | 18.47 25.50 20.08 18.09 15.94

negatively correlated for long horizons; and (viii) the value-momentum correlation is positively

correlated with momentum’s Sharpe ratio, especially for short horizons.

When the lookback window of momentum increases to one year, momentum’s short-horizon
correlations with value and the value spread become more negative. This is because momentum
with a long lookback window becomes more similar to the opposite of a value strategy: it buys
assets with a long history of good performance, which trade on average at a high price relative to

fundamental value.

When flows account for a smaller fraction of asset return variance, momentum’s Sharpe ra-
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tio decreases significantly. The intuition goes back to the momentum-generating mechanism in
the model. Long-horizon investors buy assets with poor recent and expected future performance
because they do not want to run the risk that by waiting and buying later the assets cease to
be underpriced. Since mispricing is caused by flows, it becomes less volatile when flows generate
smaller price variation. Therefore, long-horizon investors bear less risk by waiting, causing prices
of assets with poor recent performance to drop fast rather than more gradually, and momentum
to become less profitable. With momentum becoming less profitable at the beginning of the flow
cycle, value becomes less unprofitable at that stage of the cycle. Therefore, its Sharpe ratio be-
comes less volatile and more correlated with the value spread over short horizons. Changes in other

parameters have weaker effects on the moments in Table F'.I.

G VAR Calculations

We compute Sharpe ratios and correlations for a general VAR in which the logarithmic returns Ry

of HML and Rjs; of UMD evolve jointly with N predictor variables (Y14, .., Yn) according to
X1 = A+ BX; + €t+1, (Gl)

where X; = (Ry+, Rast, Yit, -, Yae)', Ais a (N +2) x 1 constant vector, B is a (N + 2) x (N + 2)

constant matrix, and €41 is a (N + 2) x 1 random vector with covariance matrix .

We first compute the expectation Ey of X;. Taking expectations of both sides of (G.1), we find

Ex = A+ BExy = Ex = (I - B)'A. (G.2)

We next compute the covariance matrix X x = Cov (X, X/) of X;. Iterating (G.1) from minus

infinity to ¢, we find
Xe=(I+B+B>+.)A+ e+ Beyy + Bley_o + .. (G.3)

Taking covariances of both sides in (G.3), we find
Yx =%+ BYB' + B?% (B + ..

= Yx =X+ BYxB. (G.4)
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Equation (G.1) yields a linear system of scalar equations in the elements of ¥x.

Consider next the sum X;11+.. 4+ X¢y, whose first two elements are the cumulative logarithmic

returns of HML and UMD. The expectation of Xy + .. + X¢yx is kEx. We next compute the
covariance matrix ¥y = Cov (Xt+1 + o+ X, (X1 + ..+ Xt+k)') of Xyy1+..+ Xi1k. Iterating
(G.1) from t +1 to t + k for k > 1, we find

Xopp = (1 +B+..+ BH) A4+ B*'X, 1+ B 2¢ 04+ B¥ 3¢5+ .+ e (G.5)

Summing (G.5) from ¢t + 1 to t + k, we find
Xpp+ o+ Xy = [I+(I+B)+..+ (I+B+..+Bk‘2)} A+ (I+B+..+Bk‘1)Xt+1

+ <I+B + ..+ B’H) €2 + (I+ B+ .. + B’“—f”) €143+ .. + Erph-

(G.6)
Taking covariances of both sides in (G.6) and noting
I+B+.+B™"=(I-B)"(I-B™"),
we find
o= (=) - - 9]
N S S
(-B) (1-B2)s[u-B) (1-872) v m (G.7)

We finally compute the covariance matrix X x s = Cov (Xt_(g_l) + .+ X (X1 + -+ Xt+k)').

Since ((G.5) implies

!/
Y

Cov (X111, X/ 1) = Ex (B

the covariance matrix X xp is

!
Yxre = Ox KBJFB? + .. +Bk) + <B2 + B3+ +Bk+1> +..+ (Bf + BA 4 +B”’Hﬂ
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— Sy |B(I - B)™2 (I—Bf) (I—B’“)]/. (G.8)

The annualized Sharpe ratio of value over horizon k is

k(E
&_ (G.9)
(Xxk)11 K
The annualized Sharpe ratio of momentum over horizon k is
k(E
&. (G.10)
(Xxk)g0 k

If periods in the VAR are months, then (C.9) and (C.10) must be multiplied by v/12. The correlation

between value and momentum returns over horizon k is

)y
(Xxx)12 _ (G.11)
VExk) 11 (Exk)
The correlation between the return of value over lookback window ¢ and over horizon k is
P
( Xk‘e)ll (G12)

VxR Cx0)

The correlation between the return of momentum over lookback window ¢ and over horizon k is

(Xxk0) 99 _
V(Exk) 92 (Bx0)9s

(G.13)

The correlation between the return of value over lookback window ¢ and the return of momentum

over horizon k is

(Exke)12
\/(EXk)QQ (EXZ)H '

(G.14)

The correlation between the return of momentum over lookback window ¢ and the return of value
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over horizon k is

(Xxke)o .
\/(EXk)n (EX€)22

(G.15)
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