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Abstract

We investigate a class of semiparametric ARCH(c0) models that includes as a special case
the partially nonparametric (PNP) model introduced by Engle and Ng (1993) and which allows
for both flexible dynamics and flexible function form with regard to the ‘news impact’ function.
We show that the functional part of the model satisfies a type II linear integral equation and
give simple conditions under which there is a unique solution. We propose an estimation method
that is based on kernel smoothing and profiled likelihood. We establish the distribution theory
of the parametric components and the pointwise distribution of the nonparametric component
of the model. We also discuss efficiency of both the parametric and nonparametric part. We
investigate the performance of our procedures on simulated data and on a sample of S&P500
index returns. We find evidence of asymmetric news impact functions, consistent with the

parametric analysis.
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As we know

There are known knowns.

There are things we know we know.
We also know

There are known unknowns.

That is to say

We know there are some things

We do not know.

But there are also unknown unknowns,
The ones we don’t know

We don’t know.

Donald Rumsfeld, U.S. Secretary of Defence

1. INTRODUCTION

Stochastic volatility models are of considerable current interest in empirical finance following
the seminal work of Engle (1982). Perhaps the most popular version of this is Bollerslev’s (1986)

GARCH(1,1) model in which the conditional variance o7 of a martingale difference sequence y; is
(1) o} = Boi +a+ Y.

This model has been extensively studied and generalized in various ways. See the review of Bollerslev,
Engle, and Nelson (1994). This paper is about a particular class of nonparametric/semiparametric
generalizations of (1). The motivation for this line of work is to increase the flexibility of the class
of models we use and to learn from this the shape of the volatility function without restricting it a
priori to have or not have certain shapes.

The nonparametric ARCH literature apparently begins with Pagan and Schwert (1990) and Pa-

gan and Hong (1991). They consider the case where o? = 02(y,_1), where o(-) is a smooth but

unknown function, and the multilag version o2 = o2(y;_1,Ys 2,...,Y:_q). Hirdle and Tsybakov

(1997) applied local linear fit to estimate the volatility function together with the mean function



and derived their joint asymptotic properties. The multivariate extension is given in Hirdle, Tsy-
bakov and Yang (1996). Masry and Tjgstheim (1995) also estimate nonparametric ARCH models
using the Nadaraya-Watson kernel estimator. Fan and Yao (1998) have discussed efficiency issues
in this model. In practice, it is necessary to include many lagged variables. The problem with this
is that nonparametric estimation of multi-dimension regression surface suffers from the well-known
“curse of dimensionality”: the optimal rate of convergence decreases with dimensionality d, see Stone
(1980). In addition, it is hard to describe, interpret and understand the estimated regression surface
when the dimension is more than two. Furthermore, even for large d this model greatly restricts
the dynamics for the variance process since it effectively corresponds to an ARCH(d) model, which
is known in the parametric case not to capture the dynamics well. In particular, if the conditional
variance is highly persistent, the non-parametric estimator of the conditional variance will provide
a poor approximation, as reported in Perron (1998). So not only does this model not capture ade-
quately the time series properties of many datasets, but the statistical properties of the estimators
can be poor, and the resulting estimators hard to interpret.

Additive models offer a flexible but parsimonious alternative to nonparametric models, and have
been used in many contexts, see Hastie and Tibshirani (1990). Suppose that o7 = ¢, —1—2?:1 o3 (Y—j)-
The best achievable rate of convergence for estimates of o%(.) is that of one-dimensional nonpara-
metric regression, see Stone (1985). Yang, Hirdle, and Nielsen (1999) proposed an alternative non-
linear ARCH model in which the conditional mean is additive, but the volatility is multiplicative:
0? = ¢, H?Zl cr?(yt_j). Their estimation strategy is based on the method of partial means/marginal
integration using local linear fits as a pilot smoother. Kim and Linton (2002) generalize this model
to allow for arbitrary [but known| transformations, i.e., G(0?) = ¢, + Z;l:l 0%(ye—;), where G(.) is
known function like log or level. Horowitz (2001) has analyzed the model where G(.) is also unknown,
but his results were only in a cross-sectional setting. Another possibility is index models of the form
o2 = 02(2?:1 B,yi_;), where ¢®(.) is an unknown function, see for example Xia, Tong, Li, and Zhu
(2002). These separable models deal with the curse of dimensionality but still do not capture the
persistence of volatility, and specifically they do not nest the favourite GARCH(1,1) process.

This paper analyses a class of semiparametric ARCH models that has both general functional
form aspects and flexible dynamics. A special case of our model is the Engle and Ng (1993) PNP

model where
o; = Boiy +my),

where m(.) is a smooth but unknown function. Our semiparametric model nests the simple GARCH(1,1)



model but permits more general functional form: it allows for an asymmetric leverage effect, and as
much dynamics as GARCH(1,1). A major issue we solve is how to estimate the function m(.) by
kernel methods. Our estimation approach is to derive population moment conditions for the non-
parametric part and then solve them with empirical counterparts. The moment conditions we obtain
are linear type Il Fredholm integral equations, and so falls in the class of inverse problems reviewed
in Carrasco, Florens, and Renault (2003). These equations have been extensively studied in the
applied mathematics literature, see for example Tricomi (1957); they also arise a lot in economic
theory, see Stokey and Lucas (1989). The solution of these equations in our case only requires
the computation of two-dimensional smoothing operations and one dimensional integration, and so
is attractive computationally. From a statistical perspective, there has been some recent work on
this class of estimation problems. Starting with Friedman and Stuetzle (1981), in Breiman and
Friedman (1985), Buja, Hastie, and Tibshirani (1989), and Hastie and Tibshirani (1990) these meth-
ods have been investigated in the context of additive nonparametric regression and related models,
where the estimating equations are usually of type II. Recently, Opsomer and Ruppert (1997) and
Mammen, Linton, and Nielsen (1999) have provided a pointwise distribution theory for this specific
class of problems. Newey and Powell (1989,2003) studied nonparametric simultaneous equations,
and obtained an estimation equation that was a linear integral equation also, except that it is the
more difficult type I. They establish the uniform consistency of their estimator; see also Darolles,
Florens, and Renault (2002). Hall and Horowitz (2003) establish the optimal rate for estimation
in this problem and propose two estimators that achieve this rate. Neither paper provides point-
wise distribution theory. Our estimation methods and proof technique are purely applicable to the
type II situation, which is nevertheless quite common elsewhere in economics. For example, Berry
and Pakes (2002) derive estimators for a class of semiparametric dynamic models used in Industrial
Organization applications, and which solve type 2 equations similar to ours.

Our paper goes significantly beyond the existing literature in two respects. First, the integral
operator does not necessarily have norm less than one so that the iterative solution method of suc-
cessive approximations is not feasible. This also affects the way we derive the asymptotic properties,
and we can’t directly apply the results of Mammen, Linton, and Nielsen (1999) here. Second, we
have also finite dimensional parameters and their estimation is of interest in itself. We establish
the consistency and pointwise asymptotic normality of our estimates of the parameter and of the
function. We establish the semiparametric efficiency bound for a Gaussian special case and show

that our parameter estimator achieves this bound. We also discuss the efficiency question regarding



the nonparametric component and conclude that a likelihood-based version of our estimator can’t be
improved on without additional structure. We investigate the practical performance of our method
on simulated data and present the result of an application to S&P500 data. The empirical results
indicate some asymmetry and nonlinearity in the news impact curve.

Our model is introduced in the next section. In section 3 we present our estimators. In section
4 we give the asymptotic properties. In section 5 we discuss an extension of our basic setting that
accommodates a richer variety of tail behaviour. Section 6 reports some numerical results and section

7 concludes.
2. THE MODEL AND ITS PROPERTIES

We shall suppose throughout that the process {y;}°_ is stationary with finite fourth moment.
We concentrate most of our attention on the case where there is no mean process, although we later

discuss the extension to allow for some mean dynamics. Define the volatility process model
(2) 07 (0,m) = e+ > (O)m(yi—y),
j=1

where 1, € R,0 € © C R? and m € M, where M = {m: measurable}. The coefficients 9/ ;(f)) satisfy
at least ¢;(0) > 0 and > 2 ¢;(f) < oo for all # € ©. The true parameters y and the true function
mo(.) are unknown and to be estimated from a finite sample {yi,...,yr}. The process u, can be
allowed to depend on covariates and unknown parameters, but at this stage it assumed to be known.
In much of the sequel it can be put equal to zero without any loss of generality. It will become
important below when we will consider more restrictive choices of M. Robinson (1991) is perhaps
the first study of ARCH(co) models, although he restricted attention to the quadratic m case.

Following Drost and Nijman (1993), we can give three interpretations to (2). The strong form
ARCH(oc0) process arises when

Yo
(3) 5, &

is i.i.d with mean zero and variance one, where 0? = 02(6y, mg). The semi-strong form arises when

(4) E(y|Fi-1) =0 and E(y; |Fi1) = 07,

where F;_; is the sigma field generated by the entire past history of the y process. Finally, there is

a weak form in which o7 is defined as the projection on a certain subspace. Specifically, let 6y, mq
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be defined as the minimizers of the following population least squares criterion function

(5) S(0,m) = E |{y; — Zw my )Y,

and let o7 = 3% 4;(00)mo(yi—;). The criterion (5) is well defined only when E(y;) < oo.
In the special case that ¢;(f) = 6’7, with 0 < 6 < 1, we can rewrite (2) as a difference equation

in the unobserved variance
(6) Uf :9‘73714‘7”(3/1571)7 = 1727"'7

and this is consistent with a stationary GARCH(1,1) structure for the unobserved variance when
m(y) = a + yy? for some parameters «, . It also includes other parametric models as special cases:
the Glosten, Jegannathan and Runkle (1993) model, taking m(y) = a+~y? +dy*1(y < 0), the Engle
(1990) asymmetric model, taking m(y) = o+ v(y + d)?, and the Engle and Bollerslev (1986) model,
taking m(y) = a +9y|’.

The function m(.) is the ‘news impact function’, and determines the way in which the volatility is
affected by shocks to y. Our model allows for general news impact functions including both symmetric
and asymmetric functions, and so accommodates the leverage effect [Nelson (1991)].} The parameter
0, through the coefficients 1,(#), determines the persistence of the process, and we in principle allow
for quite general coefficient values. A general class of coefficients can be obtained from the expansion
of ARMA lag polynomials, as in Nelson (1991).

Our model generalizes the model considered in Carroll, Mammen, and Hérdle (2001) in which
o? = > i1 6} "mo(y,—,) for some finite 7. Their estimation strategy was quite different from ours:
they relied on an initial estimator of a 7-dimensional surface and then marginal integration [Linton
and Nielsen (1995)] to improve the rate of convergence. This method is likely to work poorly when
T is very large. Also, their theory requires the smoothness of m to increase with 7. Indeed, a
contribution of our paper is to provide an estimation method for 6y and m(-) that just relies on one-
dimensional smoothing operations but is also amenable to theoretical analysis. Some other papers
can be considered precursors to this one. First, Gouriéroux and Monfort (1992) introduced the
qualitative threshold ARCH (QTARCH) which allowed quite flexible patterns of conditional mean
and variance through step functions, although their analysis was purely parametric. FEngle and
Ng (1993) analyzed precisely the semistrong model (2) with ¢;(§) = "' and called it ‘Partially

"Hafner (1998) and Carroll et al. (2002) have found evidence in support of the restriction that the news impact

curve is similar across lags, which is implicit in our model.



Nonparametric’ or PNP for short. They proposed an estimation strategy based on piecewise linear
splines.? Finally, we should mention some work by Audrino and Biihlmann (2001): their model is
that 02 = A(y;_1,02 ;) for some smooth but unknown function A(.), and includes the PNP model
as a special case. However, although they proposed an estimation algorithm, they did not establish
the distribution theory of their estimator.

In the next subsection we discuss a characterization of the model that generates our estimation
strategy. If m were known it would be straightforward to estimate # from some likelihood or least
squares criterion. The main issue is how to estimate m(.) even when 6 is known. The kernel method
likes to express the function of interest as a conditional expectation or density of a small number
of observable variables, but this is not directly possible here because m is only implicitly defined.
However, we are able to show that m can be expressed in terms of all the bivariate joint densities
of (y¢,y+—;),J = £1,..., i.e., this collection of bivariate densities form a set of sufficient statistics for

our model.> We use this relationship to generate our estimator.
2.1. Linear Characterization

Suppose for pedagogic purposes that the semi-strong process defined in (4) holds, and for sim-

plicity define g2 = y? — p1,. Take marginal expectations for any j > 1

(7) E@ |y =y) = ) + Zwk (80) Elm(yr—1)lye—; = y).

k#j
For each such j the above equation implicitly defines m(.). This is really a moment condition in
the functional parameter m(.) for each j, and can be used as an estimating equation. As in the
parametric method of moments case it can pay to combine the estimating equations in terms of

efficiency. Specifically, we take the following linear combination of these moment conditions:

Z E@ lyi=vy) = > _v5(0o)mly +Z¢ (60) Z@bk (60) Em(yr—i)lye—s = 9],
= =1

k#j

which yields another implicit equation in m(.).

2Wu and Xiao (2002) investigate this model too, but they used data on the implied volatility from option prices,

which means they can estimate the function m by standard partial linear regression.
3Hong and Li (2003) recently proposed basing a test for nonlinear dependence on a similar reduction to one

dimensional conditional distributions.



This equation arises as the first order condition from the least squares definition of o2, given in
(5), as we now discuss. We can assume that the quantities 6y, mo(.) are the unique minimizers of (5)
over © x M by the definition of conditional expectation, see Drost and Nijman (1993). Furthermore,
the minimizer of (5) satisfies a first order condition and in the appendix we show that this first order
condition is precisely (8). In fact, if we minimize (5) with respect to m € M for any # € © and
let my denote this minimizer, then my satisfies equation (8) with 6y replaced by 6. Note that we are
treating (1, as a known quantity.

We next rewrite (8) (for general ) in a more convenient form. Let py denote the marginal density

of y and let p;; denote the joint density of y;, y;. Define

) Holrr) = — S 030) o)

= (l’)’

(10) my(y) = 21/}}(9)%@)

where ¥}(0) = v;(8)/ 327%, ¥7(0) and ¥} (8) = 3240 ¥4 (0);(0)/ 3202, 97 (6), while g;(y) = E(F;y—; =

y) for j > 1. Then the function my(.) satisfies

(1) maly) = mify) + [ Holy. z)mo(e)pm(z)da

for each 6 € © [this equation is equivalent to (8) for all # € ©]. The operator

H;(y,z) = po;(y,x)/po(y)po(z) is well-studied in the statistics literature [see Bickel, Klaassen, Ritov,
and Wellner (1993, p 440)]; our operator Hy is just a weighted sum of such operators, where the
weights are declining to zero rapidly. In additive nonparametric regression, the corresponding integral
operator is an unweighted sum of operators like H;(y,x) over the finite number of dimensions [see
Hastie and Tibshirani (1990) and Mammen, Linton, and Nielsen (1999)]. Although the operators H;
are not self-adjoint without an additional assumption of time reversibility, it can easily be seen that
Hy is self adjoint in Ly(pg) due to the two-sided summation.*

Our estimation procedure will be based on plugging estimates m;, and 7/'29 of my or Hy, respectively
into (11) and then solving for my. The estimates mj and 7—79 will be constructed by plugging
estimates of pg;, po and g; into (10) and (9). Nonparametric estimates of these functions only
work accurately for arguments not too large. We do not want to enter into a discussion of tail

behaviour of nonparametric estimates at this point. For this reason we change our minimization

4Specifically, with (f, g) / flx x)dz denoting the usual inner product in Lo(pg), we have



problem (5), or rather restrict the parameter sets further. We consider minimization of (5) over all
f € © and m € M, where now M, is the class of all bounded measurable functions that vanish
outside [—c¢, ¢|, where ¢ is some fixed constant [this makes 67 = u, whenever y,_; ¢ [—c, ] for all
j]-> Let us denote these minimizers by 6. and m,.. Furthermore, denote the minimizer of (5) for
fixed 6 over m € M. by my. Then 6, and m, minimize E[{g7 —>_>2, ¢;(0)m(y;—;) }?] over © x M,
and mg, minimizes E[{g7 — 72, ¥;(0)mg(y:—;)}?] over M,. For now we adopt a fixed truncation
where ¢ and p, are constant and known, but return to this in Section 5 below. Then my . satisfies
meo.(y) = my(y) + [, Ho(y, z)mg .(x)po(x)dz for |y| < ¢ and vanishes for |y| > ¢. For simplicity but

in abuse of notation we omit the subindex ¢ of my . and we write
(12) my = m; + Hgmg.

For each 6 € ©, Hy is a self-adjoint linear operator on the Hilbert space of functions m that
are defined on [—c¢, ¢] with norm [|m||3 = [° m(x)?po(x)dz and (12) is a linear integral equation of
the second kind. There are some general results providing sufficient conditions under which such
integral equations have a unique solution. See Darolles, Florens, and Renault (2002) for a discussion
on existence and uniqueness for the more general class of type I equations.

We assume the following high level condition:

AssuMPTION Al. The operator Hg(x,y) is Hilbert-Schmidt uniformly over 6, i.e.,

sup / / Ho(x, y)*po(z)po(y)drdy < oc.

0cO -

A sufficient condition for A1 is that the joint densities po (v, z) are uniformly bounded for j # 0
and |z, ly| < ¢ and that the density po(z) is bounded away from 0 for |z| < c.

Under assumption Al, for each 6 € ©, Hy is a self-adjoint bounded compact linear operator on

(9. Hom) = =D 0;(0)¢(0)E [9(yr—;) E [m(ye—r)|ye—;]
JF#k
= =D > 0O E [g(yi—s)m(ye—r)]
J#k
= (Hgpg,m)

because the double sum is symmetric in j, k. The definition of adjoint operator can be found in Bickel, Klaassen, Ritov,

and Wellner (1993, p416).
>For notational simplicity we have chosen a symmetric interval, but the key requirement is the finiteness of c.



the Hilbert space of functions Ly(pg), and therefore has a countable number of eigenvalues®:

00 > |Ag1| > Mg

>

Y

with supgeg Y ooy Aj; < 00.

ASSUMPTION A2. There exist no 0 € © and m € M. with ||m|l2 = 1 such that 377, ¥;(0)m(y;—;) =
0 with probability one.

This condition rules out a certain ‘concurvity’ in the stochastic process. That is, the data cannot
be functionally related in this particular way. It is a natural generalization to our situation of
the condition that the regressors be not linearly related in a linear regression. A special case of
this condition was used in Weiss (1986) and Kristensen and Rahbek (2003) for identification in
parametric ARCH models, see also the arguments used in Lumsdaine (1996, Lemma 5) and Robinson
and Zaffaroni (2002, Lemma 9).

ASSUMPTION A3. The operator Hy fulfills the following continuity condition for 6,0" € ©:

sup ||Hom — Hyml||, — 0 for ||0 —¢'|| — 0.

[mll2<1

This condition is straightforward to verify.

We now argue that because of assumptions (A2) and (A3) for a constant 0 < v < 1

(13) sup Ap1 < 7.
)

To prove this note that for § € © and m € M, with ||m|, =1

0 < E (ij(e)m(y”)>

= [ w@n@ds g [ mm) S i Ometevdsdy

- k| >1
= o [ s = xo [ ma (@)

where x, = > 77, w?(ﬁ) is a positive constant depending on . For eigenfunctions m € M. of Hy
with eigenvalue A this shows that [ m?(z)po(z)dx — X [ m?(x)po(x)dx > 0. Therefore \g; < 1 for
0 € © and j > 1. Now, because of (A3) and compactness of O, this implies (13).

®These are real numbers for which there exists functions eg ;(.) such that Hgep; = g jeq ;-



From (13) we get that I —Hy has eigenvalues bounded from below by 1 —~ > 0. Therefore I —H,

is strictly positive definite and hence invertible and (I —Hy)~! has only positive eigenvalues that are
bounded by (1 — )~

(14) sup ||(I — ’Hg)*lmH2 < (11—~

0€0,meMc,||m|l2=1

Therefore, we can directly solve the integral equation (12) and write
(15) mg = (I —Hg)"'my

for each # € ©. The representation (15) is fundamental to our estimation strategy, as it yields
identification of my.

We next discuss a further property that leads to an iterative solution method rather than a direct
inversion. If it holds that |Ag:| < 1, then my = Z;io Hém;‘. In this case the sequence of successive
approximations mgd =my + Hgm([,nfl}, n =1,2,... converges in norm geometrically fast to my from
any starting point. This sort of property has been established in other related problems, see Hastie
and Tibshirani (1990) for discussion, and is the basis of most estimation algorithms in this area.
Unfortunately, the conditions that guarantee convergence of the successive approximations method
are not likely to be satisfied here even in the special case that 1;(0) = ¢’~!. The reason is that the
unit function is always an eigenfunction of Hy with eigenvalue determined by — Z;t:)ﬂ 011 = N\g - 1,
which implies that Ay = —26/(1 — ). This is less than one in absolute value only when 6 < 1/3.
This implies that we will not be able to use directly the particularly convenient method of successive
approximations [i.e., backfitting] for estimation; however, with some modifications it can be applied,
see Linton and Mammen (2003).

2.2. Likelihood Characterization

In this section we provide an alternative characterization of my, # in terms of the Gaussian likeli-
hood. We use this characterization later to define the semiparametric efficiency bound for estimating
0 in the presence of unknown m. This characterization is also important for robustness reasons, since
it does not require fourth moments on y;.

Suppose that mq(.), 8y are defined as the minimizers of the criterion function
2

1 —FE N 2 Y%
( 6) K(H,m) Ogat (0,771)"— a%(@,m)

10



with respect to both 0,m(.), where o7(0,m) = p, +>_>2, 9;(0)m(y;—;). Notice that this criterion is
well-defined in many cases where the quadratic loss function is not.

Minimizing (16) with respect to m for each given € yields the first order condition, which is a
nonlinear integral equation in m

o0

(17) > (0 [o74(0.m) {y; — 07(0.m)} [y—j = y] =0.

j=1

This equation is difficult to work with from the point of view of statistical analysis because of the
nonlinearity, see Horowitz and Mammen (2002). We consider instead a linearized version of this
equation. Suppose that we have some initial approximation to ¢, then linearizing (17) about 0%, we

obtain the linear integral equation
(18) Mg = T, + HeTmy,
0 o0 c po,i—j ()
S wi(0)g4(y) _Zj:l Zl:l¢j(9)¢l(9)gl,j(xv y)—po(yfpo(x)
m* _ J= J J

I#3
TR U 0)d(y) S 30)g(y)

Here, ¢%(y) = Elo;"y2ly—; = y] = Elo*lye—y = yl, ¢8(y) = Elo;* lye—y = y], and gf;(z,y) =
Elo;*|ys+—1 = z,y:—; = y]. This is a second kind linear integral equation in 75(.) but with a different

; 7Tf9<l‘,y) =

intercept and operator from (12). See Hastie and Tibshirani (1990, Section 6.5) for a similar calcula-
tion. Under our assumptions, see B4 below, the weighted operator satisfies assumptions Al and A3

also. For a proof of A3 note that

0<E |0y Z%‘(Q)m(ytj)] :

Note that in general Ty differs from my, since they are defined as minimizers of different criteria.

However, for the strong and semistrong versions of our model we get my, = my,.
3. ESTIMATION

We shall construct estimates of § and m from a sample {y1,...,yr}. We proceed in four steps.
First, for each given 6 we compute estimates of m; and Hy, and then estimate my by solving an
empirical version of the integral equation (12). We then estimate ¢ by minimizing a profile least
squares criterion. We then use the estimated parameter to give an estimator of m(.). Finally, we use

our consistent estimators to define likelihood-based estimators that improve efficiency under some

11



conditions. In particular, we solve an empirical version of the linearized likelihood implied integral
equation (18), and then minimize a negative quasi-likelihood criterion to update the parameter
estimate. In 3.1. we discuss how to compute mj; and Hy, while in 3.2 we state our estimation

algorithm; in 3.2 we give further details about solving integral equations of this type.
3.1. Our Estimators of my and Hy

We now define local polynomial based estimates mj of mj and kernel density estimates Hy of
Hy, respectively. Local linear estimation is a popular approach for estimating various conditional

expectations with nice properties (see Fan (1992, 1993)). Define the estimator g;(y) = @o, where

(ao, . ..,a,) are the minimizers of the weighted sums of squares criterion
2
Y Wmm—ao—aie i —y) — =y — v} Kn (v —y)
t:1<t—j<T
with respect to (ao,...,a,), where K is a symmetric probability density function, h is a positive

bandwidth, and Kj(.) = K(./h)/h. We can allow h = hy(y) but for notational and theoretical
simplicity we shall drop the dependence on y. Our theoretical properties are stated for the case p = 1
but the theory easily extends; in practice other choices may have some advantages.

Select a truncation sequence 77 with 1 < 70 < T, and compute
TT
= > 01 (0)g;(v)
j=1
for any |y| < c¢. To estimate Hy we take the following scheme

jiTT

Ho(y,z) = —Zl/} po,] (SZ):
j==£1
1
Po(y,x) = T[] Z Kn(y — y) Kn(2 — y1+5)
t:1<t—j<T

The action of the empirical operator is defined as Hym = 1=, Ho(y, x)m(z)po(x)dz. For each 6 € O,
7/"29 is a self-adjoint linear operator on the Hilbert space of functions m that are defined on [—c, ¢|
with norm ||m||3 = [ m(z)*po(z)dx.

12



Suppose that the sequence {7, t = 1,...,T} and @ are given. Then define gi(-) to be the local
linear smooth of &, *y? on y;_;, let g2(-) be the local linear smooth of 5, on y;_j, and let gi;(+) be

the bivariate local linear smooth of &, * on (y_y, Y1—j). Then define

T T = '(3;7 )
—Zjill;ézl; j(9)¢z(9)§f,j(“fvi‘/)%3(l )J <3>
J

ORI » G ) NP
o) = S e Y ORTOTH0

3.2. Our Estimators of 6 and m

Here we give a formal definition of our estimators.

STEP 1. Define my(.) as any sequence of random functions defined on [—c, ¢] that approximately
solves my = mj + 7‘797/7\19. Specifically, we shall assume that my is any sequence of functions that
satisfies
(19) sup (I = Ho)ia(y) — i (y)| = op(T /).

0€O,ycl—c,]
This step is the most difficult and requires a number of choices. In practice, we solve the integral
equation on a finite grid of points, which reduces it to a large linear system.

STEP 2. Choose 0 € O to be any sequence such that
R T
Sr(0) < arg rgléiél Sr(0) + 0,(T~1?), where Sp(6 z_: {v; — :

where 52(0) = T~' 3. 42 and

min{t—1,77}

F0) =max{m+ S, 0,@Omely )}, t=2....T
j=1
Here, € is a small non-negative number introduced to ensure that 5;(6) > 0.7 When 6 is scalar this
optimization can be done by grid search. Otherwise it may be desirable to use some derivative-
based optimization algorithm like Newton-Raphson or its variants, which would require analytical
or numerical derivatives of Sp(6).

STEP 3. Define for any y € [—c,c] and t > 2:

min{t—1,77}

m(y) = g(y), 77 = max{u, + Y ;(0)e(yey), €},

J=1

"Note that in small samples we can find mg(y) < 0 for some y, even if m}(y) > 0 for all y and 7:29(1‘, y) > 0 for all

z,y. One can replace my(y) by a trimmed version to ensure its positivity.
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and 35 (0) = T~' Y, y?. The estimates ((.), 8) are our proposal for the weak version of our model.
For the semistrong and strong version of the model the following updates of the estimate may yield
improvements.

STEP 4. Given (4, 7(.)). Compute 7, and ﬁg using the sequence {57, t = 1,..., T} defined in

step 3, then solve the linear integral equation
(20) g = 7 + Haig
for the estimator mg, and let () = max{u, + >l i (0) me(yi—y), €}, t = 2,..., T, for each 0.
Define # € © to be any sequence such that
(r(9) < arg %Igél 0r(0) + 0,(T~?), where
2

T

~ 1 N Y

r(0) = 7 > _1og T (0) + =5
t=1 t

To avoid a global search we suppose that 6 is the location of the local minimum of ZT(G) with smallest
distance to 6. Let m(y) = my(y) and o; = max{p, + > ¢j(5)ﬁ(yt_j), eft=2,...,T.
These calculations may be iterated for numerical improvements. Step 4 can be interpreted as a

version of Fisher Scoring, discussed in Hastie and Tibshirani (1990, Section 6.2).
3.3. Solution of Integral Fquations

There are many approaches to computing the solutions of integral equations. Rust (2000) gives
a nice discussion about solution methods for a more general class of problems, with the emphasis on
high dimensional state. The two issues are: how to approximate the integral in ﬁgm, and how to
solve the resulting linear system.

For any integrable function f on [—c¢, ¢] define J(f) = f_ccf(t)dt. Let {t;,,j =1,...,n} be some
grid of points in [—c¢, ¢] and w;,, be some weights with n a chosen integer. A valid integration rule
would satisfy J,,(f) — J(f) asn — oo, where J,,(f) = >7_, wj . f(t;,). Simpson’s rule and Gaussian
Quadrature both satisfy this for smooth f. Now approximate (19) by

(21) Mg(w) = M) + > wjnHo(, tjn) Mo (tjn)Po(tjn)-
j=1
In solvability, this is equivalent to the linear system [Atkinson (1976)]
(22) Mo (tin) = M5 (tin) + O winHo(tin L) Mo (tin)Bo(tin), i =1,... 0.
j=1

14



To each solution of equation (22) there is a unique corresponding solution of (21) with which it agrees
at the node points. The solution of the system (22) converges in Ls(p) to the solution of (19) as
n — 00, at a rate determined partly by the smoothness of ﬁg. The linear system (22) can be written

in matrix notation

(23) (I, — Hy)my = my,
where I, is the n x n identity, my = (Mp(t1n), ..., Ma(tnn)) ' and my = (M5 (t1,), - ., MG (Ean)) ",
while
+7r7 p g ) n
- 0 ) m
HHZ_ w]nz,lvz)( (t )
(=21 iie1
is an n x n matrix. We then find the solution values my = (Mg(t1,), ..., Me(tnn))" to this system
(23). Note that once we have found my(t;,), j = 1,...,n, we can substitute back into (21) to obtain

mg(z) for any = € [—¢, ¢|, which is called Nystrom interpolation. More sophisticated methods also
involve adaptive selection of the grid size n and the weighting scheme {w;,,t;,}.

There are two main classes of methods for solving large linear systems: direct methods including
Cholesky decomposition or straight inversion, and iterative methods. Direct methods work fine
so long as n is only moderate, say up to n = 1000; we have used direct computation of my =
(In—ﬁg)_lr?lg in our numerical work below. For larger grid sizes, iterative methods are indispensable.

In Linton and Mammen (2003) we describe various iterative approaches.

4. ASYMPTOTIC PROPERTIES

4.1. Regularity Conditions

We will discuss properties of the estimates my and 9 first under the weak form model where we
do not assume that (4) holds but where 6y, mg are defined as the minimizers of the least squares
criterion function (5). Asymptotics for m = my and for the likelihood corrected estimates m and 0
will be discussed under the more restrictive setting that (4) holds. Note that as usual our regularity
conditions are not necessary, only sufficient, and our method is expected to work well under more

general circumstances.

Define n;, = y7,; — E(yf,;lve) and (;4(0) = mo(ys+;) — E[mo(Ys+;)|ve), and let

00 +oo
(24) 775,15 = Z¢}(9)nj,t and n?,t = - Z w;(e)fj +(0)
j=1 j=+1
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where @D}(@), Y% (0) were defined below (10). Let « (k) be the strong mixing coefficient of {y,;} defined

as

where F is the sigma-algebra of events generated by {v;}

B1

B2

B3

B4

B5

B6

B7

B8

B9

B10

J

a(k) = sup |P(ANB)—P(A)P(B)|,
AeF? _, BeF

b
o

The process {y:},- ., is stationary with absolutely continuous density py, and alpha mizing

o0

with a mizing coefficient, a(k) such that for some C' > 0 and some large so, (k) < Ck=%.
E (|yt\2p) < oo for some p > 2.

The kernel function is a symmetric probability density function with bounded support such that

for some constant C, |K(u) — K(v)| < Clu —v|. Define p;(K) = [w K(u)du and v;(K) =

[ W K?(u)du.

The function m together with the densities (marginal and joint)-m(-), po(-), and po;(-) are
continuous and twice continuously differentiable over [—c, c|, and are uniformly bounded. py (+)
is bounded away from zero on [—c,cl, i.e., inf_.<y<.po(w) > 0. Furthermore, for a constant

cs > 0 we have that a.s.

(25) o7 > Cy.

The density function X of (14,15 ,) is Lipschitz continuous on its domain.
The joint densities Xoj,j = 1,2,..., of ((M5.0,M50), (Ms.;M5)) are uniformly bounded.

The parameter space © is a compact subset of RP, and the value 0y is an interior point of ©.
Also, A2 holds, and for any € >0

inf  S(0,mg) > S(0y, my,).
[10—60||>¢

The truncation sequence Tr satisfies T = C'logT for some constant C.

The bandwidth sequence h(T) satisfies h(T) = ~v(T)T~'/° with «(T) bounded away from zero
and infinity.

The coefficients satisfy SuPgee r—o.1.2 ||8k¢j(9)/80k|| < C’Ej for some ¥ < 1 and some finite
constant C, while infgee Y_5= ) ¥7(0) > 0.
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The following assumption will be used when we make asymptotics under the assumption of (4).

B11 The semistrong model assumption (4) holds, so that the variables n, = y2 —o? form a stationary
ergodic martingale difference sequence with respect to F;_1. Let ey = y/oy, ug = (y? — 0?)/0?,

which are also both stationary ergodic martingale difference sequences.

Note that B1-B11 imply conditions A1-A3. Condition B1 is quite weak, although the value of s
can be quite large depending on the value of p given in B2. Carrasco and Chen (2002) provide some
general conditions for a class of strong GARCH(1,1)-type processes to be strongly stationary, to have
finite p moments and to be exponentially 5—mixing [which implies a-mixing]; these conditions involve
restrictions on the function mg and on the distribution of the innovations, in addition to restrictions
on the parameters of the process. Masry and Tjgstheim (1995, Lemma 3.1) also provides conditions
on finite order but ‘nonparametric’ processes that imply geometric strong mixing.® We will make use
of the mixing property to apply the exponential inequality of Bosq (1998) and to establish a central
limit theorem for my in the weak form case. In this weak form case we can’t apply martingale limit
theory. We need to apply a central limit theorem to (local) averages of the processes néﬂf and 7737,5
defined in (24). These processes need not be mixing but are near epoch dependent processes on the
a-mixing bases y? or mg(y;) [see Hansen (1991) for discussion] with exponentially declining weights
under our conditions on 1;(¢); we apply a CLT due to Lu (2001) for such processes.

The moment condition B2 on y; may appear quite strong: it is common practice now in the
parametric literature to not assume any moments for y; but to make assumptions on the rescaled
error £, = y;/0y, see Lee and Hansen (1994). This is because in many financial datasets there is
evidence that the tails preclude fourth moments from existing. Note however that although we
assume more than four moments in B2 and in defining (5), the moment conditions (7) and (8) are
well defined under only second moments, and so some results like consistency will hold under less
moments. Indeed, the results for likelihood based estimators only require this condition because
it provides a consistent initial estimator; if one is willing to assume the existence of a consistent
estimator (with some rate) like in Horowitz and Mammen (2002), the distribution theory should
follow through without moments on y. Bollerslev (1986) showed that in the strong GARCH(1,1)
model with g; ~ N (0, 1), it is necessary and sufficient for E(y}) < oo that 29% + (v + 8)? < 1. Thus

8These include restrictions on the tail of the conditional moments, for example that

: Var(yt|yt—1 =Yy Yt—d = Yd)
1m B
1(y1,-s9a)||2—00 [y, wa)ll

<c<0.
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only limited dynamics (3,) are consistent with fourth moments in this model. Because we have
freed up the shape of m, this problem does not arise in our model. In principle any value of the
dynamic parameter # is consistent with p moments existing provided the tails of m increase only
slowly.

Conditions B3 and B4 are quite standard assumptions in the nonparametric regression literature.
Under the assumption of (4), the bound (25) follows if we assume that inf_.<, <. m(w) >
— Supy g fy/ Z;; ¥;(0).

Conditions B5, B6 are used to apply the central limit theorem of Lu (2001) for NED processes
over an a-mixing base.

In B7 we explicitly assume the identification of the parametric part. We make this high level
assumption for three reasons. First, we need identification in the weak ARCH(co) case, and this
seems like a natural assumption to make in view of our definition of the process through (5). Second,
we allow the coefficients 1;(¢) to depend on 6 in a complicated way. Third, the mapping 6 — my
may be quite complicated to analyze. Hannan (1973) used high level conditions [c.f. his condition
(4)] similar to ours. In special parametric ARCH models it has been possible to work from more
primitive conditions: see Lee and Hansen (1994) and Lumsdaine (1996) for the GARCH(1,1) model,
and Robinson and Zaffaroni (2002) for a parametric ARCH(oco) model.

The distribution theory for parametric GARCH(1,1) models has only recently been established.
Lumsdaine (1996) established the consistency and asymptotic normality of the quasi-maximum like-
lihood estimator in a strong form model, while Lee and Hansen (1994) established the same results
but for semi-strong form case, i.e., they allowed for martingale difference errors. Both authors make
use of ergodicity in their consistency proof and martingale central limit theorems in the asymptotic
normality. The distribution theory for weak form GARCH processes has not yet been worked out,
to our knowledge.

The truncation rate assumed in B8 can be weakened at the expense of more detailed argumenta-
tion. In B9 we are anticipating a rate of convergence of T~2/% for mg, which is consistent with second
order smoothness on the data distribution. Assumption B10 is used for a variety of arguments; it
can be weakened in some cases, but again at some cost. It is consistent with the GARCH case where
U;(0) = 0" and 8%y (0) /00" = (j —1)--- (j — k)¢"" .

The assumption we made in section 2.1 about the fixed truncation ¢ can also be weakened to

allow ¢ = ¢(T)) — o0 as T' — oo, and we discuss this issue below.

4.2. Properties of my and [
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We establish the properties of my for all § € © under the weak form assumption. Specifically, we
do not require that (3) holds, but define my as the minimizer of (5) over M..

Define the functions ﬁé(y), j = 1,2, as solutions to the integral equations
B = By (y) + Hofj,
in which (with V, = (8?/02?) + 2(0%/0x0y) + 02/ 0y?):

. 0?
971(?J) = (9_

;72(9) = Z ¢;(9) {E(mg(ytﬂ)]yt = y)pg(y) - / [VQPO,j(yJ)} mg_(a:))dm} .

= Po(y) Poly

Then define py(y) = — Zfzojd V3 (0)Elme(ye+j)|ye = yl, and

wo(y) = Zf;(ly()) {var[ng, + 5. + 15(v) }
) = imlK) [55) + B3],

where 77%,1:7 j = 1,2 were defined in (24). We prove the following theorem in the appendix.
THEOREM 1. Suppose that B1-B10 hold. Then for each 6 € © and y € [—c¢, (]

(26) VTh [ig(y) — ma(y) — h2be(y)] = N (0,we(y)),

and my(y) and my(y') are asymptotically independent when y # 3. Furthermore,

(27) sup  |mg(y) — me(y)| = o (T4,
0€0,|y|<c
(28) sup  [G7(0) — o} (0)] = o, (T,
0cO,rp<t<T
06> Oo?
29 —2(0) = = (0)| = o, (T V"
(29) bl 80( ) 50 (0)] = op( ),

Both the bias and variance in this result are quite complicated even though a local linear smoother
has been used in estimating g;.

From Theorem 1 we obtain the properties of [ by an application of the asymptotic theory for
semiparametric profiled estimators, see Severini and Wong (1992) and Newey (1994). This requires

a uniform expansion for my(y) and for the derivatives (with respect to ) of my(y).
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THEOREM 2. Suppose that B1-B10 hold except that in B2 we require p > 4. Then
(30) VT(0 - 6) = 0,(1).

In Theorem 2 we require stronger moment conditions for the root-T consistency of 6 than for the
VTh consistency of my(y). By using the quasi-likelihood criterion these moment conditions can be

reduced to p > 2. These results can be applied to get the asymptotic distribution of m = my. Define:

’/O(K)Z] 17/’ (00)E (97 — 07)*|yi—5 = Y]

(31) wly) =
poly) [S552 02000)]
b5) = () ) + (1 = o) 222 a0

THEOREM 3. Suppose that B1-B10 hold and that 0 is an arbitrary estimate (possibly different
from the above definition) with \/T(@— o) = Op(1). Then for y € [—c, (]

(32) VTh [ig(y) — g (y)] = 0,(1)

and my(y) and my(y') are asymptotically independent when y # y'. Under the additional assumption
of B11 we get that

(33) VTh [fg(y) — ma,(y) — h*b(y)] = N (0,w(y)).

The asymptotic variance has contributions from the estimation of m* and from the estimation of
Hy which combine to give a nice simple formula. The bias of m is rather complicated and it contains
a term that depends on the density pgy of ;. We now introduce a modification of m that has a simpler

bias expansion. For § € © the modified estimate m7**? is defined as any (approximate) solution of

~ mod 7 7mod 2 mod
my'** = mg + Hg" " mg"™,

where the operator Hmod is defined by use of modified kernel density estimates

+717 ~mod
pos(y, )
Hmod( ,.I') = — 7]—’
]Zil Amod )p0($)
d /\l
Pij (y2) = Bos(ry) + 2 Z Yt = Y En(Yers — @),
Pol( T |J|
T
~mod o~ ﬁl
pi*(w) = Dol Z ) Kn(y: — ).
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In the definition of the modified kernel density estimates pj, could be replaced by another estimate of
the derivative of py that is uniformly consistent on [—c¢, ¢}, e.g. TS (e —y) Kn (v — )/ [P2pio (K)].
The asymptotic distribution of the modified estimate is stated in the next theorem.

THEOREM 4. Suppose that B1-B11 hold and that 0 is an estimate as in Theorem 3. Then for
y € [—c ]

VTh [ (y) — ma, (y) — K207 (y)] = N (0,w(y)),
where w(y) is defined as in Theorem 3 and where
5 y) = S (K)m ().

This bias has a particularly appealing form since it is the bias that would result were m(.) a

one-dimensional regression function and the estimator a local linear kernel smoother. Hence, this

estimator is design adaptive [Fan (1992)].
4.8. Properties of m and 0

We now assume that 0 is consistent and so we can confine ourselves to working in a small
neighborhood of 6y, and our results will be stated only for such . We shall now assume that (4)
holds, so that the variables 1, = y? — o7 form a martingale difference sequence with respect to F;_i.
Let &, = y; /oy, and uy = (y? — 07)/0? = €2 — 1, which are also both martingale difference sequences
by assumption.

Define

1 vo(K) 372, 5 (00) E(oy " ulyr—; = v)
) [, w00 B ey = )]

Note that w7 (y) can exist even when the fourth moments of y; do not exist.

Wl (y) =

THEOREM 5. Suppose that B1-B11 hold. Then, for some bounded continuous function b*//(y) we

have

VTh [ig(y) — my(y) — b (y)] = N (0,w/ (y)) .

The next theorem gives the asymptotic distribution of 6. Define the ‘least favorable’ process
=K + Z w m9 yt ]

where 71y(.) was defined below (18). Define also

052 057 o
j_E( o; a? aeT(GO)) andI-var[ w5 (90)}.
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THEOREM 6. Suppose that B1-B11 hold. Then
VT (0 — 6) = N0, T 'ZJ7M).

The result permits inference robust to higher order moment variation and distributional shape.

Consistent standard errors can be obtained by the formula

lTA_4a 05 (0 5 ZA4A2 2/\)
T 2% 9 gpT ) M 50 907\

t=1

T =

where hats denote estimated quantities. We show in the next section that when the rescaled errors
are Gaussian, the semiparametric efficiency bound for 0 is 27!, and that our estimator achieves
this bound.

4.4. Semiparametric Efficiency

We next investigate the semiparametric efficiency question confining our attention to the strong
form model where ¢; is i.i.d. and in fact standard normal. Our approach to this is heuristic, but is
founded on the work of Bickel, Klaassen, Ritov, and Wellner (1993) and Newey (1990) for i.i.d. data.
There has been some previous work on semiparametric efficiency in related semiparametric ARCH
models. Engle and Gonzilez-Rivera (1991) considered a semiparametric model with a standard
GARCH(1,1) specification for the conditional variance but allowed the error distribution to be of
unknown functional form. They suggested a semiparametric estimator of the variance parameters
based on splines. Linton (1993) examined the Engle and Gonzdlez-Rivera (1991) model and proved
that a kernel version of their procedure was semiparametrically efficient and even adaptive in the
ARCH(p) model when the error distribution was symmetric about zero. Drost and Klaassen (1997)
extended this work to consider GARCH structures and asymmetric distributions: they compute the
semiparametric efficiency bound for a general class of models.

We will represent our semiparametric model by Py, = {Fyn}, where P, is the probability
distribution of the process with parameters 6, m(.). Now suppose that m is a known function but 6 is
unknown, in which case we have a specific parametric model, denoted Py = {Fy}, where Py C Py ,.

The log likelihood function is proportional to

1 2 yt2
—_E log s7(0) + ,
2t1 (0) s%()
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where u,(0) = (y?/s?(0) — 1) and %(9) = 0¢;(0)/00. The Cramer-Rao lower bound in the model Py

is then Z,,' = 2(E[[81%g90% agaengf]] )71, since E(u?) = 2.

Suppose that we parameterize m by a scalar n and write m,;, so that we have a parametric model

Py, = {F,,}, where Py, C Py,,. For simplicity we just assume temporarily that 6 is also a scalar.

The score with respect to 7 is

T 00

(%Tézﬂ?) Z—%;Utw,ﬁ)alogat (0,m) ___Zut ;w] amn Yt j)

The efficient score function 0%.(6, ) /00 is the projection of 941 (6, 7)/00 onto the orthocomplement of
span[0¢r(0,1)/0n] in Py, where span][.] denotes the linear subspace generated by the given element.
It follows that 0¢4(6,7n)/00 is a linear combination of 0¢7(0,n)/00 and 0¢r(0,n)/0n and has variance
(called the efficient information) less than the variance of 9¢r(0,7n)/00; this reflects the cost of
estimating the nuisance parameter.

Now consider the semiparametric model Py ,,. We compute the efficient score functions for all
such parameterizations of m, and find the worst such case. Because of the definition of the process

o? the set of all possible score functions with respect to parameters of m at the true parameters 6y is

T )
1
S = {Zutﬁ E :1/’]‘(90)9(%—]') g measurable} .
t=1 toj=1

To find the efficient score function in the semiparametric model we find the projection of 1 (g, m) /00

onto the orthocomplement of S,,. We seek a function gg that minimizes

2
Jlog s? 1 —

(34) E{ = 5 Y w0y yt]}
t:

over all measurable g. This minimization problem is similar to that which mg, solves. We show that

go satisfies the linear integral equation (see appendix for details)

(35) 9o = g* + Ha, 90,
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where the operator Hy was defined below (18), while

00 952
Zj:1 ¢j(90) [ 14 90 |yt—j = y}
> 5 (00)E [si gy = y]
Note that the integral equation (35) is similar to (18) except that the intercept function ¢g* is dif-

9" (y) =

ferent from mj ; it has solution go = (I — Hg,)*g*. The implied predictor of dlogs?/00 in (34)
is 5,2 > 21 %;(00)go(yi—j), which we denote by E,,(0logs7/d0). The efficient score function in the

semiparametric model is thus

Ol (6o, m) 1 < [alogst (alogs,?)]
— ¢ —En

a0 Y 90

N}

l\.'JIr—l

S

Zut%z [ (60)(I — Hay) 'y, — ¥;(60) (] —ﬁeo)_lg*} (Ye—5)

iz (=) {0, — 0,001 | )

By construction 003(6,m)/00 is orthogonal to any element of S,,. The semiparametric efficient

information bound is Z;, = var[0¢}(0y, m)/00], and generalizing back to the vector € case we have

. dlog s? dlog s? dlog s? dlogs2\\
199_<E ( a0 _E’”< a0 a0 P\ "o /2

It follows that any regular estimator of # in this semiparametric model has asymptotic variance not

less than Z;,'. This bound is clearly larger than in the parametric submodel where m is known. It

can be easily checked that

o0 0f 06

from which it follows that our estimator achieves the bound.

dloga;  0dlogs; & (8logs§)

An alternative justification for our claims comes from working with the least favorable parametric
submodel of Py ,, which is {Fp, : m, = mo + ngo, n € R,0 € RP}, where gy is defined in (35).
For this parametric model the asymptotic (efficient) information for € is precisely Zj,. Since our
estimator, which does not use this parametric structure, has the asymptotic variance Z,, L it must
be semiparametrically efficient.

We have taken a constructive approach to finding the information bound, and we acknowledge
that more work is needed to make this rigorous. Perhaps this could be done along the lines of Drost
and Klaassen (1997).
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4.5. Nonparametric Efficiency

Here, we discuss the issue about efficiency of the nonparametric estimators. Our discussion is

confined to a special case of the strong model. In this case,

W () = 1 (K4 + 2)vo(K)
Po(y) Y52, 3 (00) E(o  lyo = )

where k4 is the excess kurtosis of ¢;.

Our discussion is heuristic and is confined to the comparison of asymptotic variances. This
type of analysis has been carried out before in many separable nonparametric models, see Linton
(1996,2000). The general idea is to set out a standard of efficiency against which to measure a given
procedure along with a strategy for achieving efficiency. Horowitz and Mammen (2002) apply this
in generalized additive models. In our model, there are some novel features due to the presence of
the infinite number of lags.

Horowitz, Klemeld and Mammen (2002) establish the minimax superiority of local linear back-
fitting estimator in an additive nonparametric regression model.

We first compare the asymptotic variance of mj; and m;”"d with the variance of an infeasible

estimator that is based on certain least squares criteria. Define for each j = 1,2, ...

(36) S;(A Thz (y o J) [y — o2,(V]°,

where o2 .(\) = Zk ! K(O)m(ye—r) + ¥;(0)A, and let m;(y) = Xj = argmax, S;(A). This least

th]

squares estimator is 1nfea81ble since it requires knowledge of m at {y;_r, k # j} points. We suppose

without loss of generality that ¢;(¢)) > 0 for each j. It can then be shown that

_ kg + 2)vo(K)E ((y2 — 022y, = v

\/ﬁ[mj(y) _m<y) —h2bj(y)] — N 07( 4 ) 0( )2 (( t t) | t—j )
¥5(0)po(y)

for all j = 1,2,... with some bounded continuous bias functions b;(.). Furthermore, m;(y), my(y)

with j # k are asymptotically independent. Now define a class of estimators {_; w;m; : > w; = 1},

each of which will satisfy a similar central limit theorem. The optimal (according to variance) linear

combination of these least squares estimators satisfies

) VThen(y) — my) — b2 N o, VoK) )
0 VM) =) = 100 = (0 olo) S0 30 (B (67 — 0Pl = )]
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with some bias function b(y). See Xiao, Linton, Carroll, and Mammen (2003). This is the best that
one could do by this strategy; the question is, does our estimator achieve the same efficiency?

Define s;(y) = E (o}u?|yi—; = y) . By the Cauchy-Schwarz inequality

1= Z a; = Z 25 (y)ag?s Py i () i ajs;t(y),
J=1 Jj=1 Jj=1
where a; = ¢3(6)/ D e 1?(0), which implies that
Z] 1¢ (0)s;(y) > 1
( Zj:l 1/13- (0)) Z;il 2/)3(9)8;1(3/)

with equality only when s;(y) does not depend on j. So our estimator with variance (31) would

achieve the asymptotic efficiency bound (37) in the case of constant conditional variances s;(y).

It is generally inefficient when s;(y) are not constant. Because our estimator is motivated by an

unweighted least squares criterion it could not be expected that it corrects for heteroscedasticity. We

next turn to the likelihood criterion, which takes account of the heteroscedasticity in a natural way.
Define analogously to (36) the (infeasible) local likelihoods

= gy S (1) s+ 2]

),

and let m/*(y) = Xj = argmax) £;(\). It can be shown that

e (k4 + 2)vo(K)
VThlm* (y) —m(y)] = N (O’ U5O)po(y) E (o lye-—s = y))

y), mi*(y) with j # k are asymptotically independent. As before this

lzk(

for each j, and again m“k(

suggests that any single m'"(y) is inefficient and can be improved on by taking linear combinations.

It can be shown that the optimal linear combination of m”’“( ) has asymptotic variance

(Ii4 + 2)V0(K) 1
poly) IO (07 - =y)

This is precisely the variance achieved by our estimator mg(y). In other words, our likelihood-based

estimator my(y) appears to be as efficient as it can be, at least under Gaussianity.”

1
9Note that 27 1¢ (0)%5 G
that the likelihood based estlmator is superior to the least squares one according to asymptotic variance.

= < Z;‘;l w?(G)E (o7 Nyej = y) by the Cauchy-Schwarz inequality. It follows
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5. MODELLING THE TAILS

In this section we discuss how to select ¢ and p,. A simple method is just to set ¢ at some quantile
of the empirical distribution of the data and let p, = 0. This works well when c is taken pretty large,
and when the tails are not so influential. This is the sort of trimming that one finds in Robinson
(1988) and in much other work in econometrics. It may however be preferable in some cases to allow
for a more sophisticated tail model. We propose below some more refined methods, and then give

theoretical results about one of them.
5.1. Estimation Method

We consider fits of the news impact curve that are of the following form. For |y| < ¢ the fit is
a nonparametric smoother 7 and for the tails |y| > ¢ it is chosen as a parametric fit u(y; ). Here
w(y; &) is a parametric model depending on a vector of unknown parameters £. We also write p°(y; €)
for the function that is equal to p(y; &) for |y| > ¢ and vanishes for |y| < ¢. Then we have the
following estimate of the volatility:
7t = 0t(0.6m)
where

O't 9 E&,m Zﬂ) yt ])+” (yt ]75)]

with parametric estimates 0 and 5 and a smoothing estimate m that vanishes for |y| > ¢. This
generalizes our approach where we have chosen pu(y;€) = 0. Parametric specifications include
w(y; &) = & + &y? which effectively imposes that the news impact curve is quadratic in the tails
(as y — £o0). The Engle and Ng (1993) procedure assumed a linear tail [indeed, they assumed
piecewise linear everywhere)].

The estimation strategy for this case is pretty much the same as in Section 3. For given 6 and
¢ one can estimate mg,, on [—c,c] by putting now g2 = y? — u,(0,€). To estimate 6 and ¢ one
maximizes the profiled least squares criterion or the profiled likelihood with respect to this larger
parameter vector. In practice one has to choose c. One could treat ¢ as an unknown parameter and
try to estimate it or one can select it on a pragmatic basis by setting it to a high empirical quantile.

The resulting estimate m(y) + uc(y;/ff\) of the news impact curve is discontinuous at the point
c. This can be repaired by calculating the estimates for a continuum (i.e., for a large number) of
values of ¢ and by taking an average of these estimates. Another possibility would be to calculate

the estimate for two values of ¢ and to smoothly change from the first estimate to the second one
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when going to +oo. Some heuristics that support the second modification of our estimate will be
given below.

We also consider a slightly different approach to explicit trimming based on variable bandwidths.
In this method one computes the standard estimators of section 3.2. but uses a variable bandwidth
hr(y) in the local polynomial estimators of g;(.). If hr(y) — oo as |y| — ¢, then the local polynomial
estimate of g; and hence m* become global polynomials for all y with |y| > c. Likewise the estimated
operator H becomes proportional to the identity operator in the tails. Therefore, we can expect the
estimated m to be polynomial in the tails. This method therefore achieves a similar objective to
the explicit trimming approach we described above, but it has a nice advantage: provided h}l(y)
is continuous in y, the resulting estimator of m will also be continuous. We use this method in the

simulations below.
5.2. Asymptotic Properties

In this section we discuss the properties of the trimming-based estimators. We focus on the case
that ¢ — oco. The strategy is to analyze the corresponding population problem for given ¢, and then
to let ¢ — oo. We will discuss this for the weak form specification of our ARCH(co) model.

We still suppose that v, is a stationary process. Define for fixed 6 the function my o, as minimizer
of E[{y7 —>272, ¥;(0)m(y:—;)}?]. The best fit in the trimmed model, with fixed ¢, is given by mq .(y)+
1(y; €p.0), where m = mgo(y) and § = &, minimize E[{y7 — 3277, ¥;(0)[m(ye—;) + 1 (g-55 1}
over all functions m with support [—c, c| and over all parameters . As above it can be checked that

for fixed 6 the best fit my . is uniquely determined by the following integral equations:

Mo o(y) = my(y) + Ha%mwwxwmawdx+/fﬂa%mmwwmamda

|z|>c

for ly| < ¢, if ¢ < 0o, and

7maw=w@+[§mmmmmmmm¢c

for all y. The model bias, caused by trimming, is equal to Mg o (y) — mg.(y). The bias will depend
on the choice of ¢ and on how well my, is approximated by 1°(y;&,.) in the tails. The following
theorem gives an estimate for the bias. For the theorem we need the following assumptions that are

slightly stronger than Assumptions (A1)-(A3).
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(C1) It holds that

sup/ / poj y, dx dy < o0,
J#0

Sup/ / po] y, dm dy — 0 for ¢ — oo.
j#0 |x\>c

In particular, Condition (C1) implies that

sup / / Holy, )2po(@)poly) do dy < .

0co J —

Note that this is stronger than (A1) where the integral only runs over [—c, ¢].

(C2) There exist no § € © and no function m with [*°_m?(x)po(z) dz = 1 such that
> :(0)m(y—;) = 0 with probability one.
7=1 72 J

(C3) Tt holds that: supgeg Y ;51 ¥;(0) < 00, infoee D5, 1;(0)* > 0, and

sup Z |z/1

0,0%:(|6—0(|—0 {57

— 0.

THEOREM 7. Suppose that C1-C8 hold. Then for some constants C1,Cy > 0 (not depending on
c) it holds that

(39) /_ e — mosd] (@) 2p0(2) dr < CiAg(c).
(39) Imoc(y) — mooo(y)] < Copp(y)Ao(c)  forly| <c
with

D = [ moete) = (i) mlo)
pe(y)® = /OO Ho(y, 2)*po() da.

Condition (C1) can be checked for transformed Gaussian processes y; = G(x;) where z; is a
stationary Gaussian process with variance 1 and autocorrelation function r(j). Then it holds with a
constant C' that

po(y)? < [(1 = 0)(1+8)]exp[d(1+6) "G (y)*]
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with 0 = sup;-, 7(j)%. Then [ [*° Ho(y,2)?po(x)po(y) dz dy = E[py(y:)?] < co. This discussion
shows that (C1) is fulfilled also for heavy tailed processes. Condition (C1) only puts a condition on
the dependence structure of the transformed process x; = G7(y;). It requires that the conditional
correlation of z; and x4 (given |z4| is larger than ¢) is bounded away from 1 or does not converge to
1 too fast (for ¢ — o0).

In this example it holds that py(c) — oo for ¢ — oco. Thus Theorem 7 does not imply that
me.(c) approximates mg (c) if Ag(c) converges to zero too slowly. This suggests to use myg.(y) as
an approximation of my . (y) only for |y| < c. For fixed y, my(y) can be always approximated
by mg.(y) with ¢ — oo. This heuristics also supports the use of the second proposal of smooth
trimming that we had discussed above.

We conjecture that Condition (C1) also holds for (strong form) GARCH(1,1) processes. This
conjecture is supported by Theorem 2.3 of Mikosch and Stérica(2000). This theorem gives expansions
for tail probabilities of (v, y:+;) and of y; and it suggests the following approximations po (y, z) ~
(2% + y>) "2 f(z,y) (2% + y?)~V/?] and po(z) ~ Cx~"! for |z| and |y| large. Here, C is a constant
and f is a function on the sphere. The constant x is determined by the equation E(3 + ve2)"/? = 1.
Plugging these approximations into the integral [ [ pf;(z,y)po(x) 'po(y) ™" dz dy results in a finite
integral. This suggests that (C1) holds. For p2(c) we get an approximation that is of order ¢=2. It
follows that in this case p3(c) — 0 for ¢ — oo.

We next provide results for a linear parametrization pu(y, ) = £ v(y) where v is a vector of known
functions. For doing so we need slightly stronger conditions. In particular, smoothness conditions

for the densities and regression functions have to been stated for the whole real line.

(C4) The trimming threshold ¢ = ¢p converges to oo for T — oo with ¢ < CT"? for constants
C,v>0.

(C5) Tt holds that Fly;|*” < co for a constant p > 5/2.

Condition C5 is slightly stronger than B2. Note that in the following theorem we show a faster

uniform rate of convergence.

(C6) The function m together with the densities py and py ; are twice differentiable on (—o0, c0).
The functions py and po; and their derivatives are uniformly bounded on (—oo, 00). For py
it holds that py(z) > C'T~ for |z| < e for some positive constants C’,+'. The function
m(x) and its derivatives are bounded for |z| < ¢r by C"T?" for some positive constants C”, 7",

Furthermore, for a constant ¢, > 0 we have that o2 > ¢, (a.s.).
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This condition replaces the old condition B4.

(C7) It holds that E|v;(x)|” < oo for a constant p > 5/2. Furthermore it holds that the minimal
for C", 4" > 0.

1"

eigenvalue of the matrix f|:c|>c v(z)v(z) " po(z) dx is larger than C"" T

Condition C4-C7 hold for the strong GARCH(1,1) process under some conditions on the dynamic
parameters and the moments of the innovation. We now state our result that gives similar results as
Theorem 1. We do not consider asymptotic normality at a fixed point because now we are estimating
a function in a growing interval.

THEOREM 8. Choose § > 0 and suppose that C1-C7, B1, B3, B5-B10 hold with ~,...,7" > 0
small enough (depending on §). Then there exist estimators 7/7\1976(.),29,6 such that

Sup |7ff\lg7c(y) - m@,c(y)| = OP(T_2/5+6>7
96@7|y|§CT

sup [[€9, — &l = Op(T72°%).
0o

As above, we define 0 as the parameter that minimizes E[{y; — >_°2, ¥;(0)mp 00(y:—;) }°]. Then
0o and mg = my, minimize E[{y7 — 3277, ¢;(0)m(y;—;)}?]. From Theorems 7 and 8 we get the
following result about the accuracy in estimating the target function my.

THEOREM 9. Make the assumptions of Theorem 8 and assume additionally that Ng,(cr) =
O(T=2/5%%). Put m(y) equal to my _(y) for |y| <cr and equal to {gCTV(y) for ly| >cr. Here 0 is an

0,cr

estimate with 0 — 0y = Op(T~*%). Then it holds that

/_Oo [m(y) — mo(Q)Ppo(y) dy = OP(T_4/5+25)’
m(y) — mo(y) = OP(T_2/5+5)7

for a fized y.
A possible candidate for the estimate 0 is the profile least squares estimate.

6. NUMERICAL RESULTS
6.1. Bandwidth Choice and Lag Truncation

One approach is to choose the bandwidth h to minimize the asymptotic mean squared error of m
derived above. This requires estimation of the second derivatives of m and other quantities, so may
not work well in practice. Instead we develop a rule of thumb bandwidth using the pointwise mean

squared error implied by Theorem 4 when the process is a strong GARCH(1,1), although we will use
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this bandwidth more widely. In this case the bias function is just 5°%(y) = ,(K)v. In the variance
term w(y) we replace E ((y? — 02)?|y,_; = y) by the unconditional average m,=T"' Y, (y> — 67)?,
where G; are estimated from a preliminary GARCH(1,1) fit; as are 7 and 0. It may be desirable to
replace 74 by a more robust measure like the median of (y? —-)2. Then the pointwise mean squared
error optimal bandwidth for the least squares estimator can be approximated by

1/5

~2 R
(1 =0 )vo(K)my T-1/5

443(K)7Po(y)

(40) hror(y) = [

For the likelihood based estimator the same formula applies but with m4 replaced by mj, where
mi=1/ <T*1 Zthl o, 4) where 7; 2 is the GARCH volatility estimator. These bandwidths are defined
on [—c¢,c]. This approach gives moderate increase of bandwidth in the tails; one can magnify the
increase in bandwidth by the following method. Replace 3% in (40) by 3°7(y), where 7 is a function
that decreases to zero rapidly after some threshold ¢y. Specifically, 7(y) = 1 for all y with |y| < ¢y < ¢,
while m(y) — 0 as |y| — ¢.!Y Note that as |y| — ¢, the bandwidth increases to infinity and so the
local polynomial estimate of E(y?|y;—; = y) becomes a global polynomial; therefore this estimation
strategy forces m(y) to have the same polynomial shape in the tails.

For the truncation parameter 77, we have chosen 7 to make suppeg > -, ¥;(0) < € for some
small prespecified tolerance level €. One can also use some formal model selection technique but at

computational cost.
6.2. Simulated Data

We report the results of a small simulation experiment. There are several papers that provide
simulation evidence on the finite sample performance of GARCH QMLE (and related) estimators.
A major issue in these studies is the reliability of the results and their robustness to alternative
implementations. This is acknowledged in most of the studies we examined: Lumsdaine (1995),
Fiorentini et al. (1996) etc. Nonlinear estimators in nonconvex optimization problems can have a
variety of problems. To some extent this is a problem with the nature of large scale simulations rather
than with the estimator itself - when one runs 10,000 replications of a procedure one is restricted
to a relatively crude implementation whereas for a single dataset one can modify the procedure as

required for that particular sample. However, there are also studies that report finding significantly

10This would be consistent with the assumption that: as |y| — oo the function m is becoming closer to linear, since

for linear functions the bias is exactly zero.
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different results for a given single dataset using different commercial software, see Brooks, Burke and
Persand (2001) and McCullough and Renfro (1999).

The focus of our study is on the news impact curve m(.). In an earlier version of this paper,
Linton and Mammen (2003), we report results for a design where 6 was estimated along with m(y)
by choosing 6 from a grid of 100 points on (0, 1). The estimates of § were quite well behaved even for
relatively small sample sizes. In parametric applications one often finds estimates of 6 to be strongly
significant. The results we report here address the issue of how well the nonparametric estimate
of the news impact curve m performs in comparison with a parametric method in a situation that
is favourable to the parametric method. Specifically, we shall assume that # is known in both
procedures.

We consider two sets of experiments. In the first case (model 1) we generated data from (6), where
Yy = g,04 and g; is standard normal, with 6 = 0.45, v = 0.35, a = 0.20. These are the parameter
values chosen in Fiorentini et al. (1996). In the second case (model 2) we consider ¥, e; as above
and 0? = o2 | + a + vyl + 0y? 1(y;—1 < 0) with § = 0.9, v = 0.06,5 = 0.03 and « as before.
For model 1, E(]y|®) < oo and so both least squares and likelihood estimates of the parameters

|47€) < oo for some small

are consistent and asymptotically normal, while for model 2 we have E(|y;
¢ > 0 but E(|y|®) = co. Although model 1 is far from the sort of model one encounters with daily
stock return data it is not a bad match for standardized monthly data. Model 2 is more realistic for
daily data and poses a challenge for the least squares methods because of the approximate violation
of our regularity conditions. We consider 7" € {200, 400, 800}.

We investigate both least squares estimators m(y) and likelihood estimators m(y). In each case
the intercept functions were estimated with local constant, local linear, and local quadratic smoothers
with a Gaussian kernel. We chose throughout n = 200 grid points equally spaced in quantile space.!!
We estimate on the entire sample range of the data!'? but use the variable bandwidth method (40)
with the downweighting described directly afterwards with 7(y) = exp (—(|y| — 2)?) for |y| > 2.
Although the estimates of m sometimes take negative values, we do not trim them.

To compare the performance of the nonparametric estimators we need a benchmark. Our bench-
mark is the asymptotic variance that would apply to a GARCH maximum likelihood estimator
(assuming 6 is known). This avoids the tricky implementation issues associated with these estima-
tors as discussed above. It has to be noted that this sets a very high standard, since it is an infeasible

estimator. The GARCH MLE of the news impact curve is mr;(y) = a + Jy?, where (@,7) are the

' That is, the grid points tjn are chosen to be the j/n sample quantile, where j =0,...,n.
12This means that we take ¢ to be the maximum value of y; and —c to be the minimum value of v;.
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MLE’s of (a, ). The asymptotic variance of mp;(y) is

1
ULik (y) = f (Uaa + O'y'yy4 + 20—a'yy2) )

where 04q,0,,,0q, are the corresponding asymptotic variances and covariances of the parameter
estimates. We compute vy (y) by simulation to three decimal place accuracy.

We present in Table 1 the bias and standard deviation of the local constant, local linear, and
local quadratic implementations of m(y) and m(y) along with the (asymptotic) MLE at the 1%, 10%,
25%, 50%, 75%, 90%, and 99% quantiles of the distribution of y;. We summarize the main findings

for model 1 are as follows:

1. The results for all implementations seem to improve with sample size, with some exceptions

regarding the biases in the extreme tails.

2. The performance is much better in the centre of the news distribution, but this is also true

with the parametric estimator.

3. The MLE, mp(y), performs better according to mean squared error. However, this advan-
tage decreases relatively with sample size, due to the large small sample component in the

performance of the nonparametric estimators.'?

4. The local likelihood estimator m generally performs much better than the least squares esti-
mator m according to mean squared error, regardless of whether local constant, local linear, or

local quadratic smoother is used, except in the tails where it can perform worse.

5. The local constant implementation generally works better in terms of mean squared error than
the local linear or local quadratic implementations of m. For m the local quadratic method
seems to work best in the center of the distribution, while the local linear method works better

in the tails. The local constant method tends to do better in the small sample sizes.

The poor performance in the tails can perhaps be explained by the fact that the population
moments of m and m are not guaranteed to exist; robust estimates of the scale of m and m give
dramatically smaller numbers out in the tail. For example, the local quadratic likelihood estimator

at the 1% quantile has for n=200 a standard deviation of 20.00 across simulated samples but the

13Note that the comparable results in Fiorentini et al. (1996) for an implementation of the MLE show slightly worse

performance due to small sample issues.
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robust scale estimate of interquartile range/1.35 is only 0.497. The median bias is also somewhat
smaller than the mean bias, where this is very large in absolute value. This suggests that the poor
performance is driven by a few ‘rogue’ datasets that perhaps require the special treatment that
could be given to a unique dataset but not across simulations. In Figure 1 we show the g-q plot of
the distribution of the centred estimators m for the 0.01 and 0.50 quantiles. Clearly, in the tails

convergence to the normal distribution is slow in comparison with the median.

*** Figure 1 Here ***

In the interests of space we report briefly here on our results for model 2 where 0? = 0.2 +

0.900? ;+0.06y2 ; +0.03y? ;1(y;—1 < 0). The least squares methods then exhibit poor mean squared
performance relative to the benchmark - although the standard deviations decrease with sample size
they do so slowly and from a high level, while the biases remain large. By contrast the likelihood
methods generally perform reasonably well. At the median, the benchmark MLE has asymptotic
standard deviations of 0.126, 0.089, and 0.063 for sample sizes 200, 400, and 800. By contrast, the
local quadratic likelihood method has standard deviations 0.268, 0.192, and 0.145 with biases 0.118,
0.065, and 0.038. At the 1% quantile, the benchmark MLE has asymptotic standard deviations of
1.737, 1.228, and 0.868, whereas the local constant likelihood method has standard deviations 6.474,
3.761, and 2.727 with biases 2.303, 1.200, and 0.390. The performance of all estimators is better in

an absolute sense in the right tail, where the news impact curve is smaller, than in the left tail.
6.3. Investigation of the News Impact Curve in SEIP500 Index Returns: 1955-2002

We next provide a study of the news impact curve on various stock return series. The purpose here
is to discover the relationship between past return shocks and conditional volatility. We investigate
a sample of daily returns on the S&P500 from 1955 to 2002, a total of 11,893 observations, a sample
of weekly with 2464 and a monthly sample with 570 observations respectively. In an earlier version
of this paper we concentrated on the daily data, while here we give more results for the weekly
estimation. Table 2 gives the unconditional cumulants: the fourth cumulant is quite large for the
daily data, and suggests that the fourth moment may not exist, whereas the fourth cumulants and
‘Hill plots’ [Hill (1975)] for the weekly data point to much lighter tails.

Below we show nonparametric estimates of the first four conditional cumulants, i.e., F(y:|yi—x),
var(Ye|yi—x), skew(y|yi—x), and kurt(y|y;_x) for the weekly data. These are computed using local
linear smoothers and a rule of thumb bandwidth of Fan and Gijbels (1996). We show the curves for
E=1,2,...,10.
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% Figure 2 Here ***

There does not appear to be much common structure in the conditional mean. The conditional
variances are significantly different from constants, and appear to have similar asymmetric U-shapes.
The conditional skewness and kurtosis are large in absolute value and have a variety of different
shapes, with no common pattern, although the skewness is mostly negative and the kurtosis is
mostly positive. Given the heavy tails in the data, these curves may not be significant relative to the
sampling variability. Similar patterns are observed in the daily and monthly data. Although there
is no necessary relationship between these marginal curves and the corresponding joint cumulants
E(y:|Fi-1), var(y:|Fi—1), skew(y| Fi—1), and kurt(y|F;—1), this is suggestive of a common structure
similar to what is imposed in our model.

Following Engle and Ng (1993) we fitted regressions on seasonal dummies, but, unlike them, found
little significant effects. In table 3 we report the results of estimating the Glosten, Jegannathan and
Runkle (1993) model [which we call GJR| parametric fits on these standardized series. All parameters
appear significant and there is quite strong evidence of asymmetry at all frequencies.

We next applied our methods. We fitted an AR(2) process to the data and then work with the
standardized residual series. We computed our estimators using 7 = 50 for the daily data and 7 = 25
for the weekly and monthly data, where the dynamic coefficients were 1;(0) = 0’1 with 6 € (0,1).
We estimated the function m on the entire range of the data'* using local constant, local linear, and
local quadratic smoothers with variable bandwidth selected by the rule of thumb (40) with the tail
modification.'® Specifically, we chose 7(y) = exp (—(|]y| — 3)?) for |y| > 3. In Figure 3 we plot the
bandwidth used for the computation of my for weekly data as a function of y. For comparison, the

Silverman rule of thumb bandwidth is 0.224, which is smaller than our bandwidth ever is.
** Figure 3 Here ***

We first show our two semiparametric news impact curve estimates, local quadratic my and my,
along with the parametric alternative, mg g for the three data frequencies using the GJR dynamic
parameters, denoted EG JRr, Which are taken from table 3. Our graphs show the curves on the interval

defined by the 0.01-0.99 quantiles along with the standard errors for the three estimates.

*** Figure 4 Here ***

4 That is, we take ¢ to be the maximum value of y; and —c to be the minimum value of ;.
5We do not find a substantial difference between the local constant, local linear, or local quadratic methods on the

interior part of the news distribution.
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The main conclusions are:

1. There is evidence of asymmetry for daily, weekly, and monthly frequencies

2. The least squares estimators my show the greatest growth on the negative side, while typically

likelihood estimator my is a bit closer to the parametric curve.
3. The minima of the curves in all cases occurs on the positive side for each frequency
4. The monthly Mgk is monotonic decreasing on this range, which is unexpected.'®

5. The daily standard errors obey the anticipated ordering: the largest are for my and the smallest
are for mg . Both semiparametric standard errors increase rapidly when |y| > 2. The weekly
standard errors follow a similar pattern except that the standard errors for my are larger than

those for mgy when y < —2.5.

6. The magnitudes of the standard errors are such that there are significant differences between

the news impact curves at various points.

7. The monthly standard errors seem a bit erratic: the parametric ones are too large, and those

for my seem way too small when y > 0.

8. The tail part of the estimation, which is not shown in the graphics, reveal quite substantial
differences between mgar, My, and my. This is especially so in the daily data where there is
a single isolated observation at -25 standard deviations (the 1987 crash) and this forces big

differences in the tail functions. Engle and Ng (1993) found similar results.

We next estimated the full semiparametric model on the weekly data. We took the dynamic
coefficients to be 9;(f) = 0’1 where 6§ was selected by a grid search on (0,1) with width 0.001; we
computed my and my as described above. In Figure 6 we report the negative likelihood function on
the range [0.85,0.95]. The global minimum is at 0= 0.899, which is slightly larger than the value
estimated in the GJR QMLE. The likelihood is a bit flat near the minimum and consequently, the
standard error of 0 is quite large at 0.036, more than twice the standard error of the parametric
estimator. The news impact curves are similar in shapes to those reported above and are omitted

for brevity.

16We have recomputed the parametric estimates using Eviews, Gauss, and Matlab, but in all cases find qualitatively

similar results.
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k¥ Figure 5 ¥k

Finally, we looked at some diagnostics based on the standardized residuals €, = y;/0, and €, =
y; /0 from the full semiparametrically estimated model, weekly data. The conditional variances of
these series show much less evidence of systematic shapes; the skewnesses and kurtosises are smaller
in absolute value. We report below the correlogram for the squared residuals ?:\f and ’gf along with

the Bartlett interval £1.96/+/T.'7 There is very little evidence of autocorrelation in either series.
% Figure 6 here ***

Our application has confirmed some of the findings of Engle and Ng (1993), namely the asym-
metric news impact curve, on the S&P500 dataset. We acknowledge that we are not able to give a
definitive statement of the shape of the news impact curve out in the tails, but our asymptotic theory
better reflects this uncertainty than the theory for parametric models, which is overly precise. Thus

we are able to provide a better idea of what we know do not know.
7. CONCLUSIONS AND EXTENSIONS

Although we have relied on the least squares criterion to obtain consistency, in practice one can
avoid least squares estimations altogether and just apply an iterated version of the likelihood based
method. We expect that the distribution theory for such a method is the same as the distribution
of our two-step version of this procedure. This is to be expected from results of Mammen, Linton,
and Nielsen (1999) and Linton (2000) in other contexts.

Other estimation methods can be used here like series expansion or splines. However, although
one can obtain the distribution theory for parameters 6 and rates for estimators of m in that case, the
pointwise distribution theory for the nonparametric part is elusive. Furthermore, such methods may
be inefficient in the sense of section 4.4. One might want to combine the series expansion method
with a likelihood iteration, an approach taken in Horowitz and Mammen (2002). However, one would
still need to either apply our estimation method and theory or to develop a theory for combining an
increasing number of Horowitz and Mammen (2002) estimators.

In some datasets it may be important to allow a model for the mean of the process so that for

example y; = BTa:t + £,04, where 0? is as in (6) and z; perhaps includes lagged v;. In this case
pie y ) t p p gged Yy

17Tt should be noted that these confidence intervals do not take account of the additional variation induced by the

various estimations; taking account of this estimation error would widen the confidence intervals considerably.
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one has to estimate the parameters (3, 6) jointly for full efficiency. Regarding m, one can estimate
this quantity applying our procedure to the least squares residuals. This generalization will certainly
affect the parametric asymptotics, but should not affect the distributions for the nonparametric part.
One can also handle some ARCH-M cases, for example suppose that y; = 302 + £;0;. In this case,
one can estimate the profiled news impact curve mgg(.) for each 3,6 from the conditional mean,
since Ely; |Fi-1] = 852, 1%;(0)m(y;—;). Then compute a profiled likelihood or least squares as in
the mean-less model.

We can also treat transformation models of the form
(41) E(x(yi; A) | Fi-1) Zw m(yr—;)

where y is monotonic in y for each )\, for example the Box-Cox model x(y; \) = |y|*, X > 0. This
would include the logarithmic and standard deviation specifications as well as many other cases,
and permits a general class of non-separable news impact curves. We can apply our estimation
procedures to estimate the function m, for any given A, #, and then choose A, # to minimize some
profiled estimation criterion. Under the strong form conditions it is possible to identify both A, 6.

Suppose that y; = 0,6, with ¢; i.i.d. Then,

E(x(ye: o) | Frs ) = / 1002 30) f-(£)de = Wy, (o),

where f. is the (known) density of . Therefore, (41) is essentially the same model as ¥,(o;) =
> ey ¥;(0)m(ys—;), where the function W), is monotonic, which has been studied before in the
parametric literature, Higgins and Bera (1992). In any case, from an estimate of the right hand-
side of (41) we can obtain o; = \11;01(2;11 ¥;(0) m(y;—;)), from which we could obtain the Gaussian
likelihood and hence estimate the parameters. In practice we would have to compute ¥, by numerical
methods.

Finally, we might want to estimate an IGARCH special case of our model where

Uf = 5‘7?71 +(1— 5)3/?71 +m(ye-1).

When m(y) = « for some constant «, the above model reduces to a standard parametric IGARCH(1,1)
model and when o = 0 it is the JP Morgan model. This process is no longer weakly stationary and
the unconditional variance of 3; does not exist, a consequence of which is that our method can not

be applied. Instead, we can estimate the function m(.) using the equations
E [th - y152—1|yt—k] =k [m(yt—l)|yt—k] ) k= 2a 37 s
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provided the differenced process y? — y? ;| is weakly stationary. This is a set of Type I linear integral
equations, and can be analyzed by an extension of the methods used in Newey and Powell (2003) or
Darolles, Florens, and Renault (2002).

One application of our model is to computation of value at risk. In the strong ARCH(00) model,
the conditional a-VAR of y; is 0,q,, where g, is the a-quantile of the i.i.d. variable y;/o,. In practice,
we would substitute the estimated volatility process for o; and compute the sample quantile of the
standardized residuals. Our theory can be extended to provide confidence intervals for this point

estimate, at least for moderate quantiles.
APPENDIX A: PROOF OF (8) AND (35)

In the sequel we take p, = 0 without loss of generality.

PROOF OF (8). It is convenient to break the joint optimization problem down in to two separate
problems: first, for each § € © let my be the function that minimizes (5) with respect to m € M,
second, let ¢, be the parameter that minimizes the profiled criterion E[y; — > 7%, v (0)me(y:—;)]?
with respect to 6 € ©. It follows that 0y = 0, and my = mg,. We next find the first order conditions
for this sequential population optimization problem. We write m = mg + € - f for any function f,

differentiate with respect to € and, setting ¢ = 0, we obtain the first order condition

E | {yi - Z@bj(@)mo(yt—j)}{z Vi(0)f(ye-)} | =0,

which can be rewritten as
(42) Z U 0)VE [ f ()] = DD (00 (0)E [mo(y—i) fy-)] = > _ 43 (0)E [mo(y—;) f (y—)]
j=1 j:;#llzl j=1

for all f. Taking f(-) = d,(-), where d,(-) is the Dirac delta function, we have
Elysf(y-5)] = / Elysly—; = y'1f (0 )po(y)dy'

- / Elysly—; = y'10,(y")po(y/)dy’
= Elysly—; = ylpo(y),

while
E [mo(y—;)f (4;)] = / mo()5, (5 poly)dy' = mo(y)po(y).
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Finally,

Emo(y—;)fy-)] = E[Emo(y—;)|y-if(y-1)]
— [ Blmalu-s)ly-t = 18,0l
= E[mo(y—j)ly—1 = ylpo(y)-

Next step is to change the variables in the double sum. Note that E[m(y_;)|y—i = y] = E[mo(yo)|yj— =
y| by stationarity. Let t = j — [, then for any function ¢(.) defined on the integers:

ZZ% Je(j —1) = f}f}wm Z(Zw ) (0 )()

j=1 I=1 t=+1 I=1 t=£1 \ =
G

Therefore, dividing through by po(y) and 77, 1[)2(6’), (42) can be written

ZwT yo’y i = Z Vi (0)E(mo(yo)ly; = y) = mo(y),

j=%1
which is the stated answer. [ |

PROOF OF (35). We write g = go + € - f for any function f, differentiate with respect to e and,
setting € = 0, we obtain the first order condition

1002 1 1« _
{U—%W - a_f ;%go(yt—j)} a_f ;%f(yt—l)] =0,

E

which can be rewritten

Z%E {0;4% Yyt = y] — go(y) Z@/)?E lo7 Y ye—sj = ]
j=1
—ZZ¢ DB (o7 g0 (We—s)lyi—r = y] -

7j=1 [=1
i#l

Now use the law of iterated expectations to write

E o7 90(ye—j) |y = y] = E [Eloy |ye—j, ve-1) 90 (ye—i) [y = y] -

Then (2.9)
E 0-74 . = — /q .I‘, M T p x dx,
(o7 90 (ye-)ye-1 = ] ey ey 90)pola)
where q;,(y,7) = E[o; *|y;—; = 7,y = y]. The result follows. |
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APPENDIX B: PROOF OF THEOREMS

PrOOF OF THEOREM 1. We first outline the approach to obtaining the asymptotic properties
of my(.) for any 6 € ©. We give some high level conditions A4-A6 below under which we have an
expansion for my — my in terms of mj — mj and 7'79 — Hy. Both terms will contribute a bias and a
stochastic term to the expansion. We then verify the conditions A4-A6 and verify the central limit
theorem.

ASSUMPTION A4. Suppose that for a sequence o7 — 0:

~

Hom(z) — Hgm(x)‘ = 0,(d7).

sup
0€0O,||mll2=1,|z|<c

In particular (A4) gives that

sup H[ﬁg — Hg}mHQ = 0,(d7).

€0, |Im||2=1

We now show that by virtue of (A4) that (I —Hp) is invertible for all § € ©, with probability tending
to one, and it holds that (see also (14))

N1
(43) sup [(I - H9> — (I — Hg)_l} m(y)' = 0,(07).
0€0,|Im|l2=1,|y|<c
In particular,

sup
0€0,|Im|l2=1

= 0p(07).

2

_(1 - ﬁg) - He)_ll m

For a proof of claim (43) note that for m € M,
SN | O A~ 417
_ <[—H9> (I — Hy) 12[(719—719)(1—719) 1} m

j:
because of

o

S [(Fo— 1) (1 =) | = [T = (R — 1) (1 = 34) | = [T = Fa) (1 = o)™

j=0
This gives .
(1—7%) = (= Hy) = Z[Ha—m I—Hg)lrm.

7=0
We suppose that my(y) has an asymptotic expansion where the components have certain prop-

erties.
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ASSUMPTION Ab. Suppose that with ér as in (A4)

Ik

* /\*,B Ak /\*,D
g (y) — mg(y) = My (y) + 15" (y) + iy (y),

where my" miC, and my" satisfy:

(44) ) Zu‘p|< |m*P(y)| = O,(T~?/%) with m*? deterministic
€0, jy|<c

(45) S my ()| = 0, (T7*°6;")

(46) S [Ho (I~ Ho) g (y)| = op(T7*7),

(47) S My ()] = 0 (T7*°),

Here, 7/7\1;’8 is the bias term, m;C is the stochastic term and T/fL;’D is the remainder term. For
local linear estimates of g;(y) it follows that under standard smoothness conditions, (44), (45), and
(47) hold. The argument is complicated by the fact that mj depends on a large number of g;(y)’s,
although it effectively behaves like a single smoother. The intuition behind (46) is based on the
fact that an integral operator applies averaging to a local smoother and transforms it into a global
average, thereby reducing its variance.

Define now for j = B, C, D the terms ﬁzg as solutions to the integral equations 771% = T?L;’j +7‘A{9 ﬁzg

and My implicitly from writing the solution mgy + mj' to the integral equation
(48) (mg + M) =my +Hy (mg+mi) .

The existence and uniqueness of ﬁzg follows from the invertibility of the operator I — ﬁg (at least with
probability tending to one). It now follows that g = mg + mj' +mZ + m§ + my by linearity of the
operator (I—Hy)™*. Note that m) = (I —Hy) 'iny? for j = B, C, D, while mg+mi = (I—Hg) 'ms.
Define also m# as the solution to the equation

(49) mE = my" + Hy m.

We now claim that under (A1)—(Ab):

(50) sup | (y) —mf )| = o(T ),
0€0,ly|<c
(51) swp | (y) g ()| = op(T)
0€0,ly|<c
(52) sup [l ()| = o, (T %)
0co,ly|<c



Here, claims (50) and (52) immediately follow from (14) and (43). For (51) note that because of
(45)—(46), (43) and (A4)

—~ ~ \ —1
Hy (1) m;@(y)‘ — 0,(T™*%).

sup
0€0,|y|<c

So we arrive at the following expansion of my.

sup
0€0,ly|<c

io(y) = ma(y) — 3 (y) = mf (v) = 75 ()| = 0p(T~7).

This gives an approximation to mp(y) — me(y) in terms of the expansion of mj, the population
operator Hy and the quantity M7 (y). This latter quantity depends on the random operator 7—79.

Next we approximate the quantity My (y) by simpler terms. By subtracting my = m} + Hymy
from (48) we get mj = (ﬁg —Hg)mg + 7'79 my. We next write ﬁg as a sum of terms with convenient
properties.

ASSUMPTION A6. Suppose that for dr as in (A4)

(Fo = Ha) maly) = 5" () + oy () + 7 ()

~xF ~yF ~x,G . 3
where My~ , mp", and My~ satisfy:

sup  |m*F(y)| = O,(T~%?) with m*¥ deterministic,
0€0o,ly|<c
w70 = 0 (T,
0€0,ly|<c
sup Mo (I —Ho) " mp"(v)] = o0, (T2,
0€0,ly|<c
swp |@5Cw)| = o).
0€0,[y|<c

G . .
is a remainder term. For kernel

Again, my" is a bias term, m;" is a stochastic term and 7
density estimates of 7/'29 under standard smoothness conditions, the expansion in A6 follows from
similar arguments to those given for A5. Define for j = E, I, G the terms ffzg as the unique solutions
to the equations m) = 7 + Hy ). It now follows that ;' can be decomposed into 7 =

my + my + m§. Define m¥ as the solution to the second kind linear integral equation

(53) my = my" + Homl .
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As above we get that:

sup [y (y) —mg ()| = 0, (T7),
0€0,|y|<c
swp |if () — iy ()| = o),
0€0,|y|<c
sup }ﬁlg(yﬂ = 0,(T7%").
0667‘y|§0

We summarize our discussion in the following Proposition.

PROPOSITION 1. Suppose that conditions (A1)-(A6) hold for some estimators mj and Ho.
Define my as any solution of my = my + Hoitg. Then the following expansion holds for g
(54) sup  |g(y) — ma(y) —mg (y) — mg (y) — Mg (y) — g™ (y)| = 0,(T7*/°).

0€0,|y|<c
The terms m% and my have been defined in (49) and (53), respectively.

Equation (54) gives a uniform expansion for mg(y) —my(y) in terms of a deterministic expression
m¥ (y) +m¥ (y) and a random variable 7, (y) + ;" (y) that is explicitly defined. We have hitherto
just made high level assumptions on m;, and the operator 7/-29 in A4-A6, so our result applies to any
smoothing method that satisfies these conditions. It remains to prove that A4-A6 hold under our
primitive conditions B1-B7, and that a central limit theorem (and uniform convergence) applies to
g (y) + iy " (y).

Proor or HicH LEVEL CONDITIONS A1,A3-A6 AND CLT: We first define the concept of near
epoch dependence for stationary processes, which we will use in the sequel.

DEFINITION. The stationary process {x;} is said to be stable (NED) in La-norm on the stationary

a-mizing process {z;} if there exists measurable functions g,, such that, as m — oo,
v(m)=E [|$t S G 7Zt—m)|2} — 0.

This definition provides a sufficient condition for the more general NED definition in say Andrews
(1995). The process o7(0) = Y 72, 1;(0)m(y;—;) is stable in Ly-norm on the process {m(y;)} [which
is a-mixing] and the stable numbers satisfy v(m) < exp(—ecm) for some constant ¢ > 0. Likewise,
the process 7, is geometrically stable on {y7} and 73, is geometrically stable on {mg(y;)}. We use
this property below.

Assumptions A1,A3 follow immediately from our conditions on the parameter space and density

functions. We assumed A2 in B7.
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We verify A4-A6 with the choice 67 = T-3/10+¢ with € > 0 small enough. This rate is arbitrarily
close to the rate of convergence of two dimensional nonparametric density or regression estimators.
We will verify A5 and A6 with

h2

g (y) = S ma(K) x Bi(y)
1 T*TT
~x.C 1
my(y) = 7= Kn(ye —y
0 ( ) Tpo(y) ; h( t )770,15
Mg (y) = 5 Ha(K) X Fy(y)
gt (y) = o TZTT K (ye = y) 5,0 + - TZTT foly) [Kn (ye — y) — EK (ye — )]
? T'po(y) 1 ST 1 po(y) 7
where ﬁé,t = Z]oil ¢}(9)77j,t and Ug,t = _Z;'t:ofu w?(G)Cj,tW), while Nt = yt2+j - E(ytZ-&-j‘yt) and
Cj,t(e) = mg(ytﬂ) - E[mg(yt+j)|yt].
PROOF OF A4. It suffices to show that
(55) Sup o (x,y) — poj(x,y)] = 0,(0r)
sy
(56) sup [po(z) — po(x)] = 0p(d7).

lz|<c
Note that by assumption B4 the density po is bounded from below on |z| < ¢. For the proof of (55)

we make use of an exponential inequality. Using Theorem 1.3 in Bosq (1998) one gets

> ZT5>
=9

Pr (|7%"°¢ [Py (z, y) — Epo(z,y)]| = O)

T—j

< Pr < T3/ Z Kn(ye — ) Kn(yerj — y) — EKR(ye — 2) Kn(Yerj — y)
t=1
T* 1/2 T

< 4 - 22 (1487 b —| -

- ( 3202(61)q) v )" e ([261] j) ’

where [z] denotes the largest integer smaller or equal to x, and where

7
g = Tﬂwith1—0<5<1, G2 < TP,

b = CT"' for a constant C,
2 q 2 b €
vi(q) = SEU (q) + ZT ,

[T/2q]+1
o’(q) = E| > Kuly—2)Kn(yer; —y) — EKn(t — 2) Kn(yrr; — v)

t=1
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The variance 02(q) can be bounded by use of Corollary 1.1. in Bosq (1998). This gives 0%(q) <
C'T?*=P+C/5)7 for 0 < v < 1 with a constant C’ depending on ~. This gives with constants Cy, Cs, ... >
0 for |‘T|7|y’ ScaléjSTT

Pr (|7%" [poj(2,y) — Epoj(x,y)]| > T%) < Crexp(—CoT™) + CLTa(T).

Define z = (z,y) and let Vj(z) = poj(2) — EDo;(2). Let B(z1,€r),...,B(2g,er) be a cover of
{lz] < ¢, |y| < ¢}, where B(z,, €) is a ball centered at z, of radius €, while Q(T’) is a sufficiently large
integer, and Q(T) = 2¢?/er. By the triangle inequality

Pr| sup [|V;(2)] > 2cor| < Pr [ max  |Vj(z,)| > cdr
lz|<c,lyl<c
1<j<7

It Bk R

+ Pr

max sup |Vj(z,) — Vj(2)| > ch]

1<G<QISIST LBy o)

for any constant c. By the Bonferroni and Exponential inequalities:

T

Q
< 3 S Pr(Vi(z)| > e

7j=1 g=1

Pr max  |Vj(z,)| > cor

Pl B 2 A

< Q(T)7(T) [C4 exp(—CyT?) + C’4TC504(TCG)} = o(1),

provided sp in B1 is chosen large enough. By the Lipschitz continuity of K, | K (y: — z) — Kp(y: — )| <
K |z — x| /h, where K is finite, and so

_ el -
T3 Vi(zg) = V()| < T glale =zl +ely =yl < cerT7/107¢

for some constants ¢y, cy. This bound is independent of j and uniform over z, so that provided
erT7/19=¢ — 0, this term is o(1). This requires that Q(T)/T7/**~¢ — oo.

We have given the detailed proof of (55) because similar arguments are used in the sequel.
Equation (56) follows by the same type of argument.

Proor or A5. Claim (44) immediately follows from assumption B4. For the proof of (47) we
use the usual variance+bias+remainder term decomposition of the local linear estimates g; as in
Masry (1996). Write M (y) = po(y)diag(1, puy(K)) and

L (v ()
Mry(y) = T_htle (T) [ GC= (y—yt—j)2 ] '

h
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Then g;(y) — ¢;(y) = Ejy + I//\}y, where Ejy = 6’1]\/[5].1 (y)Brj(y), and Br;(y) is a vector

, where Br;(y =7 Z (y o ]) (y_—hytj) Ay(y),

where Ay;(y) = 9i( (e—3) = 95 (W) (We—s —v) = 97 (i ;) (We—s — y)* /2 for some intermediate point y; ;. The
variance effect is V]y = ey My, '(y)Ur;(y). The stochastic term Ugr;(y) is

UTjO(y) (y Yi— ]) <y—yt—‘)
' s where UT l AN Mg i
Urja(y) 8 Th Z h n

We have i (y) — my(y) = 7, w10 (G (W) — g; ()] — X321, ¢1(0)g;(y), where

—7—1 . o0 . 12
SUPgee SUPjy|<c | Do =r+1 wT( ) i <3220 ' /infpee > ¢§(9) for some finite constant ¢,
and 37 P <Y /(1 — %) = o(T~Y2). Therefore,

Brjo(y)

BTj(y) N Brji(y)

Uri(y) =

ms(y Z¢T %y+Z¢T y+0p 1/2)'

We then use the fact that

which follows by the same reasoning as for (55) and (56). Defining V;, and B;, as ‘A/jy and Ejy with
Mr;(y) replaced by M (y), we have

e (y Z YhO)V;, + Z YH(0) By, + Rri(y, 0) + Rra(y,0) + 0,(T7?),
where Rri(y,0) = Y7_, v1(6) [Vi, — Vj,] and Rra(y,0) = Y7, w1(0) [By, — Bj,). We have

T T T
Sl = Sulog 3 K- i
=1 j=1

= Po(y)
_ T 1 K 7]]5
Z¢ ; h y ys po(y)
_ _TET:T K (y 23:1 ¢;( )77j,s

po(y)
T—17 T—17 00
S > Kylye—y)ng, + . S Kilye—y) Y ¢l0)m;,
Tpo(y) = T Tpoly) = P ’
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by changing variable ¢t — t — j = s and interchanging summation.
We show that

(57) sup |Rmi(y,0)] = op(T_2/5)
ly|<c,0€©
(58) sup |Rro(y,0)] = Op(T’2/5)
ly|<c,0€0
1 T*TT 0o
> Sup K (yr —y ?ﬂ- On.,| = o,(T2°).
) ly|<c,0€© Tpo(y) ; n (U )j;ﬂ J( ) gt p( )
It follows that
Ma(y) —mi(y Tpo Z — gy + S U O) By + 0)(T29).
t=1 o

We establish next (59). Define T, = T~ 307" K, (y; — v) > i ¢;(0)nj7t/p0(y). First note
that E(7,) =0, and

T— TTT TT

var(T,) = T2h2 Z Z Z ¢T ¢z [ smmzs}

t=1 s=1 j=7+1l=7+1

S O 1/,0) Z Z VIOWIO) Y ali — (s + 1)
p ] =741 1l=7+1 s=1
I ¢+ 11
< Clmw =o(T™"h™")

by Davydov’s inequality, the mixing condition B1l, and the decay conditions B10. Here, K; =

K ((y: —y)/h) and C,C" are generic finite constants. This establishes the pointwise rate of T,,. The

uniformity of the bound in (59) can be achieved by application of the exponential inequality in

Theorem 1.3 of Bosq (1998) used also in the proof of (55). The proofs of (57) and (58) are similar.
For the proof of (45) we apply this exponential inequality to bound

T ~
T
pe o5kt | B,

— po(y)| — 2
Toy = > 1(0) [min{y7,;, T"7} — E(min{y},;, T }|u)] .

where

The truncated random variables 7, , can be replaced by 7, , using the fact that
1—-Pr (yt2 <TY for1 <t < T) <TPr (%2 > Tl/p) <FE [yfpl(yf > Tl/p)} — 0.
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It remains to check (46). Define the operator Ly(z,y) by
Ho(I — He) *m(z / Lo(z,y)m(y)po(y)dy.

The Ly(r,y) can be constructed by use of the eigenfunctions {eg;}52, of Hy. Denote as above the

corresponding eigenvalues by Ag ;. Then

ZAe]ee] coa(s) and Lolr,) = 3 75 coi(w)en(0)
J

=
Note that for a constant 0 < v < 1 we have supycg j>1 Ag; < 7. This shows that

c 00 )\2

—c =1

Furthermore, it can be checked that Ly(z,y) is continuous in @, x,y. This follows from A3 and the
continuity of Hy(x,y).

Therefore, we write
T
/\* 1
Ho(I — Hy)~ ! C ):T;Ve(ytax)né,t
with
¢ 1
ve(z,x) = Lo(x,y)——Kn(z —y)dy.
(o) = [ Loa) =Kz =)

The function vy(z,x) is continuous in 0, z, z. Using this fact, claim (46) can be easily checked, e.g.,
again by application of the exponential inequality in Theorem 1.3 of Bosq (1998).
ProOF oF A6. Write

/ﬁg(y,x)mg(x)ﬁo(x)dx — /Hg(y,x)mg(x)pg(x)dx

_ —§¢; [Oi , ) pog(ya ):|m9(l')d[)§'

e Po( Po(y)

_ _j§¢; {og poj(y, )} me(z)dz

j==+1

+ iif P30 po(y))/ [w} me(x)dx + op(T_2/5).

s P5(y)

Using this expansion one can show that ;% (y) = (He — He)me(y) — iy (y) — " (y) is of order

0,(T~2/%). The other conditions of A6 can be checked as in the proof of A5.
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PrOOF OF CLT For ;% (y) + i (y). This follows by an application of a central limit the-

orem for triangular arrays of NED processes along the lines of Lu (2001). The argument is first
to replace, for example, 7;, by the logarithmic truncation 7];:; =D i w}(e)nﬂ. Then divide the
sum ZtT:l K (y: — v) nég into the usual Bernstein large block/small blocks. Then apply Davydov’s
inequality for random variables with finite p moments. Because of the exponential decline of the
stability numbers v(m), the CLT follows. This concludes the proof of (26).

PROOF OF (27) AND (28). The only additionality here is to show that

~ x,C ~ -
sup [ (y) + 7" ()] = 0,(TY/.
0€0,|y|<c

This follows by applying the exponential inequality again.

Finally,
o0
sup [57(0) —o7(0)] < sup ) _w,(0) sup |ig(y) — |+SUPZ¢ sup 1o (y)
0€0,1<t 0cO =1 0€0O,ly|<c ly|<c
1 T
‘*’TTTZyt?
t=1
1 ~ —7+1 _
< —— | sup |ig(y) —me(y)| +4" sup mg(y) | + Op(roT?)
— 1 |veo lyl<c lyl<c
= Op(T_1/4>

by the summability conditions on 1,(#), the boundedness of my(y) on [—c, c| and the uniform con-

vergence result (27). u

Proor OoF THEOREM 2

CONSISTENCY. We apply some general results for semiparametric estimators. Write

1 T
= TZ{%Q _03(9)}27 where Ut Z@Z) me yt g
t=1

and let S(0) = ESr(f). We show that Sp(0) — S(0) = op(l) by applying a law of large num-
bers for near epoch dependent functions of mixing processes. Let m(y) = supycg mo(y) and ﬁ@g(y) =
SUDgco |8m9( )/00y|, which are bounded continuous functions on [—c, ]. It follows that sup,ce 07 (0) <
Cy P m(yt j) and supgeg [007(0) /00, < O3 77, Ejfl(m(yt,j)—i-ﬁu(y)), which are both bounded
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processes. Therefore, the law of large numbers can be made uniform over § € ©. In conclusion we

have

(60) sup |7 (6) ~ 5(6)] = o,(1).

Then, letting 7,(6) = y? — 0?(), we have for each 6 € ©

5:(0) = 51(0)|

< %;|m(0)llglfgg,|3§(0)—0?(9)1+L?%%‘af(e)—"f(@)@ +%t21”?<9>
= Op(1>

because of (28). In fact, this order is uniform in 6 and we have

(61) sup |Sr(0) — Sp(0)| —, 0.
0c©

Therefore, by (60) and (61) we have supyce 1S7(0) — S(0)] = 0p(1). By assumption B7, S(6) is
uniquely minimized at 6§ = 6y, which then implies consistency of 0.

ROOT-N CONSISTENCY. Consider the derivatives

95r(0) 2 o 052(0)
o = 12O
t=1
P5:(0) _ 2~ 9510)050) o ) 751(0)
poo0T T4 o8 o0 " 9000

where 7,(0) = (y2 — 52(A)). We have shown that § —? 6y, where 6, is an interior point of ©. We

make a Taylor expansion about 6,

S (0 05r(0)  925,(9 .
0p(1) = VT aTe():ﬁ gé o) a@ggT)ﬁ(e—eo),

where 6 is an intermediate value. We then show that for all sequences e — 0, we have for a constant
C>0

92Sr (0
(62) o nf Amin( o )> > O+ 0,(1)

90007

52



(63) ﬁa§T<9°> = 0,(1).

This implies that (30) holds.
To establish the results (62) and (63) we use some expansions given in Lemma 1 below.
PROOF OF (62). By straightforward but tedious calculation we show that

0°Sr(0)  0°Sr(6)

0000"  9006"

= 0,(1).

sup
[|60—00|| <er, 1<t<T

Specifically, it suffices to show that

D) a(0)
007 PY

sup
660l <er,1<t<T

H =0,(1), j=0,1,2.

For j = 0,1 this follows from (28)-(29). For j = 2 this follows by similar arguments using Lemma 1.

Note also that by (B4) for a constant ¢ > 0, infjg_g,|j<cp 1<t<7 07(0) > c. Furthermore,

925 (6) 9o} (0o) 907 (0o) 1| _
20007 _E{ R ] oty

by standard arguments. Therefore, by the triangle inequality
20 2 2
*5r(0) . [8@ () 9o (90)] H _ o(0).

l6—bol|<er

sup
0—60l|<er

90007 a0 90"

PROOF OF (63). Write

asT do2(0y)  063(6y)  Oo2(6y)

:__tz: 2 — o7(0) — [03(90)—03(90)“{ 00 o0 o0

and let with n, = n,(0y)

\/TET(QO) = ET1+ET2a
T

ETl = Z ao_t )

T
1 do2(0
ET2 = E Ut 90 Ut 60)] O—ta(g 0)

t:

1
IR P LA
VT =" o0 00

t

’ﬂ
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Then

051 (9o) 957 (60)  Do(6o)
VIS —VTE(6)| < — ol 90”{ o
95¢(60) 907 (6o)
< \/_11£1tax‘0t 90)—Ut QO}XEEE%F 90 00
= 0y(1)

by (28)-(29).

The term E7; is asymptotically normal with mean zero and finite variance by central limit theorem
for (geometric) NED processes over a-mixing base. Note that E[n,(0c2(6,)/960)] = 0 by definition of
6.

For the treatment of E79 we now use that

Ery = —/= {Z¢j(90>b (Y1 ])889 (0o) +77t2w (0)b° (- ])}

(64) +—Z ur %(Qo)b (Y j)}

where by(y) = h2 [mg(y) + m§ (y)] , se(y) = (I = Ha) " (my +mg")(y), ¥ (y) = 5700, (1), and
s(y) = (389) s, (y). By tedious calculations it can be shown that the last three terms on the right
hand side of (64) are of order op(1). For this purpose one has to plug in the definitions of s° and s?
as local weighted sums of mixing mean zero variables. For the first two terms on the right hand side

of (64) note that b° and b are deterministic functions. Furthermore, we will show that

(65) B |5 6,000 222 0) + s 08| =,
Lj=1
(66) E me (60)0 (ye—5) | = 0.
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Note that in (65)-(66) we have replaced the upper index of the sum by co. Thus, with (65)-(66) we see
that the first two terms on the right hand side of (64) are sums of variables with mean geometrically
tending to zero. The sums are multiplied by factors h?T~1/2. By using mixing properties it can be
shown that these sums are of order Op(h?) = 0,(1). It remains to check (65)-(66). By definition for
each function g, E[{y; — > °2, 1;(0)0g(y:—;)}?] is minimized for 6 = 0. By taking derivatives with
respect to 0 we get that

(67) E { 7 = 2(6)] ijwm(y”)} ~o

With g = 8° and 6, this gives (66). For the proof of (65) we now take the difference of (67) for 6 and
fo. This gives

AP (00)] 9(v1-3) = B [07(0) = 07(60)] 3_v,(0)g(y1-5) = 0.
7j=1 7j=1
Taking derivatives with respect to 6 gives
= 80
{ Z 9(Ye—j) 1t90 21/1 (00)g yt])}zo'
=1

With g = 0° this gives (65). |
PROOF OF THEOREMS 3 AND 4: We only give a proof of Theorem 3. Theorem 4 follows along
the same lines. For a proof of (32) one shows that for C' > 0

sup | Me(y) — e, (y)| = op[(Th) /2.
lo—60l|<CT-1/2

This claim follows by using appropriate bounds on ﬁg — 7'790 and mj — my, .

Because of (32) for a proof of (33) it suffices to show
(68) VTh [, (y) = ma, (y) = h*b(y)] = N (0,w(y)).
So it remains to show (68). Put

Po(y) = %Z(yt —y) (e —y),



Then, by using similar arguments as in the proof of Theorem 1, we have for v > 0

sup |Po(y) — h* pa(K) po(y)| = Op(R'? T7257 4 1),

lyl<c

\Slllp ‘po — h? po (K | - h3/2T—1/2+7 + h3)'
y|<c

Furthermore, SUP|y i<, 1Do(y) — po(y)| = Op(h2 4 h_l/QT_l/QJF”/).

These results can be applied to show that uniformly in |y| < ¢ and j < 7p

T
. 1 Kn(yi—j — y)otu Khy
9i(y) = TE tg =+ —E tj EWQO m(Yi—c)

t=1 Po(y)() t=1
~1 2 T
po(?J) 1
+= => Ky Vy(00)m(1y—r)
oty T 2 < s~ Z ool
Po(y) 1 ( 1/2
—= ™ Y — Y) Kn (- Y(0o)m(yi—e) + 0,(T7/7)
o(y)ﬁ%(y)T; ’ o Z ‘ ’

= oy Tt T k) I
)2
+h2{u2 p“ y) mE Z e(6o) / w)pje(y, w)du
L=1,0#]
p6(y J
Po(y)?, %:;é v /m ph o
B A po(y)m (y)} —-1/2
By plugging this into
g, (y) — (I — Ho,)moly ZW 00)9;(y 0<]2£TT¢ /% mo(z)dz,
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we get

it () = (I = Fog)moly) = —Zzw* y—y)y)ou

+= Ziiw (00)%¢(00) (yt(;) v) Mo (Yi—r)

+h2 (K )pOEy; [(%(Hoomo(y) —mo(y))]

-2 ;0 /% m(w)dz —mo(y) + o,(T~?)
J#0 Po

S1+ Sy + S5+ S, —mo(y) + Op(T_l/Q)-

We have
Sy + Sy —mo(y) = _Z iﬁb (60)} (0o W[mo(yﬂ)—mo(y)]
L yt i N & * ]/)\Uj(y ) 2)dz
. Zgjw U ) > [ w300 L (a)a
= () | i) 4 i)
1 Kin(y: — y) —2\m X o 1/2
v {mo@w [ il = amo(a)d }+ S(1717)
2 po(y) ' m! 1
=0 2(K)[ (y) olv) ;w 60/ o()pos(y: poly)
+0p(T_1/2)
= () | i) 4 Gto) — A + o7



Therefore we get uniformly in |y |[< ¢

g (y) = mao(y) = (I = Hag) g, (y) — (I = Hay)may (y)]

= (I = Hay) " [, (y) — (T = Hag)may (y)] + 0,(T7?)

1 T K - ) ) B
= T;(I Ho, )~ [ZM (6o %] o2us + h* s (K)(I — Ha,)
{E8 | ool — () + )| + 5 0) ~ o)}
+o,(T71/?)
1 T £ 9 2 1, L [ph(y) e
B fZ_:Kt oyt + g () {ng(y) + (I — Ha,) [M(Heomo)] (3/)} + 0,(T7/%)

with K = > 7T w;(QO)Kh(yt,j — y)/po(y).From this stochastic expansion we immediately get an

expansion for the asymptotic bias. For the calculation of the asymptotic variance note that

hEK:Q = h ! {Ziﬁ;(eo)@(@o)E {Kh(yt—j — ) K (Ye—e — y)E[Ufuﬂyt_j,yt_g]}
A0

P(y)

+Y N0 E{ K7 (g — y)Elotuily; = y]}

- @VO(K)ZQ/J;(%)Q Utut|yt -j = y)] +o(1)
= poiy) [Z%(%V} VO(K)Zw (60)Elouilys—; = y] + o(1).

|

PrOOFS OF THEOREMS 5 AND 6: The proof make use of similar arguments as in Theorems
1-4. For this reason we only give a short outline. We first discuss mg,. Below we will show that
6—0y = Op(T~*/2). This can be used to show that Supy, <. |Ma, (y) —m5(y)| = op(T~2/%). Thus, up to
first order the asymptotics of both estimates coincide. We compare mg, with the following theoretical

estimate 7. This estimate is defined by the following integral equation: 7y = %2 + HyTg, where
T T (z,y)
X3 S OO 0 R
J

> v (0)3(y)

D S U R
Mol) = S gy ) =

58



Here g7 is the local linear smooth of o 492 on Yt—js §§’ is the local linear fit of o; * on ¥,_ —j, and g ; is
the bivariate local linear fit of o;* on (y;1,9:;). Note that ﬁ?,ﬁ?, g ; are defined as ﬁj,fq\;’,ﬁf ], but
with 8? replaced by o?. Furthermore, Ty is defined as my but with g5 ’g\?, gi; replaced by g7, gj, gi;

By tedious calculations one can verify for a constant C' > 0 that there exist a bounded function
b such that uniformly for |y| < ¢, [|0 — o] < CT~V2, Tg(y) — e(y) — h2b(y) = op(T~/?). The bias
term b is caused by bias terms of 7 — o2. So up to bias terms the asymptotics of 7g(y) and mg(y)
coincide.

The estimate 77, (y) can be treated as 7, (y) in the proof of Theorem 3. As stochastic term of

g, (y) we get

T T

1 — —

T g K)o (yF — o) E K(y)o; *uy,
t=1 t=1

— . Z;L wj(eo)Kh(yt—j )
R = ) S, GO0 Ty =]

Asymptotic normality of this term can be shown by use of central limit theorems as in the proof of

where

Theorem 1. For the calculation of the asymptotic variance it can be easily checked that

1 vo(K) 3552, 95 (60) E (o "uflyo = v) +0o(1)
Po(y) > ¢?(00)E(U;4|y0 =y)

from which the result follows. In the special case of homokurtosis, the numerator simplifies as stated.

hE [K,(y)’o; *uf] =

Use of the above arguments give the statement of Theorem 5. For the proof of Theorem 6 one

shows
ol 6—2

(69) o900 = Z" . o (00) +op(T71%),
% , 052 052

(70) @(9) = —FE|o* 50 89T(60) +op(1),

uniformly for |§ — 6y| < CT~1/2 for all C' > 0. This shows that for ¢z — 0o slowly enough there exist

a unique local minimizer 6 of [(6) in a c7T~ /2 neighborhood of 6, with

. =2
0 =0, — {E {0[48;5 Z;Té } } Zat ut 90 ) + op(T7'72).

This expansion can be used to show the desired asymptotic normal limit for 0. Tt remains to show

(69)-(70). This can be done by using similar arguments as for the proof of (62) and (63). |
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PrOOF OF THEOREM 7: For 0 < ¢ < oo we define the operator
Hoem(y) = | Holy. 2)m(hp(o) do.

We write ||m||o2 for the Lo(pg)-norm

mf, = / " (@) po(x) d.

[e.e]

For a linear operator A :La(pg) —La(po) we write ||A|co 2

[Allooe = sup|[Am|oo .

[Imlloo,2<1
We have added the subindex oo to indicate that integration now runs from —oo to oco. For Hilbert-
Schmidt operators A :La(pg) —La2(py) we denote the maximal eigenvalue by M. (A). Using the
same arguments as in Section 2.1 we get from (C2) that for 0 < ¢ < 00, 6 € O, A\par(Hoe) < 1.
With the help of (C1) and (C3) we conclude that there exist constants ¢, > 0 and 0 < 7, < 1 with
Mnaz(Hoe) < 7, for ¢, < ¢ < oo, # € ©. This implies that |[(1 — Hoe) ooz < (1 —7,)" % By
definition we have with dg(y) = p°(y;€..) — M6,00(Y)

(71) m@,c(Q) — My, (y) = HG,C(mG,c - m@,OO)(y) + (HQ,OO - HH,C)(SH (y)

This implies
Hme,c - m@,oo”oo,2 S H(I - HO,C)_IHOO,2HH9,OO - H9,0”00,2A(C>-

This shows claim (38). For the proof of claim (39) note that we get from (71)
mec— Moo = [I + HG,C + Hg,c (I - H9,0>71} [Hﬁ,oo - HG,C] 50-

|

PrOOF OF THEOREM 8 AND 9: We first define explicitly the estimators 7/7\1976,/5970; to do this we
obtain a population characterization of mg., &, .. Write v for the function vector that vanishes on
[—c, ] and is equal to v outside of [—¢, ¢]. The functions are then elements of a linear subspace Lo
of Ly(po). This subspace consists in all functions m of Ly(po) that fulfill m(y) = £ v(y) for |y| > ¢
for some parameter . We also write m = (m,, &) for elements of L,. As above we now consider
the target function (mg,,&,.) that minimizes E[{y7 — 3272 1;(0) [me(ye—j) + £ v°(yi—;)]}?] over all

elements (m,, &) of Ly. This tuple is uniquely determined by the following linear operator equation:

(m9707 50,0) = (m;c, gz,c) + H;,c(m9707 50,0)‘
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Here for |y| < ¢ the function mj (y) is defined as mj(y). The parameter & . is given by & . =
Ely2 37 l(0)v(y—x)]. The operator Hj; . is defined by Hj .(me, &) = (ml, ¢) with

me (y) = Ho(y, x)me(x)po(x) + Ho(y, )¢ v(@)po(x) dz for |y <,

|z|<c |z|>c

& = [/;czc v(z)v(x) ' po(x) dz} [/x|>c ‘y|>cu(x)u(y) EHoy(y, x)po(x)po(y) dx dy
+/ v(z)Ho(x, y)me(z)po(x)po(y) dx dy| .
[z[>¢,|y|<c

Estimates of (myg,, ) are given by the solution (7/7\1970,5970) of the following linear equation

(72) (ma,m E@,c) (mG )50, c) + H@ c(m9 ) €0 c)

Here 7 . is defined as in Section 2.1. The parameter {* can be estimated by ¢ = ST () (T —
k)~ Zt:kﬂ v2v(y;_1). The operator H@ . is defined by He (me,§) = (m ") with

mf(y) = Ho(y, 2)me(x)po(z) + € 9 (y)  for Jy| <c,

|lz|<c

elo— A [Ew / 2 (y)me(y)poly) dy|
ly|<c

Here 4, = T~ Zthl ve(ye)v(ye) " and B, = Z1<u|§TT VrONT — )~ ZtT:H—l v(y)v(ye-1) . The
function 7" (y) is defined as 7 (y) = Yoi<p<rp Y1 (0)71(y) where Ti(y) is a local linear fit of the
conditional expectation E[v(y:.i)|yr = y|. Equation (72) can be solved by first eliminating the
unknown 2970. Then one has a linear integral equation with unknown mg .. The integral equation can
be solved by the numerical methods discussed above. The random operator 7?(370 can be discussed as
the operator 7—79 in the proof of Theorem 1. This leads to quite analogous results for the estimates

Ee,c and M. The proofs of Theorems 8 and 9 follow now directly along the line of Theorem 1. H

APPENDIX C: ADDITIONAL LEMMA

LEMMA 1. We have for j =0,1,2

aa—; [ﬁw(y) —mg (y) —my (y) = (I = Hg) ™" <A*c iy F) (y)] ‘ = 0,(T"V/2).

sup
ly|<c,0€0

Proor oF LEMMA 1. For j = 0 the claim follows along the lines of the proof of Theorem 1. Note
that in the expansions of the theorem now (7 +mi™) (y) is replaced by (I — Hg) ™" (g +my ") (y).
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The difference of these terms is of order Op(T~/2). For the proof for j = 1 we make use of the

following integral equation for i} = 2y

3

0 ., 0 ~ | ~
é - %mg + |:%H9:| me + Hgmé
Thus with 5 5

iy = o + {%ﬁg} Mg

the derivative m} fulfills M} = ;' + Hymp. This is an integral equation with the same integral
kernel ﬁg but with another intercept. An expansion for the solution can be achieved by the same

approach as for m. Similarly, one proceeds for j = 2. These arguments use condition B10. [ |
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TABLE 1. Fiorentini et al.

(1996) 0% = 0.2+ 0.450% | + 0.35y2 ,

Quantile 1% 10% 25% 50% 5% 90% 99%
n bias std bias std bias std bias std bias std bias std bias std
m 200 | 0.598 3.712 | 0.089 0.363 | -0.086 0.210 | -0.122 0.213 | -0.079 0.212 | 0.039 0.307 | 0.462 2.054
Quadratic 400 | 0.619 2.524 | 0.062 0.243 | -0.092 0.147 | -0.124 0.142 | -0.085 0.146 | 0.025 0.222 | 0.575 1.559
800 | 0.608 1.750 | 0.029 0.170 | -0.091 0.100 | -0.117 0.092 | -0.090 0.100 | 0.013 0.168 | 0.540 1.100
200 | -2.349 3.453 | 0.152 0.422 | -0.013 0.138 | -0.057 0.127 | -0.012 0.133 | 0.105 0.357 | -0.046 1.749
Linear 400 | -1.396 2.213 | 0.127 0.267 | -0.024 0.100 | -0.063 0.084 | -0.022 0.096 | 0.104 0.240 | 0.371 1.288
800 | -0.398 1.435 | 0.088 0.168 | -0.028 0.068 | -0.057 0.054 | -0.025 0.069 | 0.087 0.176 | 0.528 1.011
200 | -3.332  2.955 | -0.035 0.222 | 0.026 0.104 | 0.042 0.077 | 0.031 0.096 | -0.035 0.194 | -1.100 1.221
Constant 400 | -2.804 2.004 | -0.016 0.159 | 0.018 0.078 | 0.025 0.054 | 0.019 0.077 | -0.017 0.149 | -0.927 0.782
800 | -2.218 1.325 | -0.014 0.113 | 0.009 0.055 | 0.014 0.041 | 0.011 0.058 | -0.005 0.118 | -0.683 0.540
m 200 [ -0.746 20.000 | -0.109 0.278 | 0.025 0.082 | 0.073 0.055 | 0.027 0.063 | -0.096 0.186 | -0.460 1.960
Quadratic 400 | -0.445 3.159 | -0.102 0.145 | 0.015 0.048 | 0.058 0.036 | 0.017 0.041 | -0.091 0.103 | -0.344 1.034
800 | -0.441 3.143 | -0.092 0.060 | 0.009 0.030 | 0.046 0.025 | 0.010 0.028 | -0.083 0.058 | -0.339 0.683
200 | -0.562 12.504 | -0.092 0.223 | 0.034 0.074 | 0.079 0.052 | 0.036 0.067 | -0.081 0.200 | -0.422 2.232
Linear 400 | -0.404 3.527 | -0.072 0.173 | 0.032 0.060 | 0.068 0.036 | 0.032 0.045 | -0.066 0.107 | -0.221 1.127
800 | -0.047 1.765 | -0.057 0.065 | 0.028 0.030 | 0.058 0.025 | 0.030 0.031 | -0.046 0.065 | -0.200 0.773
200 | -1.022 10.612 | -0.154 0.137 | 0.029 0.066 | 0.089 0.056 | 0.033 0.059 | -0.130 0.112 | -0.730 1.814
Constant 400 | -0.951  3.040 | -0.146 0.092 | 0.029 0.047 | 0.081 0.039 | 0.028 0.042 | -0.130 0.073 | -0.744 0.663
800 | -0.921 1.508 |-0.144 0.042 | 0.023 0.027 | 0.075 0.026 | 0.025 0.028 | -0.127 0.042 | -0.845 0.458
MLk 200 0.534 0.095 0.036 0.048 0.036 0.096 0.539
MLE 400 0.378 0.067 0.025 0.035 0.025 0.068 0.381
800 0.267 0.047 0.018 0.024 0.018 0.047 0.267

Notes. The quantiles are of the distribution of 1, bias and std denote bias and standard deviation respectively. MLE
results are taken from the simulated asymptotic distribution, hence there is no bias.
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Figure 1. Shows q-q plots of local constant m from Model 1. Panel (a) shows

results for y-quantile equal to 0.01, while (b) shows results for y-quantile equal

to 0.50. (i) corresponds to n = 200, (ii) n = 400, (iii) n = 800.




S&P500 Data
Parametric Estimation and Sample Statistics

Table 2. Cumulants by Frequency
Daily  Weekly Monthly

Mean (x100) 0.029 0.141 0.606
Std (x100) 0.038  0.200 0.903
Skewness -1.546  -0.375 -0.589
Excess Kurtosis 43.334  6.521 5.588
Minimum -25.422  -6.577 -5.984
Maximum 9.623 6.534 3.450

Note: Descriptive statistics for the returns on the S&P500 index for the period
1955-2002 for three different data frequencies. Minimum and maximum are mea-
sured in standard deviations and from the mean.

Table 3. Parametric Estimation
Daily Weekly ~ Monthly

P1 0.138788 0.007065  0.14661
(0.009524) (0.022000) (0.045131)
Pa —0.01906 0.051815 —0.018694
(0.009449) (0.022044) (0.045083)
a(x1000) 0.0000721 0.00130  0.862000
(0.0000064) (0.000242) (0.249000)
0 0.920489  0.850348  (0.442481
(0.002243) (0.015580) (0.176365)
ol 0.034018 0.047885 —0.076662
(0.002613) (0.013504) (0.042047)
) 0.078782  0.140013  0.266916
(0.003302) (0.020349) (0.094669)

Note: Standard errors in parentheses. These estimates are for the raw data series
and refer to the AR(2)-GJR-GARCH(1,1) model

Yt = C+ P1Ys—1 + PoYt—2 + €104
0} = a+ 007 +yyiq + 0y 1(y—1 <0)
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Figure 2. Conditional cumulants of weekly S&P500 returns for lags
k=1,...,10. (a) Mean ; (b) Variance ; (c) Skewness ; (d) Kurtosis
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Figure 3. Shows the bandwidth iz (y) used in the computation of mg(y) for the
weekly S&P500 returns data.
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Figure 4. Shows estimated News Impact Curves for (a) daily, (b) weekly, and (c)
monthly S&P500 returns along with Standard errors in second panel. Solid line

is ma g, dashed is m

(P

, dotted is my
R GJR




-0.8¢

~0.84

-0.86¢

~0.88}

=0.90¢

Negative Log—Likelinhood

086 088 030 09
y

Figure 5. S&P500 weekly data. Negative of Log Likelihood as a function of 6.
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Figure 6. Residual diagnostics of estimated semiparametric model for weekly
S&P500 data. Shows estimated ACF along with 95% Bartlett intervals: (a) for
22, (b) for &7



