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Rswlpdo Pdqdjhuldo Uhpxqhudwlrq dqg Ilup0ohyho

Glyhuvl�fdwlrq

Huohqg Qlhu�

8 Mxo| 4<<:

Devwudfw

Lq d prgho wkdw h{klelwv erwk prudo kd}dug dqg klgghq lqirupdwlrq rq
wkh sduw ri wkh pdqdjhu gl�huhqw uhpxqhudwlrq vfkhphv duh glvfxvvhg dqg wkh
rswlpdo frqwudfw ehwzhhq �qdqfldo lqyhvwru dqg pdqdjhu lv ghulyhg1 Dvvxplqj
wkh pdqdjhu lv ulvn0qhxwudo dqg surwhfwhg e| olplwhg oldelolw|/ d ehqh�w iurp
glyhuvl�fdwlrq lv vkrzq wr h{lvw hyhq wkrxjk wkh surmhfwv zklfk wkh pdqdjhu
ghyhorsv duh whfkqrorjlfdoo| xquhodwhg dqg fkrlfhv pdgh rq rqh surmhfw gr qrw
frqvwudlq wkh fkrlfhv rq dq| rwkhu surmhfw1 +MHO fodvvl�fdwlrq G;5/ J64/ J67,1

�Orqgrq Vfkrro ri Hfrqrplfv dqg Xqlyhuvlw| ri Erqq1 L wkdqn Vxglswr Ekdwwdfkdu|d/ Zroijdqj

Euhxhu/ Dqwrlqh Idxuh0Julpdxg/ dqg Sklolss Vfkrhqexfkhu iru frpphqwv dqg vxjjhvwlrqv1 Doo huuruv

duh plqh1



41 Lqwurgxfwlrq

4141 Prwlydwlrq

Wkh pdlq prwlydwlrq iru wklv sdshu lv wr lghqwli| d vhw ri flufxpvwdqfhv xqghu zklfk

�up0ohyho glyhuvl�fdwlrq pd| eh ehqh�fldo1 Lw lv zhoo nqrzq wkdw lq d zruog ri ulvn0

dyhuvh lqyhvwruv glyhuvl�fdwlrq dv vxfk fuhdwhv ehqh�wv e| uhgxflqj sruwirolr yduldqfh1

Lw lv ohvv fohdu krzhyhu/ zk| glyhuvl�fdwlrq vkrxog eh revhuyhg dw wkh �up ohyho1

Diwhu doo/ li lqyhvwruv duh deoh wr krog zhoo 0 glyhuvl�hg sruwirolrv wkhpvhoyhv/ zk|

vkrxog �up0ohyho glyhuvl�fdwlrq dgg dq| ixuwkhu ydoxh1 Wudglwlrqdo dujxphqwv wkdw

frph wr plqg uho| rq hfrqrplhv ri vfrsh ehwzhhq surmhfwv +v|qhujlhv, ru d uhgxfhg

suredelolw| ri lqfxuulqj edqnuxswf| frvwv +Ohzhoohq +4<:4,,1 Krzhyhu/ wkhuh pd| eh

vfrsh iru �up0ohyho glyhuvl�fdwlrq wr eh ehqh�fldo hyhq zkhq wkhvh h�hfwv duh devhqw

ru xqlpsruwdqw1 Zh zloo dqdo|}h d prgho zklfk devwudfwv iurp erwk hfrqrplhv ri

vfrsh +surmhfw uhwxuqv zloo eh lqghshqghqwo| glvwulexwhg, dqg frvwv ri edqnuxswf| +doo

lqyhvwruv zloo krog lghqwlfdo fodlpv, dqg lqvwhdg wdnh dq djhqf| sureohp ehwzhhq �0

qdqfldo lqyhvwruv dqg pdqdjhuv dv wkh vwduwlqj srlqw1 Wkh djhqf| sureohp zloo lqyroyh

erwk prudo kd}dug dqg klgghq lqirupdwlrq rq wkh sduw ri wkh pdqdjhu1 Wklv sdshu

dujxhv wkdw wkh klgghq lqirupdwlrq frpsrqhqw lv d sduwlfxoduo| lpsruwdqw ihdwxuh ri

wkh djhqf| uhodwlrqvkls ehwzhhq �qdqfldo lqyhvwru dqg pdqdjhu1 Ilqdqfldo lqyhvwruv

qrw rqo| zdqw pdqdjhuv wr zrun kdug1 Wkh| dovr zdqw pdqdjhuv/ zkr dftxluh lqvlgh

lqirupdwlrq derxw surmhfwv/ wr pdnh suxghqw lqyhvwphqw ghflvlrqv lq wkh oljkw ri wklv

lqirupdwlrq1 Wkh suhvhqfh ri klgghq lqirupdwlrq zloo pdnh wkh prgho vxlwdeoh hvsh0

fldoo| iru U)G0 lqwhqvlyh lqgxvwulhv/ vxfk dv fkhplfdov/ guxjv/ ru rlo h{wudfwlrq1 Lq

wkhvh lqgxvwulhv/ pdqdjhuv w|slfdoo| jdlq sulydwh lqirupdwlrq derxw wkh olnho| uhwxuq

ri d surmhfw lq wkh frxuvh ri surmhfw ghyhorsphqw1 Ilqdqfldo lqyhvwruv zloo wkhq zdqw

wkh pdqdjhu wr uhhydoxdwh wkh surmhfw dqg pdnh dq lqiruphg lqyhvwphqw ghflvlrq lq

wkhlu lqwhuhvw1 E| r�hulqj vrph zdjh frqwudfw wr wkh pdqdjhu lqyhvwruv pd| eh deoh

wr surylgh wkh uljkw lqfhqwlyhv iru erwk wkhvh pdqdjhuldo ghflvlrqv1 Surylglqj lqfhq0

wlyhv zloo krzhyhu eh frvwo|> wkh pdqdjhu zloo uhfhlyh dq lqirupdwlrqdo uhqw ryhu dqg

deryh wkh frpshqvdwlrq iru klv h�ruw1 Zh zloo eh deoh wr vkrz wkdw li wkh pdqdjhu lv

ulvn0qhxwudo dqg surwhfwhg e| olplwhg oldelolw| wklv lqirupdwlrqdo uhqw zloo eh gulyhq

grzq dv rqh dvvljqv pruh surmhfwv wr wkh pdqdjhu/ wkxv surylglqj d udwlrqdoh iru
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�up0ohyho glyhuvl�fdwlrq1

Wkh vhfrqg pdmru prwlydwlrq iru wklv sdshu lv wr h{dplqh gl�huhqw uhpxqhudwlrq

vfkhphv lq vxfk d vhwwlqj dqg wr h{soruh krz wkh rswlpdo lqfhqwlyh vfkhph fkdqjhv

zkhq wkh pdqdjhu lv lq fkdujh ri pruh wkdq rqh surmhfw1 Wklv lv dq lqwhuhvwlqj

txhvwlrq lq lwv rzq uljkw lq wkdw pdqdjhuv pd| eh dvvljqhg vhyhudo surmhfwv iru uhdvrqv

rwkhu wkdq uhqw0uhgxfwlrq1 Wkxv iru h{dpsoh ixqg pdqdjhuv qhfhvvdulo| pdnh mrlqw

ghflvlrqv rq d qxpehu ri dvvhwv1 Lq uhfhqw |hduv pxfk uhvhdufk kdv ehhq ghyrwhg

wr wkh irup ri rswlpdo pdqdjhuldo uhpxqhudwlrq lq wkh suhvhqfh ri djhqf| sureohpv1

Prvw ri wkh uhvxowv jlyh d mxvwl�fdwlrq iru frqwudfwv wkdw duh prqrwrqlf lq wkh uhwxuq

ri wkh surmhfwv dqg kdyh ohg wkhrulvwv wr dujxh wkdw frqwudfwv wkdw lqyroyh dzduglqj

vkduhv ru rswlrqv pd| eh wdnhq dv dssur{lpdwlrqv ri wkh frqwudfwv zklfk duh ghulyhg

dv rswlpdo1 Krzhyhu/ wkhuh lv vrph lvvxh ri zkhwkhu wkhvh frqwudfwv duh lqfhqwlyh

frpsdwleoh li pdqdjhuv duh dvnhg wr pdnh lqyhvwphqw ghflvlrqv rq wkh edvlv ri wkhlu

sulydwh lqirupdwlrq dqg lq zklfk zd| wkh rswlpdo lqfhqwlyh vfkhph vkrxog uhvsrqg

wr wkh idfw wkdw pdqdjhuv duh glyhuvl�hg1

4151 Olwhudwxuh

Pxfk ri wkh h{lvwlqj Sulqflsdo0Djhqw olwhudwxuh dvvxphv wkdw wkh djhqw kdv d vlq0

joh surmhfw1 Qrwdeoh h{fhswlrqv duh Kropvwurp dqg Plojurp +4<<4, rq pxowl0wdvn

sulqflsdo0djhqw dqdo|vlv/ Djklrq dqg Wluroh +4<<7, rq uhdo dqg irupdo dxwkrulw|/ dqg

Gldprqg +4<;7,/ dqg Zlooldpvrq +4<;9, rq glyhuvl�hg �qdqfldo lqwhuphgldulhv1

Pruh forvho| uhodwhg wr wkh dujxphqwv lq wklv sdshu duh wzr vwudqgv ri olwhud0

wxuh/ rqh frqfhuqhg zlwk rswlpdo pdqdjhuldo uhpxqhudwlrq vfkhphv dqg wkh rwkhu

frqfhuqhg zlwk h{sodlqlqj �up0ohyho glyhuvl�fdwlrq lq d Sulqflsdo0Djhqw frqwh{w1

Vrph dxwkruv +h1j1 Kdxeulfk +4<<7,, kdyh wdnhq wkh vlpsoh prudo kd}dug sureohp

zlwk d ulvn0dyhuvh djhqw/ dv dqdo|}hg iru h{dpsoh lq Jurvvpdq dqg Kduw +4<;6,/ wr

eh lqirupdwlyh rq rswlpdo pdqdjhuldo uhpxqhudwlrq1 Lq wklv prgho wkhuh lv d vlqjoh0

glphqvlrqdo h�ruw fkrlfh wr eh pdgh e| wkh djhqw zklfk lv vwrfkdvwlfdoo| uhodwhg wr

revhuyhg rxwsxw1 Li pruh h�ruw lv sxw lq/ rxwsxw lv pruh olnho| wr eh kljkhu lq wkh

vhqvh ri �uvw0rughu vwrfkdvwlf grplqdqfh1 Vlqfh wkh sulqflsdo zdqwv wr holflw h�ruw/ wkh

frqwudfw zloo uhzdug kljk sur�w rxwfrphv dqg wkxv w|slfdoo| h{klelw prqrwrqlflw| lq

revhuyhg uhwxuqv1 Zkhq wkh sulqflsdo lv ulvn0qhxwudo exw wkh djhqw lv ulvn0dyhuvh/ wkhuh
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lv vfrsh iru lqvxudqfh1 Surylglqj zdjh lqvxudqfh zloo krzhyhu eoxqw lqfhqwlyhv dqg lv

wkhuhiruh frvwo|1 Kropvwurp dqg Ulfduw0l0Frvwd +4<;9, zhuh wkh �uvw wr dujxh wkdw wklv

prgho pljkw qrw ixoo| fdswxuh wkh lqfhqwlyh sureohpv ehwzhhq pdqdjhu dqg �qdqfldo

lqyhvwru1 Ilqdqfldo lqyhvwruv/ wkh| dujxh/ pd| eh pruh zruulhg derxw krz h�hfwlyh

pdqdjhuv duh dw pdnlqj ghflvlrqv1 Vwrfkdvwlf pdqdjhuldo delolw| lv lqwurgxfhg dqg

wkh irfxv lv rq fduhhu frqfhuqv udwkhu wkdq h�ruw fkrlfh1 Odpehuw +4<;;, lv wkh �uvw

wr lqwurgxfh pruh0glphqvlrqdo ghflvlrqv1 Wkh pdqdjhu h{shqgv h�ruw rq jdwkhulqj

lqirupdwlrq dqg wkhq vhohfwv wkh ehvw surmhfw frqglwlrqdo rq klv sulydwh lqirupdwlrq1

D vlplodu urxwh lv wdnhq e| Kxdqj dqg Vxduh} +4<<9, zkr ghulyh dq rswlrq frqwudfw

dvvxplqj ulvn0qhxwudolw| dqg olplwhg oldelolw|/ udwkhu wkdq ulvn0dyhuvlrq rq wkh sduw

ri wkh pdqdjhu/ dv grhv Odpehuw +4<;;,1 Qrqh ri wkhvh sdshuv krzhyhu h{dplqhv

uhpxqhudwlrq vfkhphv iru glyhuvl�hg pdqdjhuv1 Zkhuhdv Kxdqj dqg Vxduh} +4<<9,

lv forvhvw wr wkh dvvxpswlrqv pdgh lq wkh suhvhqw sdshu/ erwk wkhlu irfxv dqg wkhlu

dqdo|vlv gl�hu iurp wkh suhvhqw sdshu hyhq iru wkh fdvh ri wkh xqglyhuvl�hg pdqdjhu

zklfk wkh| frqvlghu1

Wkhuh duh wzr sdshuv wkdw dqdo|}h �up0ohyho glyhuvl�fdwlrq lq d Sulqflsdo0Djhqw

frqwh{w/ Durq +4<;;,/ dqg Khupdolq dqg Ndw} +4<<9,1 Durq +4<;;, dqdo|}hv d prudo

kd}dug sureohp zlwk d ulvn0dyhuvh pdqdjhu1 Wkh pdqdjhu lv dvnhg wr fkrrvh dq h�ruw

yduldeoh/ zklfk kdv d qrlv| exw srvlwlyh lpsdfw rq wkh uhwxuqv ri d surgxfwlrq surfhvv1

Ilqdqfldo lqyhvwruv xvh uhdol}hg uhwxuq dv d vljqdo iru wkh h�ruw ohyho fkrvhq1 Zkhq

wkhuh duh wzr surmhfwv/ wkh pdqdjhu vwloo fkrrvhv d vlqjoh h�ruw yduldeoh zklfk qrz

ehfrphv dq lqsxw lqwr erwk surfhvvhv1 Wklv hqdeohv �qdqfldo lqyhvwruv wr revhuyh

wzr lqghshqghqw vljqdov ri wkh pdqdjhu*v h�ruw fkrlfh/ vr wkdw wkh suhflvlrq ri wkhlu

lqihuhqfh lv lpsuryhg1 Vkh rewdlqv dq rswlpdo h{whqw ri glyhuvl�fdwlrq e| hfrqrplhv

ri vfdoh lq surgxfwlrq1 Khupdolq dqg Ndw} +4<<9, dovr frxfk wkhlu dqdo|vlv lq whupv

ri d sxuh prudo kd}dug sureohp/ Djdlq wkh pdqdjhu lv dvnhg wr fkrrvh dq h�ruw

ohyho1 Glyhuvl�fdwlrq lv wkrxjkw ri dv vsolwwlqj wklv h�ruw yduldeoh dqg ohwwlqj wkh

iudfwlrqv hqwhu wzr dfwlylwlhv1 Djdlq wklv zloo xqghu fhuwdlq frqglwlrqv lpsuryh wkh

lqirupdwlyhqhvv ri wkh revhuyhg uhwxuqv1 Lq erwk Durq +4<;;, dqg Khupdolq dqg Ndw}

+4<<9, glyhuvl�fdwlrq lv gulyhq e| wkh idfw wkdw surmhfwv duh whfkqrorjlfdoo| uhodwhg1

Lq Durq +4<;;, wkh vlqjoh h�ruw fkrlfh ehfrphv d frpprq lqsxw lqwr wzr gl�huhqw

surfhvvhv/ zkhuhdv lq Khupdolq dqg Ndw} +4<<9, lw lv vsolw lq d nqrzq udwlr dqg wkhq
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hqwhuv erwk surmhfwv1

E| frqwudvw/ lq wklv sdshu wkh surmhfwv wkdw wkh pdqdjhu lv dvnhg wr ghyhors duh

whfkqrorjlfdoo| xquhodwhg1 Fkrlfhv pdgh frqfhuqlqj rqh surmhfw gr qrw frqvwudlq wkh

fkrlfhv rq dq| rwkhu surmhfw1 Lw lv rqo| wkurxjk wkh idfw wkdw wkh pdqdjhu vroyhv d mrlqw

sureohp zkhq doorfdwhg pruh wkdq rqh surmhfw xqghu vrph frqwudfw wkdw wkh surmhfwv

ehfrph olqnhg1 Dovr/ zh gr qrw vwxg| d prqrwrqrxv vwrfkdvwlf uhodwlrqvkls ehwzhhq

vrph xqrevhuydeoh h�ruw yduldeoh dqg wkh revhuydeoh surmhfw uhwxuq1 Lqvwhdg zh srvlw

d prgho zkhuh klgghq lqirupdwlrq rq wkh sduw ri wkh pdqdjhu lv d fuxfldo lqjuhglhqw1

Wkh pdqdjhu lv wkrxjkw ri dv dq lqvlghu zkr frphv wr kdyh vxshulru lqirupdwlrq

rq wkh olnho| uhwxuq ri wkh surmhfwv1 Ilqdqfldo lqyhvwruv zdqw wkh pdqdjhu wr pdnh

lqyhvwphqw ghflvlrqv lq wkhlu lqwhuhvw1 Li wkh survshfwv duh jrrg wkh| zdqw klp gr

jr dkhdg zlwk wkh lqyhvwphqw1 Li wkh lqvlgh lqirupdwlrq lv xqidyrudeoh/ wkh| zdqw

wkh pdqdjhu wr deruw wkh surmhfw1 Khuh/ wkh lqyhvwru zdqwv wkh pdqdjhu wr pdnh

suxghqw fkrlfhv/ zklfk lv dq hohphqw devhqw iurp wkh flwhg sdshuv1 Wklv sdshu dovr

dujxhv wkdw lqvxudqfh lvvxhv duh qrw dw wkh khduw ri wkh lqfhqwlyh sureohp ehwzhhq

pdqdjhuv dqg �qdqfldo lqyhvwruv/ dqg dvvxphv lqvwhdg wkdw erwk �qdqfldo lqyhvwruv

dqg pdqdjhuv duh ulvn0qhxwudo1 Wklv dvvxpswlrq fdq eh mxvwl�hg e| qrwlqj wkdw vwdnhv

pd| zhoo eh kljk erwk iru pdqdjhuv dqg �qdqfldo lqyhvwruv1 Jlyhq ghfuhdvlqj devroxwh

ulvn0dyhuvlrq lw vhhpv idu iurp fohdu wkdw �qdqfldo lqyhvwruv duh ohvv ulvn0dyhuvh wkdq

pdqdjhuv dqg vkrxog wkhuhiruh lqvxuh pdqdjhuv1 L zrxog olnh wr dujxh lqvwhdg/ wkdw

ulvn0qhxwudolw| rq erwk vlghv pd| zhoo eh d pruh uhdvrqdeoh dssur{lpdwlrq1

4161 Rujdql}dwlrq ri wkh sdshu

Vhfwlrq 5 zloo vhw xs wkh prgho dqg lqwurgxfh wkh qrwdwlrq iru wkh jhqhudo fdvh/ zkhuh

wkh pdqdjhu lv dvvljqhg Q surmhfwv1 Lq vhfwlrq 6 zh zloo vwhs edfn iurp wkh jhqhudo

fdvh dqg orrn dw frqwudfwv iru wkh xqglyhuvl�hg pdqdjhu/ zkr kdv d vlqjoh surmhfw1

Vhfwlrq 7 zloo frqvlghu wkh fdvh zkhq wkh pdqdjhu lv dvnhg wr ghyhors wzr surmhfwv

dw wkh vdph wlph/ dqg vhfwlrq 8 zloo uhwxuq wr wkh jhqhudo fdvh1 Lq vhfwlrq 9 zh zloo

h{dplqh vhyhudo h{whqvlrqv ri wkh dqdo|vlv1 Vhfwlrq : zloo frqfoxgh1
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vxffhvv suredelolw| iru surmhfw R1 Zlwk suredelolw| � wkh surmhfw lv surplvlqj/ ZR ' Z/

zlwk suredelolw| � � � wkh surmhfw lv edg/ ZR ' Z 1

Wkh pdqdjhu wkhq uhfhlyhv d vljqdo r Ee� ' Er�c ���r� � ri wkh vxffhvv suredelolwlhv

uhdol}hg1 Lwv suhflvlrq zloo ghshqg rq wkh h�ruw h{shqghg1 Lq sduwlfxodu/ lw lv dvvxphg

wkdw rR ' ZR li eR ' � dqg rR ' f li eR ' f/ wkdw lv/ wkh pdqdjhu uhfhlyhv d shuihfw

vljqdo rq surmhfw R li kh kdv h{shqghg h�ruw rq lw/ zkhuhdv kh uhfhlyhv qr lqirupdwlrq

shuwdlqlqj wr R/ li kh glg qrw vshqg h�ruw rq lqyhvwljdwlqj lw1

Kdylqj revhuyhg wkh vljqdo wkh pdqdjhu pdnhv dq lqyhvwphqw ghflvlrq rq hdfk

surmhfw / zklfk lv vxppdul}hg e| _ ' E_�c ���c _� �1 Iurp wkh dvvxphg lqglylvlelolw|

ri surmhfwv zh kdyh _R 5 ifc �j1 Qrwh wkdw lqyhvwphqw/ _R ' �/ lqyroyhv vshqglqj d

�qdqfldo rxwod| ri U exw grhv qrw fdxvh ixuwkhu qrqshfxqldu| frvwv wr wkh pdqdjhu1

Dovr/ lw lv dvvxphg wkdw wkh h�ruw fkrlfh grhv qrw frqvwudlq wkh lqyhvwphqw ghflvlrq/

vr wkdw �eolqg� lqyhvwphqw lv srvvleoh41

Ilqdoo|/ dqg revhuydeoh wr erwk wkh �qdqfldo lqyhvwru dqg wkh pdqdjhu/ wkh yhfwru

ri surmhfw +jurvv, uhwxuqv h5 ' Eh5�c ���c h5� � uhdol}hv1 Zh dvvxph 5R 5 ifc -j li _R ' �

dqg 5R ' U li _R ' f1 Lq dffrugdqfh zlwk wkh hduolhu lqwhusuhwdwlrq iru Z/ zh ohw

�h d5R ' - m _R ' �o ' ZR dqg �h d5R ' f m _R ' �o ' E� � ZR�/ zkhuh/ uhfdoo/ ZR 5

iZc Zj1 Uhdol}hg surmhfw uhwxuqv 5 duh kdqghg ryhu iurp wkh pdqdjhu wr wkh lqyhvwru/

zkr lq wxuq sd|v wkh pdqdjhu d zdjh � / wkh vl}h ri zklfk fdq ghshqg rq wkh revhuyhg

yhfwru 5 ri surmhfw uhwxuqv1 Qrwh wkdw li wkh pdqdjhu glg qrw lqyhvw lq d surmhfw/ kh

zloo mxvw uhwxuq U wr wkh lqyhvwru/ vr wkdw wkh lqyhvwphqw ghflvlrq rq dq| surmhfw fdq

eh shuihfwo| lqihuuhg iurp lwv uhwxuq1

Dv iru wkh sur�wdelolw| ri wkh surmhfwv zh dvvxph wkdw Z- : U / exw Z- 	 U/ vr

wkdw lw lv lqwhulp h!flhqw wr lqyhvw/ li dqg rqo| li wkh surmhfw lv jrrg1 Zh dovr zdqw

�Z-nE�� � � U�S : 4@ iUc �Z- n E�� � �Z-j / vr wkdw/ jlyhq dq lqwhulp h!flhqw

lqyhvwphqw ghflvlrq lv wdnhq/ lw lv h!flhqw wr lqyhvwljdwh hdfk surmhfw1 Rqh fdq wkhq

glvwlqjxlvk wzr fdvhv1 Li �Z- n E� � � �Z- : Uc wkh surmhfw frxog sur�wdeo| eh

xqghuwdnhq zlwkrxw wkh pdqdjhu uhhydoxdwlqj wkh surmhfw dw wkh lqwhulp vwdjh1 Rq

wkh rwkhu kdqg/ li �Z- n E� � � �Z- 	 Uc wkh pdqdjhu*v mre ri uhhydoxdwlqj wkh

surmhfw dqg deruwlqj lw/ li lw wxuqv rxw wr eh edg/ lv qhfhvvdu| iru wkh surmhfw wr eh

4Xqghu wkh dowhuqdwlyh dvvxpswlrq wkdw h�ruw vshqw lv qhfhvvdu| iru lqyhvwphqw wkh txdolwdwlyh

uhvxowv uhpdlq wkh vdph1
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sur�wdeoh +qhw ri lpsohphqwdwlrq frvwv, h{ dqwh1

Uhvxowlqj iurp wklv vhwxs/ jlyhq dq| frqwudfw ehwzhhq wkh �qdqfldo lqyhvwru dqg

wkh pdqdjhu/ wkh pdqdjhu kdv d qxpehu ri vwudwhjlhv dydlodeoh wr klp1 Zh ghqrwh

wkhvh e| Eec _ E���1 Kh fdq fkrrvh zklfk/ li dq|/ surmhfwv wr orrn dw/ e 5 ifc �j� /

dqg fkrrvh dq| ixqfwlrq pdsslqj wkh vhw ri srvvleoh vljqdov uhfhlyhg lqwr wkh vhw ri

lqyhvwphqw ghflvlrqv/ _ E�� G ifc Zc Zj� $ ifc�j� 1 Vlqfh wkh �qdqfldo lqyhvwru lv

dvvxphg wr kdyh doo wkh edujdlqlqj srzhu/ kh zloo eh lqwhuhvwhg lq lpsohphqwlqj wkh

h!flhqw vwudwhj| EeWc _W E���1 Wklv lv gh�qhg e| eWR ' � ;R dqg _WR ' � li rR ' Z

dqg _WR ' f li rR ' Z ;R / l1h1 lqyhvwljdwh doo surmhfwv dqg lqyhvw rqo| li wkh vljqdo

lv idyrudeoh1 Ohw xv dvvxph iru qrz wkdw wkh lqyhvwru zdqwv wr jlyh wkh pdqdjhu

lqfhqwlyhv wr fkrrvh wklv vwudwhj| dqg wkdw kh zdqwv wr gr wklv dv fkhdso| dv srvvleoh1

Wkh lqyhvwru*v sureohp lv wkhq wr fkrrvh d zdjh vfkhgxoh � E�� wr pd{lpl}h uhwxuq qhw

ri zdjhv/ pdnlqj vxuh wkdw wkh pdqdjhu*v h{shfwhg zdjh frpshqvdwhv iru wkh h�ruw

frvwv lqfxuuhg/ wkdw wkh zdjh vfkhgxoh lqgxfhv wkh pdqdjhu wr yroxqwdulo| fkrrvh wkh

h!flhqw vwudwhj|/ dqg �qdoo|/ wkdw wkh pdqdjhu qhyhu uhfhlyhv d qhjdwlyh zdjh1

Rqh fdq zulwh grzq wkh lqyhvwru*v sureohp dv iroorzv=

4@ 
�Eu�

. dh5 � � Eh5� m hr ' hZc _ ' _W EhZ�o

v1w1

EU�_� G

. d� Eh5� m r ' Zc _ ' _W EZ�o �

. d� Eh5� m r ' Zc _ ' _ EZ�o ;Zc;_ E��

EU�e� G

. d� Eh5� m hr ' hZc _ ' _W EhZ�o��S �

. d� Eh5� m hr ' hr Ee� c _ ' _ Ehr�o�
S�

R'� SeR ;ec;_ E��

EU-� G

. d� Eh5� m hr ' hZc_ ' _W EhZ�o��S � f

E��` � G

;



� E5� � f ;5

Li wkh pdqdjhu fkrrvhv wkh h!flhqw vwudwhj|/ vr wkdw hr ' hZ dqg _ ' _W EhZ� c wklv
zloo lqgxfh d fhuwdlq h{ dqwh glvwulexwlrq ryhu uhwxuqv dqg wkxv ryhu zdjhv1 Wdnlqj

wklv glvwulexwlrq dv jlyhq/ wkh �qdqfldo lqyhvwru pd{lpl}hv khu sd|r� e| plqlpl}lqj

wkh h{shfwhg zdjh wr eh sdlg wr wkh pdqdjhu1 Wklv glvwulexwlrq zloo krzhyhu rqo|

rewdlq/ li wkh pdqdjhu yroxqwdulo| fkrrvhv wkh h!flhqw vwudwhj|1 Wklv lv zkdw lv

hqvxuhg e| wkh EU�_� dqg EU�e� frqvwudlqwv1 Wkh EU�_� frqvwudlqw hqvxuhv wkdw/

jlyhq wkh pdqdjhu kdv lqyhvwljdwhg doo surmhfwv/ kh pdnhv h!flhqw lqwhulp lqyhvwphqw

ghflvlrqv/ zkhuhdv wkh EU�e� frqvwudlqw hqvxuhv wkdw/ h{ dqwh/ lqyhvwljdwlqj doo surmhfwv

dqg wkhq fkrrvlqj _W E�� lv vxshulru wr dq| rwkhu vwudwhj| lq whupv ri h{shfwhg zdjh

qhw ri h�ruw frvwv1 EU-� wkhq pdnhv vxuh wkdw/ djdlq h{ dqwh/ wkh pdqdjhu jhwv

frpshqvdwhg iru klv h�ruw frvw/ li kh fkrrvhv wkh h!flhqw vwudwhj|1 Odvwo|/ wkh Qrq0

qhjdwlyh zdjh +QQZ,frqvwudlqw lv d olplwhg oldelolw| frqvwudlqw wkdw irufhv doo zdjhv

wr eh qrq0qhjdwlyh1

Udwkhu wkdq surfhhglqj gluhfwo| wr d ghulydwlrq ri wkh jhqhudo vroxwlrq wr wklv

sureohp/ lw vhhpv lqwhuhvwlqj wr vhh zkdw fdq eh ohduqhg iurp wkh edvlf fdvh/ zkhuh

wkh pdqdjhu lv jlyhq d vlqjoh surmhfw1

61 Rqh surmhfw shu pdqdjhu/ Q@4

Lq wklv fdvh wkhuh lv d vlqjoh lqglylvleoh surmhfw zklfk uhtxluhv d �qdqfldo lqyhvwphqw

U dqg |lhogv d jurvv uhwxuq 5 5 ifc -j1 Zlwk suredelolw| � wkh surmhfw lv jrrg/

l1h1 �hE5 ' -� ' Z dqg �hE5 ' f� ' E�� Z�/ dqg zlwk suredelolw| E�� � � wkh

surmhfw lv edg / l1h1 �hE5 ' -� ' Z dqg �hE5 ' f� ' � � Z/ zkhuh Z : Z1 Wkh

surmhfw lv sur�wdeoh/ li lw lv jrrg/ Z- : U/ exw xqsur�wdeoh/ li lw lv edg/ Z- 	 U/

dqg zruwkzkloh h{ dqwh/ jlyhq wkdw lqyhvwphqw h!flhqwo| frqglwlrqv rq wkh vljqdo/

�Z- n E� � � � U � S : 4@ iUc �Z-n E� � � �Z-j / vr wkdw wkh �qdqfldo lqyhvwru

zrxog olnh wkh pdqdjhu wr �uvw ghyhors wkh surmhfw/ eW ' � / dqg wkdw/ li kh vhhv wkh

idyrudeoh vljqdo wr jr dkhdg zlwk wkh lqyhvwphqw/ _W EZ� ' � / exw li vhhv d edg vljqdo

wr deruw wkh surmhfw/ _W EZ� ' f / dqg wr uhwxuq wkh rxwod| U edfn wr wkh �qdqfldo

lqyhvwru1 Wr lpsohphqw wklv ehkdylru wkh lqyhvwru vroyhv wkh iroorzlqj sureohp=

4@ 
�Ef�c�EU�c�E-�

� dZ E-� � E-�� n E� � Z� E�� Ef��o n E� � � � dU � � EU�o� U

<



r�|�

EU�_ _ EZ� ' �� Z� E-� n E� � Z�� Ef� � � EU�

EU�_ _ EZ� ' f�� EU� � Z� E-� n E�� Z�� Ef�

EU�e�

E�� � dZ� E-� n E�� Z�� Ef�o n E� � � �� EU�� S � � EU�

E2� � dZ� E-� n E�� Z�� Ef�o n E� � � �� EU�� S �

� dZ� E-� n E� � Z�� Ef�o n E�� � � dZ� E-� n E�� Z�� Ef�o

EU-� � dZ� E-� n E�� Z�� Ef�o n E� � � �� EU�� S � f

E��` � � Ef� � fc � EU� � fc � E-� � f

Lq wklv edvlf sureohp wkh pdqdjhu kdv wzr srvvleoh lqyhvwphqw ghflvlrqv dydlodeoh

wr klp1 Wkh U�_�frqvwudlqwv hqvxuhv/ wkdw lqwhulp/ jlyhq wkdw wkh pdqdjhu kdv vshqw

h�ruw dqg wkxv uhfhlyhg d vljqdo r " iZc Zj c kh pdnhv wkh uljkw lqyhvwphqw ghflvlrq lq

uhvsrqvh wr wkh wzr srvvleoh vljqdov1 Qh{w/ li wkh pdqdjhu grhv qrw vshqg h�ruw/ dqg

dffruglqjo| uhfhlyhv r ' f/ kh djdlq kdv wzr srvvleoh rswlrqv1 Kh fdq hlwkhu devwdlq

iurp lqyhvwlqj dqg uhwxuq U wr wkh lqyhvwru ru lqyhvw eolqgo|1 EU�e� E�� dqg E2� hqvxuh

wkdw erwk wkhvh rswlrqv duh ohvv zruwkzkloh wr wkh pdqdjhu wkdq iroorzlqj wkh h!flhqw

vwudwhj|1 Odvwo|/ wkh h{shfwhg zdjh lqgxfhg e| wkh h!flhqw vwudwhj| lv hqvxuhg e|

EU-� wr eh odujhu wkdq wkh h�ruw frvw Sc dqg doo zdjhv kdyh wr eh qrq0qhjdwlyh1

Wkh rswlpdo frqwudfw zloo kdyh wkuhh frqvwudlqwv elqglqj1 Iluvw ri doo qrwh wkdw

� Ef� ' f zloo eh rqh ri wkh elqglqj frqvwudlqwv1 Wr vhh zk|/ dvvxph � Ef� : f 1

Wkhq rqh fdq ghfuhdvh � Ef� e| vrph 0 � � Ef� dqg lqfuhdvh � E-� e| E�3Z�
Z

0 1 Wklv

zloo ohdyh doo frqvwudlqwv vdwlv�hg/ fdq eh grqh frvwohvvo| dqg uhod{hv U�_ _ EZ� ' f/

dv zhoo dv EU�e� E2� vlqfh

Z
E�� Z�

Z
0� E�� Z� 0 	 f

zklfk lv wuxh/ vlqfh Z : Z 1 Dovr/ rqh vhhv wkdw U- zloo qrw eh elqglqj/ vlqfh

lw lv lpsolhg e| U�e E�� dqg � EU� � f 1 Lq idfw � EU� : f qhfhvvdulo|/ ehfdxvh

rwkhuzlvh � E-� ' � Ef� ' f iurp U�_ _ EZ� ' f dqg ��`� Rqh dovr vhhv wkdw

U�_ _ EZ� ' � pxvw eh vodfn/ vlqfh li lw zhuh elqglqj U�e E�� zrxog eh ylrodwhg1

Olnhzlvh EU�_ _ EZ� ' f�zloo qrw eh elqglqj/ vlqfh li lw zhuh/ U�e E2� zrxog eh ylr0

odwhg1 Qh{w/ � E-� : fc vlqfh rwkhuzlvh rqh zrxog kdyh E�� Z�� Ef� � � EU� �
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E�� Z�� Ef� c frpelqlqjEU�_ _ EZ� ' �� dqg U�_ _ EZ� ' f� Wklv frxog eh wuxh rqo|

li � EU� ' � Ef� ' fc frqwudglfwlqj � EU� : f� Wklv ohdyhv U�e E�� dqg E2� dv wkh rqo|

srvvleoh ixuwkhu elqglqj frqvwudlqwv1 Vxevwlwxwlqj � Ef� ' f lqwr wkhvh wzr frqvwudlqwv

rqh �qgv

�Z� E-� n E�� � �� EU�� S

' � EU�

' d�Z n E� � � �Zo� E-�

zklfk lv hdvlo| vroyhg iru

� E-� '
S

�Z n E� � � ����

� EU� '
�S

�Z n E� � � ����

zkhuh � ' �Z n E� � � �Z lv wkh h{shfwhg lqwhulp vxffhvv suredelolw|1 Qrwlfh

wkdw wklv frqwudfw lv prqrwrqh lq uhwxuq/

f ' � Ef� 	 � EU� 	 � E-� �

Xqghu wklv frqwudfw wkh pdqdjhu*v h{shfwhg zdjh sd|phqw h{fhhgv klv h�ruw frvw

S� Wklv h{fhvv sd|phqw fdq eh lqwhusuhwhg dv klv lqirupdwlrqdo uhqw dqg lw fdq eh uhdg

r� iurp wkh UKV ri wkh elqglqj EU�e� E�� frqvwudlqw dv ehlqj htxdo wr � EU� � Wkh uhqw

dulvhv erwk ehfdxvh ri wkh prudo kd}dug dqg wkh klgghq lqirupdwlrq frpsrqhqw ri

wkh djhqf| sureohp1 Qrwlfh lq sduwlfxodu/ wkdw wkh �qdqfldo lqyhvwru kdv wr uhzdug d

jurvv uhwxuq ri U zlwk d srvlwlyh zdjh1 Wklv lv ehfdxvh wkh �qdqfldo lqyhvwru grhv qrw

nqrz/ zkhwkhu wkh pdqdjhu kdv uhwxuqhg U ehfdxvh wkh pdqdjhu h!flhqwo| deruwhg

dq xqsur�wdeoh surmhfw/ ru zkhwkhu wkh pdqdjhu glg qrw lqyhvwljdwh wkh surmhfw dqg

wkhq dovr glg qrw lqyhvw1 Li wkh �qdqfldo lqyhvwru nqhz wkdw wkh surmhfw lv edg vkh

zrxog qrw kdyh wr uhzdug d jurvv uhwxuq ri U/ zklfk pdnhv iru d qhw uhwxuq ri }hur1

Qrwh wkdw dq lqirupdwlrqdo uhqw zrxog qrw dulvh lq wkh ehqfkpdun fdvh/ zkhuh r lv

sxeolfo| revhuydeoh1 Rqh frxog wkhq sd| wkh pdqdjhu d zdjh � E5c r� � Fohduo| wkhqc

� EUc Z� ' � E-cZ� ' � Efc Z� ' S / � EUc Z� ' � E-cZ� ' � Efc Z� ' f / dqg � E5c f� '
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f ;5 zrxog lpsohphqw wkh h!flhqw vwudwhj| dqg zrxog lqyroyh d }hur uhqw1 Vlqfh wkh

frqwudfw fdqqrw frqglwlrq rq r zkhq r lv sulydwh lqirupdwlrq/ dq lqirupdwlrqdo uhqw

dulvhv1 Wkh uhdghu pd| dvn/ krzhyhu/ zkhwkhu wkh zdjh frqwudfw ghulyhg deryh fdq eh

lpsuryhg xsrq e| ohwwlqj wkh pdqdjhu pdnh h{solflw dqg yhul�deoh dqqrxqfhphqwv

derxw wkh vljqdo kh uhfhlyhg/ vr wkdw wkh frqwudfw frxog wkhq frqglwlrq rq � E5cer� � Lw
lv vkrzq lq wkh dsshqgl{ wkdw wklv lv qrw wkh fdvh1 Wkh zdjh frqwudfw ghulyhg deryh

uhpdlqv rswlpdo/ zkhq rqh doorzv wkh pdqdjhu wr pdnh wkrvh h{solflw fodlpv wr wkh

�qdqfldo lqyhvwru dqg _ lv ylhzhg dv dq revhuydeoh dqg khqfh frqwudfwleoh yduldeoh1

Wklv uhvxow hvwdeolvkhv/ wkdw wkh zdjh frqwudfw ghulyhg deryh lv htxlydohqw wr d gluhfw

uhyhodwlrq phfkdqlvp dqg khqfh lv rswlpdo lq wkh fodvv ri doo srvvleoh phfkdqlvpv

lpsohphqwlqj wkh h!flhqw h�ruw dqg lqyhvwphqw fkrlfh zkhq r lv xqnqrzq1

Ehiruh zh orrn dw lpsohphqwlqj rwkhu srvvleoh vwudwhjlhv/ ohw xv eulh | glvfxvv

zkhwkhu fhuwdlq uhpxqhudwlrq vfkhphv wkdw duh revhuyhg lq sudfwlfh/ vdwlvi| wkh vhw

ri frqvwudlqwv dqg pd| wkxv srwhqwldoo| eh ylhzhg dv dssur{lpdwlrqv wr wkh rswlpdo

frqwudfw ghulyhg deryh1

Frqvlghu �uvw r�hulqj wkh pdqdjhu d  dw zdjh � dqg d erqxv K iru d uhwxuq ri

-1 Wkhq wkh zdjh vfkhgxoh zloo eh � Ef� ' �/ � EU� ' �/ � E-� ' � n K 1 Rqh

vhhv lpphgldwho|/ wkdw xqghu vxfk d frqwudfw Z� E-� n E�� Z�� Ef� : � EU� c vr wkdw

erwk U�_ _ EZ� ' f dqg EU�e� E2� duh ylrodwhg1 Wkh pdqdjhu zloo lqyhvw hyhq diwhu

revhuylqj wkdw wkh surmhfw lv edg1 Zkdw lv pruh/ wkh pdqdjhu zloo dozd|v suhihu wr

lqyhvw eolqgo|/ udwkhu wkdq vshqglqj h�ruw rq ehfrplqj lqiruphg1 Wkh erqxv vfkhph

fdq wkxv eh vhhq dv lqgxflqj h{fhvvlyh ulvn0wdnlqj e| wkh pdqdjhu1

Rqh pljkw qh{w frqvlghu dq rswlrq frqwudfw1 Lq uhdolw| pdqdjhuv duh riwhq dzdughg

rswlrqv zlwk d vwulnh htxdo wr wkh h{shfwhg uhwxuq ri wkh �up1 Li wkh rswlrq lv

pdgh h{huflvdeoh zkhq 5 kdv uhdol}hg/ rqh zrxog kdyh � E5� ' B E5 � .W E5��n/ zkhuh

.W E5� ' �Z- n E� � � � U 1 Vlqfh .W E5� : U : f / wkh pdqdjhu zloo rqo| h{hu0

flvh zkhq 5 ' -c vr wkdw wkh zdjh lv djdlq  dw iru uhdol}dwlrqv rwkhu wkdq -� Vlqfh

� EU� ' � Ef� ' f / exw � E-� : f rqh djdlq �qgv erwk U�_ _ EZ� ' f dqg U�e E2�

ylrodwhg1 Djdlq/ xqghu vxfk d frqwudfw rqh zrxog h{shfw wr vhh h{fhvvlyh ulvn0wdnlqj

e| wkh pdqdjhu1 Qrwh wkdw erwk wkh rswlrq frqwudfw dqg wkh erqxv vfkhph zrxog

eh lqfhqwlyh frpsdwleoh lq d prgho zkhuh wkhuh lv d vlpsoh lqfuhdvlqj uhodwlrqvkls

ehwzhhq wkh pdqdjhu*v h�ruw fkrlfh dqg wkh surmhfw uhwxuq/ dv zrxog eh wkh fdvh lq
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d sxuh prudo kd}dug prgho1 Rqh vkrxog qrwh wkhuhiruh/ wkdw vxfk d prgho pljkw eh

vhulrxvo| plvohdglqj li wkh pdqdjhu*v wdvn lv wr pdnh dq lqiruphg lqyhvwphqw ghflvlrq

lq wkh lqwhuhvw ri wkh �qdqfldo lqyhvwru/ dv lw lv dvvxphg khuh1

Ilqdoo|/ frqvlghu wkh srvvlelolw| wr surplvh wkh pdqdjhu d fhuwdlq iudfwlrq k ri

wkh h{ srvw uhwxuq/ wkdw lv/ wr dzdug wkh pdqdjhu vkduhv lq wkh frpsdq|1 Wkhq wkh

uhwxuq frqwlqjhqw sd|phqw wr wkh pdqdjhu lv mxvw � E5� ' k5 1 Jlyhq wkdw Z- : U

dqg wkdw Z- 	 U / rqh vhhv lpphgldwho|/ wkdw erwk U�_� frqvwudlqwv duh vdwlv�hg iru

dq| k 5 dfc �o 1 Wkh U�e�frqvwudlqwv uhgxfh wr

E�� k d�Z- n E�� � � Uo� S � kU

E2� k d�Z- n E�� � � Uo� S � k d�Z-n E� � � �Z-o

lpso|lqj d orzhu erxqgv rq kc zklfk lv jlyhq e|

k �
S

4�? i� EZ- � U� c E� � � � EU � Z-�j

Li k lv odujhu wkdq wklv orzhu erxqg/ wkh vkduh frqwudfw zloo eh lqfhqwlyh frpsdwleoh1

Revhuyh/ krzhyhu/ wkdw xqghu d vkduh frqwudfw wkh �qdqfldo lqyhvwru fdq h{shfw d qhw

uhwxuq ri dw prvw E�� k�.W d5o � U 1Zkloh d vkduh frqwudfw lv wkxv d srvvleoh wrro

wr lpsohphqw wkh h!flhqw vwudwhj|/ lw zloo/ vlqfh wkh sd|phqw wr wkh pdqdjhu lv qrw

ehlqj plqlpl}hg/ lq jhqhudo eh dq xqqhfhvvdulo| frvwo| rqh1

Hyhq zkhq wkh rswlpdo frqwudfw lv xvhg wr lpsohphqw wkh h!flhqw vwudwhj|/ wkh

uhqw dffuxlqj wr wkh pdqdjhu pd| eh vr odujh wkdw wkh �qdqfldo lqyhvwru zloo qrw �qg

lw lq klv lqwhuhvw wr lpsohphqw wkh h!flhqw vwudwhj|1 Lw lv hdv| wr vhh wkdw wklv zloo eh

wkh fdvh zkhqhyhu

�Z- n E� � � � U � S�
�S

�Z n E�� � ����
	 4@ iUc �Z- n E�� � �Z-j

Vlqfh Z- 	 U lpsolhv �Z-n E�� � � U 	 Uc lw fohduo| grhv qrw pdnh vhqvh wr lpsoh0

phqw _ EZ� ' � dqg _ EZ� ' f� Rqh lv wkhuhiruh ohiw zlwk lpsohphqwlqj _ Er� ' f ;r

ru _ Er� ' � ;r� Lw lv zruwk revhuylqj wkdw qrqh ri _ Er� ' f ;r dqg _ Er� ' � ;r fdq

eh lpsohphqwhg lq frqmxqfwlrq zlwk e ' �c vlqfh wkhuh lv qr zd| ri whoolqj zkhwkhu

wkh pdqdjhu kdv fkrvhq e ' � ru e ' f� Vlqfh qhlwkhu _ ' � qru _ ' f lqyroyhv dq|

frvw wr wkh pdqdjhu/ erwk ri wkhvh wzr srvvlelolwlhv duh rswlpdoo| lpsohphqwhg e|

r�hulqj wkh pdqdjhu d  dw zdjh ri }hur1 Wkhuhiruh/ li �Z- n E�� � � Z �- : U dqg

lpsohphqwlqj wkh h!flhqw vwudwhj| lv qrw yldeoh/ wkh �qdqfldo lqyhvwru zloo lpsohphqw
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eolqg lqyhvwphqw/ e ' f dqg _ ' �/ zkhuhdv li �Z- n E�� � �Z �- 	 U wkh �qdqfldo

lqyhvwru zloo lpsohphqw e ' f dqg _ ' f� Wkh odwwhu srvvlelolw| lv ri frxuvh htxlydohqw

wr qrw �qdqflqj wkh surmhfw1 Lq erwk fdvhv wkhuh lv dq lqh!flhqf| dulvlqj iurp wkh

idfw wkdw wkh pdqdjhu uhfhlyhv dq lqirupdwlrqdo uhqw1

71 Wzr surmhfwv shu pdqdjhu/ Q@5

Ohw xv qrz h{dplqh wkh fdvh zkhuh wkh pdqdjhu lv dvvljqhg wzr lghqwlfdo surmhfwv1

Wkh frqwudfw fdq wkhq frqglwlrq rq wkh yhfwru ri revhuydeoh uhwxuqv/ vr wkdw wkh

iroorzlqj pdwul{ ri zdjhv qhhgv wr eh ghwhuplqhg=

� Efcf� � Efc U� � Efc -�
� EUc f� � EUc U� � EUc-�
� E-c f� � E-c U� � E-c-�

Krzhyhu/ vlqfh wkh surmhfwv duh ��_c lw lv fohdu wkdw wkh rswlpdo zdjh vfkhgxoh zloo

h{klelw v|pphwu|/ lq wkdw � E%c +� ' � E+c %� � � E%n +� c vr wkdw rqo| wkh iroorzlqj

vl{ zdjhv qhhg wr eh irxqg= i� Ef� c � EU� c � E-� c � E2U� c � EU n-� c � E2-�j �

Li wkh pdqdjhu fkrrvhv wkh h!flhqw vwudwhj|/ wklv zloo lqgxfh d suredelolw| glv0

wulexwlrq ryhu uhwxuqv dqg wkxv ryhu zdjhv1 Wkh �qdqfldo lqyhvwru zloo uhfhlyh dq

h{shfwhg uhwxuq dqg zloo kdyh wr sd| dq h{shfwhg zdjh zklfk lv jlyhq e|

.W E�� �

� 2
�
E� � Z�2� Ef� n 2Z E�� Z�� E-� n Z2� E2-�

�

n2� E�� � � dE� � Z�� EU� n Z� EU n-�o

n E� � � �2� E2U�

Wkh �qdqfldo lqyhvwru*v sureohp lv wr plqlpl}h wklv h{suhvvlrq e| fkrlfh ri

i� Ef� c ��c � E2-�j � Wklv plqlpl}dwlrq lv vxemhfw wr d qxpehu ri frqvwudlqwv/ zklfk

zh zloo lqwurgxfh dv zh jr dorqj1

D �uvw vxevhw ri frqvwudlqwv lv jlyhq e| wkh U�_�frqvwudlqwv1 Jlyhq wkdw wkh pdq0

djhu kdv vshqw h�ruw rq erwk surmhfwv/ wkhvh frqvwudlqwv pdnh vxuh wkdw wkh pdqdjhu

pdnhv wkh uljkw lqyhvwphqw ghflvlrq iru hdfk srvvleoh yhfwru ri vljqdov uhfhlyhg/ EZc Z�

EZc Z� EZc Z� EZc Z� � Jlyhq d yhfwru ri vljqdov/ h{dfwo| rqh ri wkh srvvleoh irxu vwudwh0

jlhv Efc f� c Efc�� c E�c f� c E�c �� lv h!flhqw1 Wr hqvxuh h!flhqw lqyhvwphqw rqh pxvw
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kdyh wkdw iru hdfk vljqdo wkh h{shfwhg zdjh xqghu wkh h!flhqw lqyhvwphqw vwudwhj| lv

zhdno| odujhu wkdq xqghu dq| rwkhu vwudwhj| 5=

U�_

_ EZc Z� ' E�c �� G

E�� Z�2� Ef� n 2Z E� � Z�� E-� n Z2� E2-�

E�� � � E2U�

E2� � E�� Z�� EU� n Z� EU n-�

_ EZc Z� ' E�c f� G

E�� Z�� EU� n Z� EU n-�

E�� � � E2U�

E2� � E�� Z�� EU� n Z� EU n-�

E�� � E�� Z� E�� Z�� Ef� n dE� � Z�Z n E�� Z� Zo� E-� n ZZ� E2-�

_ EZc Z� ' Efc f� G

� E2U�

E�� � E�� Z�� EU� n Z� EU n-�

E2� � E�� Z�2� Ef� n 2 E� � Z�Z� E-� n Z2� E2-�

Ohw xv qrz frph wr wkh vhw ri U�e�frqvwudlqwv1 Wkhvh hqvxuh wkdw wkh zdjh qhw ri

h�ruw frvwv wkh pdqdjhu fdq h{shfw zkhq kh fkrrvhv wr vshqg h�ruw rq erwk surmhfwv/

e ' E�c �� c dqg wkhq lqyhvwv h!flhqwo| lv odujhu wkdq wkh h{shfwhg zdjh qhw ri h�ruw

frvwv xqghu dq| rwkhu h�ruw fkrlfh Efc f� c Efc �� c E�c f� dqg doo srvvleoh vxevhtxhqw

lqyhvwphqw vwudwhjlhv1 Ohw xv vwduw zlwk wkh vhw ri frqvwudlqwv wkdw glvfrxudjh e '

Efc f� � Jlyhq wklv h�ruw fkrlfh/ wkh pdqdjhu grhv qrw uhfhlyh dq| lqirupdwlrq rq wkh

surmhfwv/ r ' Efc f� c dqg pd| fkrrvh dprqj

E_ Efc f�� " iEfc f� Efc �� E�c f� E�c ��j

Vlqfh wkh zdjh frqwudfw lv v|pphwulf _ Efcf� ' Efc �� dqg _ Efc f� ' E�c f� zloo uhvxow lq

wkh vdph h{shfwhg sd|r�/ vr wkdw rqh fdq zulwh grzq wkh iroorzlqj wkuhh frqvwudlqwv=

U�e Ee 9' Efc f�� G

5Lw lv hdvlo| fkhfnhg wkdw wkh frqvwudlqw iru +�>�, lv h{dfwo| wkh vdph dv iru +�> �, dqg lw lv

wkhuhiruh rplwwhg1 Dv iru wkh qrwdwlrq/ lqhtxdolw| vljqv duh xqghuvwrrg wr uhodwh wr wkh wrs olqh1
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.W E��� 2S

E�� � � E2U�

E2� � � dE�� Z�� EU� n Z� EU n-�o n E� � � � dE�� Z�� EU� n Z� EU n-�o

E�� � � 2
�
E�� Z�2� Ef� n 2Z E�� Z�� E-� n Z2� E2-�

�

n2� E�� � � dE� � Z� E� � Z�� Ef� n dE�� Z� Z n E� � Z�Zo� E-� n ZZ� E2-�o

n E� � � �2
�
E�� Z�2� Ef� n 2 E�� Z�Z� E-� n Z2� E2-�

�

Rqh zloo dovr kdyh wr glvfrxudjh vwudwhjlhv wkdw lqyroyh wkh pdqdjhu ehfrplqj

lqiruphg rq rqh ri wkh wzr surmhfwv rqo|/ wkdw lv/ wkh pdqdjhu ehlqj od}| rq rqh

surmhfw/ Eu ' �� � Fohduo|/ wkh frqvwudlqwv glvfrxudjlqj e ' Efc �� dqg e ' E�c f� zloo

eh lghqwlfdo dqg zh fdq irfxv rq e ' E�c f� � Jlyhq wklv h�ruw fkrlfh wkh pdqdjhu zloo

uhfhlyh d vljqdo r " iEZc f� EZcf�j dqg fdq wkhuhiruh frqglwlrq klv lqyhvwphqw ghflvlrq

rq wkh vljqdo uhfhlyhg1 Wkxv/ li e ' E�c f� c vd|/ wkh iroorzlqj vwudwhjlhv duh srvvleoh =
�
_EZcf�
_EZcf�

�
"

�
fc f

fc f

�
c

�
fc f

�c f

�
c

�
�c f

fc f

�
c

�
�c f

�c f

�
�
fc f

fc �

�
c

�
fc f

�c �

�
c

�
�c f

fc �

�
c

�
�c f

�c �

�
�
fc �

fc f

�
c

�
fc �

�c f

�
c

�
�c �

fc f

�
c

�
�c �

�c f

�
�
fc �

fc �

�
c

�
fc �

�c �

�
c

�
�c �

fc �

�
c

�
�c �

�c �

�

Wr looxvwudwh/ dqg iru hdvh ri uhihuhqfh/ ohw xv zulwh rxw wkh frqvwudlqwv dvvrfldwhg

zlwk ghyldwlrqv wr wkhvh vwudwhjlhv h{solflwo|1

Wkh �uvw urz wudqvodwhv lqwr wkh iroorzlqj irxu frqvwudlqwv1

EU�e� Ee 9' E�c f��

.W E��� 2S

E�� � � E2U��S

E2� � � 2� E2U�

n� E�� � �� E2U�

n E� � � �� dE� � Z�� EU� n Z� EU n-�o
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nE� � � �2 dE� � Z�� EU� n Z� EU n-�o� S

E�� � � 2 dE�� Z�� EU� n Z� EU n-�o

n� E�� � � dE�� Z�� EU� n Z� EU n-�o

n E� � � ��� E2U�

n E� � � �2� E2U�� S

Ee� � � 2 dE�� Z�� EU� n Z� EU n-�o

n� E�� � � dE�� Z�� EU� n Z� EU n-�o

n E� � � �� dE� � Z�� EU� n Z� EU n-�o

n E� � � �2 dE� � Z�� EU� n Z� EU n-�o� S

Wkh frqvwudlqwv dvvrfldwhg zlwk wkh vhfrqg urz duh

EU�e� Ee 9' E�c f��

.W E��� 2S

ED� � � 2� E2U�

n� E�� � �� E2U�

n E� � � �� dE� � Z�� EU� n Z� EU n-�o

n E� � � �2 dE� � Z�� EU� n Z� EU n-�o� S

ES� � � 2� E2U�

n� E�� � �� E2U�

n E� � � �� dE� � Z� E� � Z�� Ef� n dE�� Z� Z n E�� Z�Zo� E-� n ZZ� E2-�o

n E� � � �2
�
E�� Z�2� Ef� n 2 E�� Z�Z� E-� n Z2� E2-�

�
� S

E.� � � 2 dE�� Z�� EU� n Z� EU n-�o

n� E�� � � dE�� Z�� EU� n Z� EU n-�o

n E� � � �� dE� � Z�� EU� n Z� EU n-�o

n E� � � �2 dE� � Z�� EU� n Z� EU n-�o� S

EH� � � 2 dE�� Z�� EU� n Z� EU n-�o

n� E�� � � dE�� Z�� EU� n Z� EU n-�o

n E� � � �� dE� � Z� E� � Z�� Ef� n dE�� Z� Z n E�� Z�Zo� E-� n ZZ� E2-�o

n E� � � �2
�
E�� Z�2� Ef� n 2 E�� Z�Z� E-� n Z2� E2-�

�
� S
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Wkh frqvwudlqwv dvvrfldwhg zlwk wkh wklug urz duh

EU�e� Ee 9' E�c f��

.W E��� 2S

Eb� � � 2 dE�� Z�� EU� n Z� EU n-�o

n� E�� � � dE�� Z�� EU� n Z� EU n-�o

n E� � � ��� E2U�

n E� � � �2� E2U�� S

E�f� � � 2 dE�� Z�� EU� n Z� EU n-�o

n� E�� � � dE�� Z�� EU� n Z� EU n-�o

n E� � � �� dE� � Z�� EU� n Z� EU n-�o

n E� � � �2 dE� � Z�� EU� n Z� EU n-�o� S

E��� � � 2
�
E� � Z�2� Ef� n 2Z E�� Z�� E-� n Z2� E2-�

�
n� E�� � � dE�� Z� E�� Z�� Ef� n dE� � Z�Z n E�� Z� Zo� E-� n ZZ� E2-�o

n E� � � ��� E2U�

n E� � � �2� E2U�� S

E�2� � � 2
�
E� � Z�2� Ef� n 2Z E�� Z�� E-� n Z2� E2-�

�
n� E�� � � dE�� Z� E�� Z�� Ef� n dE� � Z�Z n E�� Z� Zo� E-� n ZZ� E2-�o

n E� � � �� dE� � Z�� EU� n Z� EU n-�o

n E� � � �2 dE� � Z�� EU� n Z� EU n-�o� S

Ilqdoo|/ wkhuh duh irxu frqvwudlqwv dvvrfldwhg zlwk ghyldwlrqv wr vwudwhjlhv jlyhq

e| wkh odvw urz1

EU�e� Ee 9' E�c f��

.W E��� 2S

E��� � � 2 dE�� Z�� EU� n Z� EU n-�o

n� E�� � � dE�� Z�� EU� n Z� EU n-�o

n E� � � �� dE� � Z�� EU� n Z� EU n-�o

n E� � � �2 dE� � Z�� EU� n Z� EU n-�o� S

E�e� � � 2 dE�� Z�� EU� n Z� EU n-�o

n� E�� � � dE�� Z�� EU� n Z� EU n-�o
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nE� � � �� dE� � Z� E� � Z�� Ef� n dE�� Z� Z n E�� Z�Zo� E-� n ZZ� E2-�o

n E� � � �2
�
E�� Z�2� Ef� n 2 E�� Z�Z� E-� n Z2� E2-�

�
� S

E�D� � � 2
�
E� � Z�2� Ef� n 2Z E�� Z�� E-� n Z2� E2-�

�
n� E�� � � dE�� Z� E�� Z�� Ef� n dE� � Z�Z n E�� Z� Zo� E-� n ZZ� E2-�o

n E� � � �� dE� � Z�� EU� n Z� EU n-�o

n E� � � �2 dE� � Z�� EU� n Z� EU n-�o� S

E�S� � � 2
�
E� � Z�2� Ef� n 2Z E�� Z�� E-� n Z2� E2-�

�
n� E�� � � dE�� Z� E�� Z�� Ef� n dE� � Z�Z n E�� Z� Zo� E-� n ZZ� E2-�o

n E� � � �� dE� � Z� E� � Z�� Ef� n dE�� Z� Z n E�� Z�Zo� E-� n ZZ� E2-�o

n E� � � �2
�
E�� Z�2� Ef� n 2 E�� Z�Z� E-� n Z2� E2-�

�
� S

Wr hqvxuh wkdw wkh pdqdjhu dffhswv wkh frqwudfw/ wkhuh zloo djdlq eh dq U-�frqvwudlqw1

EU-� G

.W E��� 2S � f

Lw uhpdlqv wr vwdwh wkh olplwhg oldelolw| frqvwudlqwv

E��` � G

� Ef� � fc � EU� � fc � E-� � fc � E2U� � fc � EU n-� � fc� E2-� � f

Wkh rswlpdo frqwudfw lpsohphqwlqj wkh h!flhqw vwudwhj| kdv vl{ frqvwudlqwv elqg0

lqj1 Wkhvh duh � Ef� ' fc � EU� ' fc � E-� ' f dqg EU�e� Ee 9' Efc f�� E�� c E2� c dqg

E�� � Vxevwlwxwlqj wkh elqglqj ��`�frqvwudlqwv lqwr EU�e� Ee 9' Efc f�� E�� c E2� c dqg

E�� rqh kdvG

� 2Z2� E2-� n 2� E� � � �Z� EU n-� n E� � � �2� E2U�� 2S

' � E2U�

' d�Z n E� � � �Zo� EU n-�

'
�
� 2Z2 n 2� E�� � �ZZ n E� � � �2 Z2

�
� E2-�

zklfk rqh fdq vroyh iru wkh forvhg irup vroxwlrq ri wkh uhpdlqlqj zdjhv dv
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� E2-� '
2S

d�Z n E� � � ��o2 ��2

� EU n-� '
�2S

d�Z n E� � � ��o2 ��2

� E2U� '
�22S

d�Z n E� � � ��o2 ��2

zkhuh djdlq/ � ' �Z n E�� � �Z�

Iru d irupdo surri ri wkh rswlpdolw| ri wklv frqwudfw wkh uhdghu lv uhihuuhg wr wkh

surri ri wkh jhqhudo fdvh/ zklfk lv jlyhq lq wkh dsshqgl{1 Ohw xv khuh jlyh vrph lq0

wxlwlrq rq krz wklv frqwudfw zrunv1 Vlqfh EU�e� Ee 9' Efcf�� E�� c E2� c dqg E�� doo krog

zlwk htxdolw|/ wkh pdqdjhu lv pdgh lqgl�huhqw ehwzhhq qrw lqyhvwlqj dw doo/ eolqgo|

lqyhvwlqj lqwr rqh surmhfw/ dqg eolqgo| lqyhvwlqj lqwr erwk surmhfwv/ zkhq kh glg

qrw lqyhvwljdwh dq| ri wkh wzr surmhfwv1 Rqh fdq dovr fkhfn wkdw zkhq � Ef� ' fc

� EU� ' fc � E-� ' fc dqg � E2U� ' �� EU n-� ' �2 � E2-� krogv iru wkh uh0

pdlqlqj zdjhv/ wkh pdqdjhu lv pdgh lqgl�huhqw dv wr zkhwkhu wr eolqgo| lqyhvw ru

qrw/ jlyhq wkdw kh lqyhvwljdwhg rqh ri wkh wzr surmhfwv/ exw glg qrw lqyhvwljdwh wkh

rwkhu> lq whupv ri wkh pdwul{ ri srvvleoh lqyhvwphqw vwudwhjlhv iru e ' E�c f� c rqh

fdq vkrz wkdw hdfk lqyhvwphqw vwudwhj| lq wkh vdph froxpq ri wkdw pdwul{ zloo jlyh

wkh pdqdjhu wkh vdph h{shfwhg zdjh1 Wkxv/ orrnlqj dw wkh frqvwudlqwv dvvrfldwhg

zlwk wkh �uvw froxpq/ wkh UKVv ri EU�e� Ee 9' E�c f�� E�� c ED� c Eb� c dqg E��� doo uhgxfh

wr wkh vdph h{shfwhg xwlolw|1 Olnhzlvh wkh UKVv ri EU�e� Ee 9' E�c f�� E2� c ES� c E�f� c

dqg E�e� duh wkh vdph/ dqg wkh vdph lv wuxh iru wkh wklug froxpq dqg lwv dvvrfldwhg

frqvwudlqwv EU�e� Ee 9' E�c f�� E�� c E.� c E��� c dqg E�D� � Ilqdoo|/ doo ri EU�e� Ee 9' E�c f��

Ee� c EH� c E�2� c dqg E�S� vkduh wkh vdph ydoxh rq wkh UKV1 Wkxv/ zkdwhyhu vwudwhj| wkh

pdqdjhu lv sodqqlqj wr iroorzv iru wkh surmhfw kh ehfrphv lqiruphg rq/ kh lv lqgl�hu0

hqw dv wr lqyhvwlqj ru qrw lqyhvwlqj lqwr wkh surmhfw kh glg qrw orrn dw1 Jrlqj rq iurp

wkhuh/ rqh fdq vhh/ wkdw dprqj wkh ghyldwlrqv lq wkh pdwul{ ri lqyhvwphqw vwudwhjlhv

wkh vwudwhjlhv lq wkh wklug froxpq |lhog wkh kljkhvw sd|r�/ zklfk lv lqwxlwlyh/ vlqfh

wkrvh duh wkh rqhv wkdw vshfli| h!flhqw lqyhvwphqw rq wkh surmhfw wkh pdqdjhu glg

lqyhvwljdwh1 E| vxevwlwxwlqj wkh h{suhvvlrqv iru wkh srvlwlyh zdjhv/ rqh fdq �qdoo|

vkrz wkdw wkhvh ghyldwlrqv ohdyh wkh pdqdjhu zlwk d orzhu h{shfwhg xwlolw| wkhq li kh
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grhv qrw lqyhvwljdwh dq| ri wkh wzr surmhfwv/ e ' Efc f� c dqg khqfh dovr zlwk d orzhu h{

dqwh h{shfwhg xwlolw| wkdq wkh pdqdjhu fdq rewdlq li kh iroorzv wkh h!flhqw vwudwhj|1

Qh{w/ li � Ef� ' fc � EU� ' fc � E-� ' fc dqg � E2U� ' �� EU n-� ' �2 � E2-� c lw lv

hdv| wr vhh wkdw jlyhq wkdw wkh pdqdjhu ehfrphv lqiruphg rq erwk surmhfwv kh lqwhulp

kdv dq lqfhqwlyh wr lqyhvw h!flhqwo|/ vr wkdw wkh EU�_� frqvwudlqwv duh vdwlv�hg1

Wxuqlqj wr wkh ��`�frqvwudlqwv/ rqh fdq vhh zk| � Ef� ' f � EU� ' fc � E-� '

fc dw wkh rswlpxp e| qrwlqj wkdw zkhqhyhu wkhvh zdjhv duh sdlg/ wkh pdqdjhu kdv

uhwxuqhg d }hur uhwxuq rq rqh ri wkh surmhfwv1 D uhwxuq ri }hur lv pruh olnho| wr rffxu

zkhq wkh pdqdjhu kdv ghyldwhg iurp wkh h!flhqw vwudwhj| wkdq xqghu wkh h!flhqw

vwudwhj|1 Wkhuhiruh/ li/ vd|/ � Ef� : f rqh fdq ghfuhdvh � Ef� dqg dw wkh vdph wlph

lqfuhdvh � E2-� lq vxfk d zd| dv wr ohdyh wkh pdqdjhu*v htxloleulxp sd|r� xqfkdqjhg/

exw pdnlqj ghyldwlrqv iurp wkh h!flhqw vwudwhj| ohvv dwwudfwlyh1 Wklv fdq eh dfklhyhg

e| uhgxflqj � Ef� e| vrph 0 � � Ef� dqg lqfuhdvlqj � E2-� e| 0
E�3Z�2

Z
2 � Wkh uhdghu

fdq hdvlo| fkhfn wkdw wklv zloo ohdyh doo frqvwudlqwv vdwlv�hg/ exw zloo uhod{ doo wkrvh

frqvwudlqwv/ lq zklfk � Ef� hqwhuv dv pxowlsolhg e| r�0htxloleulxp frqglwlrqdo sure0

delolwlhv E� � Z�2ru E�� Z� E�� Z� � Olnhzlvh/ li � E-� : f rqh fdq uhgxfh � E-� e|

vrph 0 � � E-� dqg lqfuhdvh � E2-� e| 0
2ZE�3Z�

Z
2 wr ohdyh doo frqvwudlqwv vdwlv�hg/

exw uhod{lqj doo frqvwudlqwv wkdw frqwdlq � E-� suhpxowlsolhg e| r�0htxloleulxp frq0

glwlrqdo suredelolwlhv ri 2 E�� Z� Z ru dE�� Z�Z n E� � Z�Zo1 Ilqdoo|/ li � EU� : f rqh

fdq uhgxfh � EU� e| vrph 0 � � EU� dqg dw wkh vdph wlph lqfuhdvh � EU n-� e| 0E�3Z�
Z

�

Djdlq wklv rshudwlrq zloo ohdyh h{shfwhg zdjhv xqfkdqjhg li wkh pdqdjhu fkrrvhv wkh

h!flhqw vwudwhj|/ exw zloo pdnh ghyldwlrqv ohvv zruwkzkloh/ uhod{lqj doo frqvwudlqwv

zklfk frqwdlq � EU� dv suhpxowlsolhg e| wkh r�0htxloleulxp sdwk suredelolw| E� � Z�

rq wkhlu UKV1

Vlqfh EU�e� Ee 9' Efc f�� E�� lv elqglqj rqh fdq uhdg r� wkh uhqw dffuxlqj wr wkh

pdqdjhu iurp lwv UKV1 Lw lv jlyhq e|

oe?| ' � E2U� '
�22S

d�Z n E� � � ��o2 ��2

Rqh fdq vkrz wkdw

�S

�Z n E�� � ����
n

�S

�Z n E� � � ����
:

�22S

d�Z n E�� � ��o2 ��2
�
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Wklv phdqv wkdw wkh uhqw dulvlqj iurp hpsor|lqj wzr pdqdjhuv/ rqh iru hdfk

surmhfw/ lv kljkhu wkdq wkh uhqw dulvlqj iurp hpsor|lqj rqh pdqdjhu iru erwk surmhfwv1

Lq idfw/ rqh fdq dovr vkrz wkdw6

�S

�Z n E� � � ����
:

�22S

d�Z n E�� � ��o2 ��2

zklfk vd|v wkdw li rqh jlyhv dq dgglwlrqdo surmhfw wr wkh pdqdjhu/ klv lqirupdwlrqdo

uhqw zloo ghfuhdvh1 Wkxv wkh �qdqfldo lqyhvwru fdq lpsohphqw surmhfw lqyhvwljdwlrq

dqg h!flhqw uhhydoxdwlrq pruh fkhdso| e| doorfdwlqj wzr surmhfwv wr rqh pdqdjhu1

Wkh lqwxlwlrq ehklqg wklv lv wkdw/ jlyhq dq| zdjh frqwudfw/ wkh pdqdjhu idfhv d

mrlqw sureohp zkhq kh lv jlyhq wzr surmhfwv1 Wkh pdqdjhu zloo qrw ghflgh zkdw wr gr

rq rqh surmhfw lqghshqghqwo| ri zkdw kh grhv rq wkh vhfrqg surmhfw/ froodsvlqj wkh

vhfrqg surmhfw wr vrph h{shfwdwlrq dqg wkhq zrun rxw zkdw lv rswlpdo iru wkh �uvw1

Udwkhu/ wkhvh ghflvlrqv duh olqnhg1 Vlqfh wkh pdqdjhu zloo pdnh d mrlqw ghflvlrq rq

erwk surmhfwv/ wkh zdjh frqwudfw vkrxog wdnh dffrxqw ri wklv idfw dqg frqglwlrq qrw

rq hdfk ri wkh surmhfw uhwxuqv vhsdudwho| exw rq wkh zkroh yhfwru ri uhwxuqv1 Wkh

rswlpdo frqwudfw grhv mxvw wkdw1 Qrwlfh lq sduwlfxodu/ wkdw xqghu wkh rswlpdo frqwudfw

wkh pdqdjhu uhfhlyhv d }hur zdjh zkhqhyhu wkh uhwxuq rq dq| rqh ri wkh wzr surmhfwv

lv }hur/ wkdw lv zkhqhyhu wkh yhfwru ri uhwxuqv frqwdlqv d f1 Rq wkh rwkhu kdqg/ zdjhv

duh srvlwlyh dqg lqfuhdvlqj lq wkh qxpehu ri wlphv wkh yhfwru frqwdlqv dq -�

Wkxv wkh pdqdjhu lv sxqlvkhg dqg uhzdughg qrw rq wkh edvlv ri klv dyhudjh shu0

irupdqfh exw xvlqj erwk uhwxuq revhuydwlrqv lq d sduwlfxodu zd|1 Wr vhh zk| wklv

khosv uhgxflqj wkh uhqw/ uhfdoo wkdw lq wkh rqh0surmhfw fdvh wkh pdqdjhu zdv sxqlvkhg

dqg uhfhlyhg d zdjh ri }hur rqo| li kh uhwxuqhg d }hur jurvv uhwxuq rq wkh surmhfw/ exw

zdv sdlg srvlwlyh zdjhv iru uhwxuqv ri U ru -� Li wkh pdqdjhu kdv wzr surmhfwv/ kh lv

uhzdughg pruh kljko| zkhq wkh uhwxuq yhfwru grhv qrw frqwdlq d }hur/ exw sxqlvkhg

zlwk d }hur zdjh zkhqhyhu kh uhwxuqv }hur rq dq| rqh ri wkh surmhfwv/ hyhq li rq wkh

rwkhu surmhfw kh uhwxuqv U ru -� Wkxv zlwk wzr surmhfwv rqh fdq sxvk wkh pdqdjhu*v

zdjh grzq wr wkh olplwhg oldelolw| frqvwudlqw pruh riwhq1 Dqrwkhu zd| ri vhhlqj wklv lv

wr vd| wkdw zlwk wzr surmhfwv/ vlqfh zdjhv iru d uhwxuq yhfwru frqwdlqlqj d f�r duh }hur

dqg zdjhv iru d yhfwru frqwdlqlqj U �r dqg -�r duh sxvkhg xs wr frpshqvdwh/ wkhuh lv

d juhdwhu vsuhdg ehwzhhq wkh srvlwlyh zdjhv dqg }hur1 Wkh pdqdjhu kdv pruh wr orvh

6Iru d surri wkh uhdghu lv uhihuuhg wr vhfwlrq 8 ehorz1
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zkhq kh ghyldwhv/ zklfk zloo pdnh lw hdvlhu wr surylgh lqfhqwlyhv iru wkh pdqdjhu wr

fkrrvh wkh h!flhqw vwudwhj|1

Hyhq zkhq wkh rswlpdo frqwudfw lv xvhg wr lpsohphqw wkh h!flhqw vwudwhj|/ wkh

pdqdjhu vwloo uhfhlyhv d srvlwlyh uhqw/ vr wkdw wkh �qdqfldo lqyhvwru pd| qrw �qg lw lq

klv lqwhuhvw wr lpsohphqw wkh h!flhqw vwudwhj| rq wkh wzr surmhfwv1 Wklv zloo eh wkh

fdvh/ zkhqhyhu

�Z- n E�� � � U � S�
�2S

d�Z n E�� � ��o2 ��2
	 4@ iUc �Z- n E�� � � Z-j

Qrwlfh wkdw wkh �qdqfldo lqyhvwru zloo qhyhu lpsohphqw wkh h!flhqw vwudwhj| rq

rqh surmhfw rqo| dqg hlwkhu eolqg lqyhvwphqw ru qr lqyhvwphqw rq wkh rwkhu surmhfw1

Zkloh erwk eolqg lqyhvwphqw dqg qr lqyhvwphqw fdq eh lpsohphqwhg dw d }hur zdjh/

li h!flhqw lqyhvwphqw lv lpsohphqwhg rq rqh surmhfw rqo|/ wklv lv rswlpdoo| grqh e|

xvlqj wkh frqwudfw iru wkh rqh0surmhfw fdvh1 Wklv zloo krzhyhu lqyroyh dq hyhq odujhu

uhqw wkdq lpsohphqwlqj h!flhqw lqyhvwphqw rq erwk surmhfwv/ vlqfh

�S

�Z n E� � � ����
:

2�2S

d�Z n E�� � ��o2 ��2

Wkxv h!flhqw lqyhvwphqw lv lpsohphqwhg hlwkhu rq erwk surmhfwv ru rq qrqh ri

wkhp1 Lq wkh odwwhu fdvh/ hlwkhu eolqg lqyhvwphqw ru qr lqyhvwphqw lv lpsohphqwhg rq

erwk surmhfwv ghshqglqj rq zklfk lv pruh sur�wdeoh1

81 Jhqhudo fdvh/ Q surmhfwv shu pdqdjhu

Ohw xv qrz surfhhg wr dqdo|}h wkh jhqhudo sureohp ri lpsohphqwlqj wkh h!flhqw

vwudwhj| zkhq wkh pdqdjhu lv jlyhq � surmhfwv1 Uhfdoo wkdw wkh �qdqfldo lqyhvwru*v

sureohp fdq eh zulwwhq grzq dv

4@ 
�Eu�

. dh5 � � Eh5� m hr ' hZc _ ' _W EhZ�o

v1w1

EU�_� G

. d� Eh5� m r ' Zc _ ' _W EZ�o �

. d� Eh5� m r ' Zc _ ' _ EZ�o ;Zc;_ E��
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rqo| wkhlu h{shfwhg vxffhvv suredelolw|1 Wkh �qdqfldo lqyhvwru zdqwv wkh pdqdjhu wr

ehfrph lqiruphg rq doo surmhfwv/ u ' fc dqg wkhq wr lqyhvw h!flhqwo|1 Wkh pdqdjhu*v

h{shfwhg xwlolw| iurp wklv zloo wkhuhiruh kdyh wr eh juhdwhu wkdq wkh xwlolw| iurp

dq| rwkhu h�ruw fkrlfh u ' �c ��c � dqg dq| vxevhtxhqw lqyhvwphqw vwudwhj|/ EU�e�1

Odvwo|/ wklv h{shfwhg xwlolw| pxvw eh juhdwhu wkdq }hur/ EU-� � Wkh zdjh frqwudfw wkdw

rswlpdoo| lpsohphqwv wkh h!flhqw vwudwhj| fdq wkhq eh fkdudfwhul}hg dv iroorzv1

Sursrvlwlrq 41 ;�c;�c Sc Zc Zc r�|� Z : Zc S wkh iroorzlqj frqwudfw rswlpdoo| lpsoh0

phqwv wkh h!flhqw vwudwhj|=

d,

� E&c� �g� ' f ;& 	 gc ;g ' fc ��c�

e,

� Egc� �g� '
��3g�S

d�Z n E�� � ��o� ���
;g ' fc ���

��eoe � ' �Z n E� � � �Z�

Sduw d, ri wkh sursrvlwlrq vd|v wkdw wkh pdqdjhu rswlpdoo| uhfhlyhv d }hur zdjh

zkhqhyhu wkh uhwxuq rq dq| ri wkh surmhfwv lv }hur1 Wkh lqwxlwlrq lv wkdw vxfk dq

hyhqw lv pruh olnho| wr rffxu zkhq wkh pdqdjhu ghyldwhg wkdq zkhq kh lqyhvwhg h!0

flhqwo|1 Lq sduwlfxodu/ dvvxph wkdw wkh pdqdjhu kdv ghflghg wr lqyhvw rq g surmhfwv

exw qrw wr lqyhvw rq � �g surmhfwv1 Rq wkh htxloleulxp sdwk doo ri wkh g surmhfwv

zloo kdyh kdg d frqglwlrqdo vxffhvv suredelolw| ri Zc wkdw lv wkh g�yhfwru ri vxffhvv

suredelolwlhv iru wkrvh surmhfwv zrxog kdyh ehhq ZW
g

' EZc ���c Z� � R� wkh htxlole0

ulxp sdwk/ krzhyhu/ wkh pdqdjhu pd| vrphwlphv lqyhvw lqwr g surmhfwv hyhq wkrxjk

wkh yhfwru ri vxffhvv suredelolwlhv iru wkh g surmhfwv lv Z�

g
9' ZW

g
c wkdw lv zkhq

wklv yhfwru frqwdlqv rqh ru pruh Z�r� Wklv zloo rffxu zkhq wkh pdqdjhu lqyhvwv lqwr

surmhfwv kh nqrzv wr eh edg/ exw dovr zkhq wkh pdqdjhu lqyhvwv eolqgo| lqwr edg

surmhfwv1 Erwk rq dqg r� wkh htxloleulxp sdwk wkh pdqdjhu zloo uhfhlyh d zdjh

� " i� Efc� �g� c � E�c� �g� ���c� Egc� �g�j c ghshqglqj rq krz pdq| -�r kh

uhwxuqv1 Lw lv vkrzq lq wkh dsshqgl{/ wkdw

@W

KW
'

�h d� ' � Egc� �g� m ZW

g
o

�h d� ' � E&c� �g� m ZW

g
o
:

�h d� ' � Egc� �g� m Z�
g
o

�h d� ' � E&c� �g� m Z�

g
o
'
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Dovr/ jlyhq sduw d, ri wkh sursrvlwlrq wkh EU�_� frqvwudlqwv uhgxfh wr

� Egc� �g� � Z� Eg n �c� �g � �� ;g ' fc ��c � � �

Z� Egc� �g� � � Eg � �c � �g n �� ;g ' �c ��c �

zkhuh wkh �uvw frqvwudlqw glvfrxudjhv ryhulqyhvwphqw zkloh wkh vhfrqg iruhvwdoov xq0

ghulqyhvwphqw1 Erwk duh fohduo| phw zkhq � Egc� �g� ' �� Eg n �c � �g � ��

dv xqghu wkh vfkhgxoh jlyhq lq sduw e, ri wkh sursrvlwlrq/ vr wkdw wkh pdqdjhu lqwhulp

kdv dq lqfhqwlyh wr lqyhvw h!flhqwo|1

Iurp wkh elqglqj U�e�frqvwudlqwv rqh fdq uhdg r� wkh vl}h ri wkh uhqw dffuxlqj

wr wkh pdqdjhu1 Lw lv

o� ' � Efc �� '
���S

d�Z n E� � � ��o� ���

Ehiruh zh dqdo|}h wklv h{suhvvlrq/ ohw xv pdnh wkh iroorzlqj

Uhpdun 41 = Iru � � 2c wkh rswlpdo zdjh vfkhgxoh zloo lq jhqhudo qrw eh prqrwrqh

dqg zloo wkxv eh qhlwkhu frqfdyh qru frqyh{ lq djjuhjdwh +ru dyhudjh, uhwxuqv1

Surri =� E� � �cf� ' f 	 � Efc �� c exw E� � ��- : �U iru Q odujh hqrxjk1

Qrwlfh wkdw wklv douhdg| shuwdlqv wr wkh fdvh ri � ' 2c zkhuh zh irxqg � E-� ' f

dqg � E2U� : fc zkhuhdv lw pd| zhoo eh wkdw - : 2U� Wklv lv lq frqwudvw wr wkh

edvlf sureohp/ zkhuh zh irxqg d prqrwrqh zdjh vfkhgxoh/ dqg lv lq frqwudvw dovr wr

prvw uhvxowv irxqg lq wkh olwhudwxuh +h{fhswlrqv lqfoxgh Lqqhv +4<<3,,1 Khuh/ wkh qrq0

prqrwrqlflw| uhvxowv iurp wkh lqwhusod| ehwzhhq sduwv d, dqg e, ri wkh sursrvlwlrq1

Dv orqj dv wkh pdqdjhu suhvhqwv d yhfwru wkdw frqwdlqv rqo| U �r dqg -�rc wkh zdjh lv

lqfuhdvlqj pruh wkdq sursruwlrqdwho| lq wkh qxpehu ri -�r� Krzhyhu/ zkhqhyhu wkh

yhfwru frqwdlqv rqh ru pruh f�r/ wkh zdjh gursv grzq wr }hur1 Zkloh wklv vfkhph zloo

surylgh wkh uljkw lqfhqwlyhv iru dq| jlyhq qxpehu ri surmhfwv/ rqh fdq vkrz wkdw lw

zrunv ehwwhu dv wkh qxpehu ri surmhfwv ulvhv1 Wkxv rqh fdq gh�qh i��j
"

�'�
wr eh wkh

vhtxhqfh ri rswlpdo frqwudfwv dv vshfl�hg lq Sursrvlwlrq 4 dqg wkhq gh�qhio�j
"

�'�
dv

wkh vhtxhqfh ri dvvrfldwhg uhqwv1 Dqdo|}lqj wklv vhtxhqfh rqh duulyhv dw wkh iroorzlqj

Fruroodu| 51 = Wkh vhtxhqfh ri uhqwv io�j
"

�'�
lv

5:



d, r|o�S|,+ _eSoe@r�?}/ o� : o�n� @?_

e, SJ?�eo}�?} |J 5eoJ/ *�4
�<"

o� ' f

Surri = Wr suryh sduw d, rqh zulwhv grzq wkh lqhtxdolw| lq whupv ri lwv h{solflw

h{suhvvlrqv/

���S

d�Z n E�� � ��o� ���
:

��n� E� n �� S

d�Z n E� � � ��o�n� ���n�
c

Ohwwlqj ( � d�Z n E�� � ��o c fdqfhoolqj frpprq whupv dqg uhduudqjlqj rqh jhwv

�
�
(�n� ���n�

�
: E� n ��

�
(� ���

�
�

ru

g E(� � �
�
(�n� ���n�

�
� E� n ��

�
(� ���

�
� : f

Wr vhh wkdw wklv pxvw krog/ rqh qhhgv wr qrwh rqo| wkdw g E�� ' f dqg wkdw

Yg E(�

Y(
' E� n ���(� � E� n ���(�3�� : f

vlqfh ( : ��

Wr suryh sduw e, rqh suryhv *�4
�<"

�

o�
' 4c zklfk lv htxlydohqw wr *�4

�<"

o� ' fc

vlqfh o� : f ;�� Exw vlqfh

�

o�
'
(� ���

���S
'

�

�S

�
(

�

�
�

�
�

�S

�
�

�

�
�

rqh lpphgldwho| kdv *�4
�<"

�

o�
'4n f '4c djdlq xvlqj wkdw ( : ��

Wkh uhvxow wkdw wkh uhqw dffuxlqj wr wkh pdqdjhu lv ghfuhdvlqj dv kh lv dvvljqhg

pruh dqg pruh surmhfwv dqg wkdw lw zloo ydqlvk lq wkh olplw fdq eh wdnhq wr surylgh

d udwlrqdoh iru �up0ohyho glyhuvl�fdwlrq1 Rqh lpphgldwh lpsolfdwlrq ri wkh idfw wkdw

wkh uhqw lv vwulfwo| ghfuhdvlqj zlwk � zh zdqw wr vwdwh dv wkh iroorzlqj

Fruroodu| 61 Iru � odujh hqrxjk wkh �qdqfldo lqyhvwru zloo zdqw wr lpsohphqw wkh

h!flhqw vwudwhj|1

Wr vhh wklv/ qrwh wkdw vlqfh

�Z-n E� � � � U � S : 4@ iUc �Z-n E� � � �Z-j
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wkhuh h{lvwv d vpdoohvw qxpehu ri surmhfwv �c vxfk wkdw iru doo � � �

�Z-n E� � � � U � S�
��S

(� ���
� 4@ iUc �Z- n E� � � �Z-j

vr wkdw lw zloo hyhqwxdoo| ehfrph sur�wdeoh wr lpsohphqw wkh h!flhqw vwudwhj|/ udwkhu

wkdq qr lqyhvwphqw ru eolqg lqyhvwphqw rq doo surmhfwv1 Qrwlfh wkdw/ iru dq| �

hlwkhu wkh h!flhqw vwudwhj|/ ru qr lqyhvwphqw ru eolqg lqyhvwphqw lv lpsohphqwhg rq

doo surmhfwv1 Jlyhq wkh pdqdjhu kdv � surmhfwv/ wkh �qdqfldo lqyhvwru zloo qhyhu

lpsohphqw wkh h!flhqw vwudwhj| rq d vxevhw ri �
�

	 � surmhfwv dqg eolqg lqyhvwphqw

ru qr lqyhvwphqw rq wkh uhpdlqlqj surmhfwv/ vlqfh wklv lv rswlpdoo| grqh e| xvlqj wkh

frqwudfw �
�

� iru wkh surmhfwv rq zklfk wkh h!flhqw vwudwhj| lv wr eh lpsohphqwhg

dqg e| sd|lqj d }hur zdjh rq wkh uhpdlqlqj surmhfwv1 Wklv zloo lqyroyh d kljkhu

uhqw wkhq lpsohphqwlqj wkh h!flhqw vwudwhj| rq doo surmhfwv xvlqj �� � Wkxv/ iru dq|

�cwkh h!flhqw vwudwhj| zloo eh lpsohphqwhg rq doo surmhfwv ru rq qrqh ri wkhp1 Iru

� � � lw zloo eh lpsohphqwhg rq doo surmhfwv1 Li � : �c wkhq iru � 	 �c hlwkhu

eolqg lqyhvwphqw ru qr lqyhvwphqw lv lpsohphqwhg rq doo surmhfwv ghshqglqj rq zklfk

ri �Z- n E�� � � Z- dqg U lv odujhu1 Erwk fdq eh lpsohphqwhg dw d }hur zdjh1

Lpsohphqwlqj qr lqyhvwphqw lv ri frxuvh htxlydohqw wr qrw �qdqflqj wkh surmhfwv1

Qrwlfh wkhuhiruh/ wkdw lw lv srvvleoh lq wklv prgho wkdw vpdoo �upv zloo qrw eh �qdqfhg/

zkhuhdv odujh �upv dozd|v zloo1

Lq idfw/ ri frxuvh/ vlqfh wkh uhqw iurp lpsohphqwlqj wkh h!flhqw vwudwhj| rq doo

surmhfwv lv ghfuhdvlqj dqg frqyhujlqj wr }hur/ lq wklv edvlf prgho wkh rswlpdo �up

vl}h lv lq�qlwh1 Dprqj rwkhu wklqjv/ wklv lv gxh wr wkh vlpsoli|lqj dvvxpswlrq/ wkdw

wkh pdqdjhu*v h�ruw hqgrzphqw lv xqerxqghg dqg wkdw h�ruw frvwv lqfuhdvh olqhduo|

zlwk wkh qxpehu ri surmhfwv1 Wkhvh lvvxhv zloo eh orrnhg dw pruh forvho| lq wkh qh{w

vhfwlrq1

Iluvw/ krzhyhu/ ohw xv uhlwhudwh wkh edvlf lqwxlwlrq iru zk| �up0ohyho glyhuvl�fdwlrq

lv ehqh�fldo lq rxu vhwxs1 Lw lv qrw/ dv lq Durq +4<;;, gxh wr wkh idfw wkdw glyhuvl�fdwlrq

surylghv dgglwlrqdo lqghshqghqw vljqdov ri wkh pdqdjhu*v h�ruw fkrlfh1 Dovr/ lw vkrxog

eh qrwhg wkdw lw grhv qrw h{sorlw wkh odz ri odujh qxpehuv dv lq wkh wkhru| ri �qdqfldo

lqwhuphgldwlrq gr wkh prghov ri Gldprqg +4<;7, dqg Zlooldpvrq +4<;9,1 Wkhuh wkh

uhvxow wkdw wkh rswlpdo vl}h ri dq lqwhuphgldu| lv lq�qlwh lv ghulyhg e| xvlqj wkh

idfw wkdw li wkh edqn h{huwv prqlwrulqj h�ruw/ wkh prqlhv uhfhlyhg shu �up fhdvh

5<



wr eh vwrfkdvwlf dv wkh edqn wdnhv rq dq lq�qlwh qxpehu ri �upv1 Khuh/ zkloh d

frqwudfw wkdw glg h{sorlw wkh odz ri odujh qxpehuv lq d vlpsoh idvklrq +h1j1 e| jlylqj

wkh pdqdjhu d fhuwdlq uhwxuq wdujhw, pd| zrun zhoo hqrxjk lq wkh olplw/ lw zrxog

qrw eh deoh wr lpsohphqw h!flhqw fkrlfhv e| wkh pdqdjhu iru d �qlwh qxpehu ri

surmhfwv1 Wklv/ krzhyhu/ lv dfklhyhg wkurxjkrxw e| wkh rswlpdo frqwudfw zklfk zh

ghulyhg deryh1 Wkh uhdvrq zk| wkh uhqw ghfuhdvhv zkhq wkh pdqdjhu lv jlyhq pruh

surmhfwv lv wkdw jlyhq dq| zdjh frqwudfw wkh pdqdjhu pdnhv mrlqw ghflvlrq rq zkdw

wr gr zlwk wkh surmhfwv1 Zkdw kh grhv rq rqh surmhfw lv qrw lqghshqghqw ri zkdw

kh grhv rq wkh vhfrqg1 Wkh rswlpdo frqwudfw wdnhv wklv lqwr dffrxqw dqg frqglwlrqv

rq wkh yhfwru ri surmhfw uhwxuqv lq d sduwlfxodu zd|1 Lq rxu fdvh zh kdyh dvvxphg

wkdw olplwhg oldelolw| lv wkh vrxufh ri wkh frqwudfwlqj sureohp/ l1h1 wkh idfw wkdw rqh

fdqqrw lpsrvh xqerxqghg sxqlvkphqw rq wkh pdqdjhu wr jlyh klp lqfhqwlyhv1 Wkxv/

zkhq wkh pdqdjhu lv jlyhq rqh surmhfw/ kh lv sxqlvkhg zlwk d }hur zdjh rqo| li kh

uhwxuqv }hur rq wkh surmhfw dqg kh lv sdlg pruh wkdq }hur li kh uhwxuqv U� Orrnlqj

edfn dw wklv edvlf sureohp rqh vhhv wkdw wkh Qrq0qhjdwlyh0zhdowk frqvwudlqw lv lqghhg

uhvsrqvleoh iru wkh pdqdjhu uhfhlylqj d uhqw1 Zlwkrxw lw/ rqh frxog �qg � Ef� 	 f/

� E-� : fc dqg � EU� ' f wkdw vdwlvi| doo frqvwudlqwv dqg ohdyh wkh pdqdjhu zlwk dq

h{shfwhg zdjh htxdo wr klv h�ruw frvw1 Zkhq wkh pdqdjhu kdv pruh surmhfwv/ kh vwloo

lv surwhfwhg e| wkh ��`� frqvwudlqw/ vr wkdw d zdjh ri }hur lv vwloo wkh zruvw rqh

fdq gr wr wkh pdqdjhu1 Krzhyhu/ wklv sxqlvkphqw fdq qrz eh xvhg pruh dqg pruh

riwhq/ dv wkh pdqdjhu jhwv }hur zkhqhyhu kh uhwxuqv }hur rq dq| rqh ri wkh surmhfwv kh

vxshuylvhv1 Wklv doorzv � Efc �� wr vkulqn grzq wr }hur dv� ehfrphv odujh1 Wkxv/ rqh

fdq wklqn ri wkh glyhuvl�fdwlrq h�hfw dv frplqj derxw wkurxjk �uhod{lqj� wkh olplwhg

oldelolw| frqvwudlqw1 Dqrwkhu zd| ri ylhzlqj lw/ zrxog eh wr vd|/ wkdw glyhuvl�fdwlrq

uhod{hv wkh dvvxpswlrq wkdw wkh pdqdjhu lv hqgrzhg zlwk }hur zhdowk1 Wkh lqfhqwlyh

sureohp zrxog qrw dulvh/ li wkh pdqdjhu frxog �qdqfh wkh surmhfw klpvhoi/ dqg zrxog

eh plwljdwhg li kh frxog sxw lq dw ohdvw vrph lqvlgh htxlw|1 Zkhq wkh pdqdjhu kdv

pruh surmhfwv/ wkh pdqdjhu*v h{shfwhg frpshqvdwlrq iru klv h�ruw frvw fdq dfw dv

d vxevwlwxwh iru lqvlgh htxlw|/ vlqfh kh vwdqgv wr orvh lw li kh ghyldwhv iurp h!flhqw

ghflvlrqv11
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91 H{whqvlrqv

9141 Erxqghg h�ruw hqgrzphqw

Wkh dvvxpswlrq pdgh wkurxjkrxw lq wkh dqdo|vlv lv wkdw wkh pdqdjhu kdv dq xq0

erxqghg h�ruw hqgrzphqw vr wkdw rqh pdqdjhu fdq kdqgoh dq| qxpehu ri surmhfwv1

Wklv pd| eh d udwkhu erog dvvxpswlrq71 Rqh pljkw wklqn wkdw uhod{lqj lw zloo jlyh

xv dq xsshu erxqg rq wkh �up vl}h1 Ohw dq| pdqdjhu*v hqgrzphqw eh .� Wkhq li

rqh lv frqvwudlqhg wr hpsor| rqh pdqdjhu/ wkh �up vl}h zloo eh erxqghg e| � ' .�

Krzhyhu/ rqh pljkw dovr eh deoh wr r�hu d frqwudfw dv vshfl�hg deryh wr d frdolwlrq

ri pdqdjhu1 Frqvlghu wkh h{wuhph fdvh zkhuh . ' �c vr wkdw rqh pdqdjhu fdq dw

prvw kdqgoh rqh surmhfw1 Li rqh zhuh wr r�hu wkh zdjh frqwudfw iru � surmhfwv wr d

frdolwlrq ri � pdqdjhuv/ dqg wkh djjuhjdwh zdjh frphv vxevhtxhqwo| wr eh vkduhg

htxdoo| e| doo pdqdjhuv/ wkhq li rqh dvvxphv wkdw hdfk pdqdjhu fdq frvwohvvo| prql0

wru wkh h�ruw fkrlfh/ lqirupdwlrq dqg lqyhvwphqw ghflvlrq ri rqh rwkhu pdqdjhu/ wkh

frdolwlrq zloo dffhsw wkh frqwudfw dqg hqirufh wkh h!flhqw vwudwhjlhv rq hdfk ri wkh

� surmhfwv1 Lw lv hdv| wr vhh wkhq/ wkdw xqghu wklv duudqjhphqw wkh rswlpdo vl}h ri

d �up lv djdlq lq�qlwh1 Qrwh krzhyhu/ wkdw zkloh zh lpsolflwo| dvvxphg wkdw lw lv

surklelwlyho| frvwo| iru d �qdqfldo lqyhvwru wr prqlwru d pdqdjhu/ wkh rswlpdolw| ri

wkh duudqjhphqw ghvfulehg deryh uholhv rq prqlwrulqj ehlqj frvwohvv lqvlgh wkh �up1

Zkloh rqh fdq wklqn ri wkhruhwlfdo uhdvrqv zk| wklv pljkw eh vr/ d glvfxvvlrq ri wkhp

lv eh|rqg wkh vfrsh ri wklv h{whqvlrq81

9151 H�ruw frvw d ixqfwlrq ri Q

D vwudljkwiruzdug h{whqvlrq ri wkh edvlf prgho lv wr pdnh wkh h�ruw frvw shu surmhfw d

ixqfwlrq ri �� Wkxv lqvwhdg ri d shu surmhfw frvw S rqh qrz kdv S E�� � Dq dvvxpswlrq

wkdw S E�� lv lqfuhdvlqj lq � pd| eh mxvwl�hg e| ryhukhdgv lqfuhdvlqj pruh wkdq

sursruwlrqdwho| zlwk �� Rqh pd| dovr wklqn wkdw/ li wkhuh lv d frdolwlrq ri pdqdjhuv/

dv � ulvhv/ lw pd| ehfrph pruh dqg pruh frvwo| wr hqirufh dq lqwhuqdo prqlwrulqj

vfkhph dv rxwolqhg lq wkh suhylrxv vhfwlrq1 Iru dq| ri wkhvh uhdvrqv ohw xv dvvxph

7
Lw kdv ri frxuvh ehhq pdgh lq wkh olwhudwxuh ehiruh/ fi1 h1j1 Gldprqg +4<;7,

8Dq hpslulfdo fdvh lq srlqw pd| eh Jhupdq frusrudwh odz/ xqghu zklfk iru odujh frpsdqlhv d
jurxs ri fklhi pdqdjhuv lv dqqxdoo| khog uhvsrqvleoh e| vkduhkroghuv iru wkh shuirupdqfh ri wkh �up1
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wkdw S E�� lv dq lqfuhdvlqj vhtxhqfh zklfk lv xqerxqghg deryh1 Vlqfh wkh zdjh

vfkhgxoh r�huhg lq wkh pdlq wh{w lv olqhdu lq S/ iru dq| � wkh rswlpdo zdjh vfkhgxoh

lpsohphqwlqj eR ' � dqg _R EZ� ' f dqg _R EZ� ' � fdq eh irxqg e| uhsodflqj S

hyhu|zkhuh e| S E�� � Dvvxplqj wkdw wkh pdqdjhu*v wdvn ri uhhydoxdwlqj wkh surmhfw

lv qhfhvvdu| iru wkh surmhfw wr eh sur�wdeoh/ wkh frqglwlrq iru lw wr eh sur�wdeoh wr

lpsohphqw h!flhqw lqyhvwphqw lv

d�Z- n E�� � � Uo� U � S E���
�
�
S E��

(� ���
� f

Fohduo|/ wkhq xqghu wkh dvvxpswlrqv pdgh wkh rswlpdo �up vl}h pxvw eh �qlwh= hyhq

li �� SE��
(�3��

zhuh wr frqyhujh wr }hur/ wkh lqfuhdvlqj frvwv hqvxuh wkdw wkh OKV zloo

hyhqwxdoo| ehfrph qhjdwlyh dqg vwd| qhjdwlyh iru odujhu ��

:1 Frqfoxvlrq

Lq dq hqylurqphqw wkdw h{klelwv erwk prudo kd}dug dqg dgyhuvh vhohfwlrq rq wkh sduw

ri wkh pdqdjhu zh kdyh ehhq deoh wr fkdudfwhul}h wkh rswlpdo frqwudfw lpsohphqwlqj

wkh h!flhqw lqyhvwphqw uxoh zkhq wkh qxpehu ri surmhfwv zlwk uhvshfw wr zklfk erwk

lqirupdwlrq dv|pphwulhv shuwdlq lv duelwudu|1 Zh kdyh irxqg wkdw lqfuhdvlqj wkh

qxpehu ri surmhfwv khosv wr doohyldwh wkh lqfhqwlyh sureohp ehwzhhq �qdqfldo lqyhvwru

dqg pdqdjhu1 Zlwk pruh surmhfwv wkh �qdqfldo lqyhvwru lv deoh wr surylgh wkh uljkw

lqfhqwlyhv pruh fkhdso|1 Wkh uhdvrq lv wkdw wkh rswlpdo frqwudfw frqglwlrqv rq wkh

yhfwru ri uhwxuqv udwkhu wkdq hdfk uhwxuq revhuydwlrq vhsdudwho|/ h{sorlwlqj wkh idfw

wkdw wkh pdqdjhu pdnhv mrlqw ghflvlrqv1 Wkh rswlpdo frqwudfw fkdqjhv vxfk wkdw

zkhq wkh pdqdjhu lv dvvljqhg pruh surmhfwv/ kh lv pruh dqg pruh xqolnho| wr uhfhlyh

odujhu dqg odujhu srvlwlyh uhzdugv dqg pruh dqg pruh olnho| wr eh sxqlvkhg zlwk d

}hur zdjh1 Iru dq| �{hg �c wkh pdqdjhu lv uhzdughg kljko| zkhq doo surmhfwv wxuq

rxw U ru -c zkloh kh uhfhlyhv qrwklqj zkhq kh uhwxuqv d f� Zkloh wklv pd| vhhp d

yhu| vwdun suhglfwlrq/ dqg pd| dw �uvw vljkw qrw vhhp wr vtxduh zlwk frqwudfwv zh

vhh lq uhdolw|/ rqh fdq dujxh wkdw zkdw wkh rswlpdo frqwudfw lv vxjjhvwlqj kdv vrph

lqwxlwlyh dsshdo1 Li d pdqdjhu lv lq fkdujh ri surmhfw vhohfwlrq dqg klv uroh lv wr vsrw

edg surmhfwv/ wkhq zh zrxog h{shfw wkh pdqdjhu wr uhfhlyh uhodwlyho| olwwoh zkhq rqh

surmhfw wxuqv rxw edgo|/ hyhq wkrxjk ryhudoo wklqjv duh jrlqj �qh1 D vlplodu lghd
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fdq eh irxqg lq wkh wkhru| ri whdpv/ zkhuh whdp phpehuv duh sdlg zlwk uhihuhqfh wr

wkhlu uhodwlyh shuirupdqfh dv frpsduhg zlwk wkh dyhudjh91 Wkhuh/ krzhyhu/ wkh uhvxow

lv suhglfdwhg rq wkh dvvxpswlrq wkdw wkh qrlvh lv fruuhodwhg dfurvv whdp phpehuv/

zkhuhdv rxu uhvxow krogv lq d zruog ri vwrfkdvwlfdoo| lqghshqghqw surmhfwv wkdw ehfrph

olqnhg rqo| ehfdxvh d ghflvlrq lv pdgh rq doo ri wkhp mrlqwo|1 Rxu uhvxowv dovr vxjjhvwv

wkdw pdqdjhuv ri odujh �upv rxjkw wr eh uhzdughg pruh kljko|/ qrw rqo| ehfdxvh wkhlu

mre suhvxpdeo| wdnhv pruh h�ruw/ exw dovr ehfdxvh wkh| ehdu pruh �uhvsrqvlelolw|�

lq fkrrvlqj dprqj d odujh qxpehu ri srwhqwldo surmhfwv1 Wkhq/ krzhyhu/ li wklqjv

jr zurqj zlwk rqh ri wkh surmhfwv/ wkh pdqdjhu rxjkw dovr eh irufhg wr wdnh wkdw

uhvsrqvlelolw| dqg eh jlyhq olwwoh li dq| uhzdugv1 Qrwlfh wkdw vkduhv dqg rswlrqv pd|

zhoo frph edfn lqwr wkh slfwxuh zkhq rqh wulhv wr lpsohphqw vxfk d vfkhph1 D

sdfndjh ri vkduhv dqg rswlrqv fdq hdvlo| eh xvhg wr jhqhudwh d vdodu| wkdw lv pruh

wkdq sursruwlrqdwho| lqfuhdvlqj lq frpsdq| uhwxuqv1 Wklv sdfndjh kdv/ krzhyhu/ wr

eh exqgohg zlwk wkh wkuhdw ri ehlqj vdfnhg dqg orvlqj doo wkhvh ehqh�wv dowrjhwkhu wr

nhhs wkh pdqdjhu iurp ryhulqyhvwlqj lqwr edg surmhfwv1 Rqh hpslulfdo lpsolfdwlrq ri

vxfk d uhlqwhusuhwdwlrq zrxog eh wkdw zh rxjkw wr revhuyh odujh dqg glyhuvl�hg �upv

wr kdyh d kljkhu wxuqryhu ri fklhi h{hfxwlyh r!fhuv wkdq vpdoo dqg xqglyhuvl�hg �upv1

9fi1 Kropvwurp +4<;5,
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Dsshqgl{
D Gluhfw Uhyhodwlrq Phfkdqlvp

Wklv vhfwlrq zloo dqdo|}h d gluhfw uhyhodwlrq phfkdqlvp lpsohphqwlqj h!flhqw

lqyhvwphqw iru � ' ��

Ohw xv dvvxph wkdw wkh pdqdjhu fdq pdnh dq dqqrxqfhphqw derxw wkh vljqdo kh

uhfhlyhg/ eZ" iZc Zc fj � Ohw xv dovr ylhz wkh lqyhvwphqw ghflvlrq dv frqwudfwleoh/ vr wkdw

wkh frqwudfw fdq vshfli| wkh lqyhvwphqw ghflvlrq wr eh pdgh jlyhq wkh dqqrxqfhg

vljqdo1 _ EeZ� G iZc Zc fj $ ifc �j � Zdjhv fdq wkhq frqglwlrq erwk rq wkh uhdol}hg

uhwxuq dqg rq wkh dqqrxqfhg vljqdo/ vr wkdw zh qhhg wr �qg � E5c eZ� � Lw lv fohdu wkdw

� E5c f� ' f iru dq| ixqfwlrq _ EeZ� wr eh lpsohphqwhg/ vlqfh li wkh pdqdjhu fodlpv qrw

wr kdyh vshqw dq| h�ruw zh zloo qrw uhzdug klp1 Vlqfh � E5c eZ� � fc li zh zdqw wr

lpsohphqw e ' � dqg vrph _ EeZ� zh fdq wkhuhiruh uhvwulfw dwwhqwlrq wr eZ" iZc Zj ( wkh

pdqdjhu lv qhyhu jrlqj wr dgplw wkdw kh glg qrw vshqg h�ruw1 Gh�qlqj

` EZc eZ� ' E� � _ EeZ��� EUceZ� n _ EeZ� EZ� E-c eZ� n E� � Z�� Efc eZ��

wkh iroorzlqj frqvwudlqwv zloo kdyh wr eh vdwlv�hg=

` EZc Z� �` EZc Z�

` EZc Z� �` EZc Z�

�` EZc Z� n E� � � �` EZcZ�� S � f

�` EZc Z� n E� � � �` EZcZ�� S � �` EZc Z� n E� � � �` EZc Z�

�` EZc Z� n E� � � �` EZcZ�� S � �` EZc Z� n E� � � �` EZc Z�

� E5ceZ� � f ; E5ceZ�

Zkhq _ EZ� ' � dqg _ EZ� ' f wkhvh frqvwudlqwv uhgxfh wr

Z� E-cZ� n E�� Z�� Efc Z� � � EUc Z�

� EUc Z� � Z� E-cZ� n E�� Z�� Efc Z�

� dZ� E-cZ� n E�� Z�� Efc Z�o n E�� � �� EUc Z�� S � f

� dZ� E-cZ� n E�� Z�� Efc Z�o n E�� � �� EUc Z�� S � � EUc Z�

� dZ� E-cZ� n E�� Z�� Efc Z�o n E�� � �� EUc Z�� S �

� dZ� E-cZ� n E�� Z�� Efc Z�o n E�� � � dZ� E-cZ� n E�� Z�� Efc Z�o

� Efc Z� � fc � EUc Z� � fc � E-cZ� � f

zklfk duh h{dfwo| wkh frqvwudlqwv iru wkh surjudp jlyhq lq wkh pdlq wh{w iru� ' ��
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Surri ri Sursrvlwlrq 4

Wr suryh wkdw wkh frqwudfw vshfl�hg lq Sursrvlwlrq 4 lv rswlpdo/ ohw xv �uvw lqwur0

gxfh vrph ixuwkhu qrwdwlrq1 Sduwlwlrq wkh vhw 3 ri � surmhfwv lqwr wzr vxevhwv/ 3 '

i(c1j c zkhuh ( lv wkh vhw ri surmhfwv wkh pdqdjhu lqyhvwljdwhv +lv fxulrxv rq,/ dqg

1 lv wkh vxevhw ri surmhfwv wkh pdqdjhu grhv qrw lqyhvwljdwh +lv od}| rq,1 Ghqrwh wkh

qxpehu ri surmhfwv lq wkhvh vhwv e| � dqg uc uhvshfwlyho|/ zkhuh � ' ��u� Lqwurgxfh

wzr sduwlwlrqv ri ( = ( ' i/c0j dqg ( ' i.c9j c zkhuh / lv wkh vxevhw ri surmhfwv

zlwk orz vxffhvv suredelolw|/ 0 lv wkh qxpehu ri surmhfwv zlwk kljk vxffhvv suredelo0

lw|/ . lv wkh vxevhw ri ( wkh pdqdjhu lqyhvwv lqwr/ dqg 9 lv wkh vxevhw ri surmhfwv lq

( wkh pdqdjhu deruwv1 Ghqrwh wkh qxpehu ri surmhfwv lq wkhvh vxevhwv e| a dqg g

iru wkh �uvw sduwlwlrq dqg U dqg A iru wkh vhfrqg1 Qh{w/ sduwlwlrq wkh vhw ri surmhfwv

. lqwr zklfk wkh pdqdjhu nqrzlqjo| lqyhvwv lqwr wzr vxevhwv/ . ' i.a c.gj c zkhuh

h1j1 .a ' ._ / lv wkh vhw ri surmhfwv wkh pdqdjhu nqrzlqjo| lqyhvwv lq hyhq wkrxjk

vxffhvv suredelolwlhv duh orz1 Qh{w ghqrwh wkh qxpehu ri hohphqwv lq wkhvh vhwv e| Ua

dqg Ug c vr wkdw rqh kdv Ua n Ug � U�

Jlyhq wkh glvwulexwlrqdo dvvxpswlrqv pdgh rqh fdq wkhq zulwh grzq U�_ dv

g[
&'f

�
g

&

�
Z& E� � Z�g3& � E&c� �g�

�

U[
&'f

&[
�'f

�
Ua

�

��
Ug

& � �

�
Z� E�� Z�Ua3� Z&3� E�� Z�Ug3E&3��� E&c� � U�

; EUa c Ug� r�|� f � Ug � gc f � Ua � � �g ; g r�|� f � g � �

+Qrwh wkdw e| gh�qlwlrq
�
@

K

�
' f iru K : @ �� Lq rughu wr eh deoh wr vwdwh wkh vhw ri

U�e�frqvwudlqwv zh qhhg wr lqwurgxfh rqh pruh slhfh ri qrwdwlrq1 Li wkh pdqdjhu glg

qrw lqyhvwljdwh u surmhfwv/ ohw ' � 1 eh wkh vhw ri surmhfwv wkh pdqdjhu lqyhvwv lq

eolqgo| dqg ohw � wkh qxpehu ri wkhvh surmhfwv1 Ohw g
�

eh wkh qxpehu ri surmhfwv lq'

zklfk/ xqnqrzq wr wkh pdqdjhu/ kdyh kljk vxffhvv suredelolw| dqg a
�

eh wkh qxpehu

ri surmhfwv lq ' zklfk/ xqnqrzq wr wkh pdqdjhu/ kdyh orz vxffhvv suredelolw|1 Wkh

vhw ri U�e� frqvwudlqwv fdq wkhq eh zulwwhq grzq dv
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; u ' �c ���c� (;g :�$ EUa c Ugc �� r�|� f � Ug � gc f � Ua � ��u�gc f � � � u

Surri ri sduw d,=

Lq rughu wr suryh wkdw � E&c� �g� ' f ;& 	 gc ;g ' fc ��c � dv lq d, lv lqghhg

rswlpdo/ �{ vrph g : f dqg orrn dw wkh vxevhw ri zdjhv i� E&c� �g�j�3g

&'f �Rq wkh

htxloleulxp sdwk/ zkhqhyhu wkh pdqdjhu lqyhvwv lqwr g surmhfwv/ exw grhv qrw lqyhvw

lq � � g surmhfwv/ wkh g�yhfwru ri vxffhvv suredelolwlhv iru wkrvh surmhfwv zloo eh

ZWg ' EZc ���c Z� c �frqwdlqlqj g wlphv Z� R� wkh htxloleulxp sdwk/ wkh pdqdjhu lqyhvwv

lqwr g surmhfwv dqg grhv qrw lqyhvw lqwr � �g surmhfwv zkhq wkh yhfwru ri vxffhvv

suredelolwlhv iru wkh g surmhfwv kh lqyhvwv lq lv Z�

g 9' ZW

gc wkdw lv/ zkhq wklv yhfwru

frqwdlqv rqh ru pruh Z�r� Ohw wkh qxpehu ri Z�r lq wklv yhfwru wr eh Ua na � � Ua � c dqg

wkh qxpehu ri Z�r wr eh Ug ng � � Ug�c zkhuh Ua � n Ug�c' g 1 Rq wkh htxloleulxp
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;u ' �c ��c � � �� Khqfh/ vlqfh ( : � wkh lqhtxdolw| zloo eh vwulfwo| vdwlv�hg iru

u ' �c ��c � � �/ vr wkdw wkh vroxwlrq vdwlv�hv doo EU�e� frqvwudlqwv1

Qh{w rqh fdq yhuli| wkdw doo U�_�frqvwudlqwv duh vdwlv�hg1 Lqfrusrudwlqj d, wkhvh

fdq eh zulwwhq grzq dv

Zg� Egc� �g�

� ZUaZUg� EUc� � U�

; EUa c Ug� r�|� Ua n Ug ' Uc f � U � � ; g r�|� f � g � �

Lw lv hdvlo| vhhq wkdw wkhvh fdq pruh vxfflqfwo| exw htxlydohqwo| eh zulwwhq grzq
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Wkh �uvw vhw ri frqvwudlqwv hqvxuhv wkdw wkh pdqdjhu grhv qrw ryhulqyhvw/ zkloh wkh

vhfrqg vhw iruhvwdoov xqghulqyhvwphqw1 Erwk duh fohduo| phw zkhq � Egc� �g� '

�� Eg n �c� �g � �� dv xqghu wkh vfkhgxoh jlyhq lq sduw e,1

E��� Wr hvwdeolvk rswlpdolw| ri wkh fdqglgdwh zdjh vfkhgxoh rqh kdv wr vkrz wkdw

Nxkq0Wxfnhu0frqglwlrqv duh vdwlv�hg1 Lw lv zhoo nqrzq wkdw iru d olqhdu sureohp

wkhvh uhgxfh wr wkh uhtxluhphqw/ wkdw wkh judglhqw ri wkh remhfwlyh olhv lqvlgh wkh

frqh jhqhudwhg e| wkh qrupdov ri wkh vxssrvhgo| elqglqj frqvwudlqwv1 Jlyhq wkdw
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Uhihuhqfhv

^4` Djklrq/ Sklolssh dqg Wluroh/ Mhdq +4<<7,= �Irupdo dqg Uhdo Dxwkrulw| lq Rujd0

ql}dwlrqv/ plphr/ LGHL +Wrxorxvh,/ Iheuxdu| 4<<7

^5` Durq/ Gheud M1 +4<;;,= �Delolw|/ Prudo Kd}dug/ Ilup Vl}h/ dqg Glyhuvl�fdwlrq�/

Udqg Mrxuqdo ri Hfrqrplfv/ 4</ ss1 :50;:

^6` Gldprqg/ Grxjodv Z1 +4<;7,= �Ilqdqfldo Lqwhuphgldwlrq dqg Ghohjdwhg Prql0

wrulqj�/ Uhylhz ri Hfrqrplf Vwxglhv/ 84/ ss1 6<60747

^7` Kdxeulfk/ Mrvhsk J1 +4<<7,= �Ulvn Dyhuvlrq/ Shuirupdqfh Sd|/ dqg wkh Sulqflsdo0

Djhqw Sureohp�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ 435/ ss158;05:9

^8` Khupdolq/ Ehqmdplq H1 dqg Ndw}/ Plfkdho O1 +4<<9,= �Frusrudwh Glyhuvl�fdwlrq

dqg Djhqf|�/ plphr/ Xqlyhuvlw| ri Fdoliruqld dw Ehunhoh|

^9` Kropvwurp/ Ehqjw dqg Plojurp/ Sdxo +4<<4,= Pxowl0Wdvn Sulqflsdo Djhqw

Dqdo|vlv�/ Mrxuqdo ri Odz/ Hfrqrplfv/ dqg Rujdql}dwlrqv/ :/ ss1 57085

^:` Kropvwurp/ Ehqjw +4<;5,= �Prudo Kd}dug lq Whdpv�/ Ehoo Mrxuqdo ri Hfrqrplfv/

46/ ss1 6570673

^;` Kropvwurp/ Ehqjw dqg Ulfduw0l0Frvwd/ Mrdq +4<;9,= �Pdqdjhuldo Lqfhqwlyhv dqg

Fdslwdo Pdqdjhphqw�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Qry1/ ss1 ;680;93

^<` Kxdqj/ Kdl}krx dqg Vxduh}/ Mdylhu1 +4<<:,= �Fdslwdo Exgjhwlqj dqg Vwrfn Rs0

wlrq Sodqv�/ IPJ Glvfxvvlrq Sdshu Qr1593/ Iheuxdu| 4<<:

^43` Lqqhv/ Urehuw G1 +4<<3,= �Olplwhg Oldelolw| dqg Lqfhqwlyh Frqwudfwlqj zlwk H{0

dqwh Dfwlrq fkrlfhv�/Mrxuqdo ri Hfrqrplf Wkhru|/ 85 +4,/ ss19:;0:3<

^44` Odpehuw/ Ulfkdug D1 +4<;9,= �H{hfxwlyh H�ruw dqg wkh Vhohfwlrq ri Ulvn| Sur0

mhfwv�/ Udqg Mrxuqdo ri Hfrqrplfv/ 4:/ ss1 ::0;;

^45` Ohzhoohq/ Zloexu J1 +4<:4,= �D Sxuh Ilqdqfldo Udwlrqdoh iru wkh Frqjorphudwh

Phujhu�/ Wkh Mrxuqdo ri Ilqdqfh/ 59/ ss1 854086:
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^46` Zlooldpvrq/ Vwhskhq G1 +4<;9,= �Frvwo| Prqlwrulqj/ Ilqdqfldo Lqwhuphgldwlrq/

dqg Htxloleulxp Fuhglw Udwlrqlqj�/ Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 435/ ss1

4680478
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