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Abstract
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decreases with the correlation between firms’ internal funds and investment opportunities.
We show that when the hedging demand of a firm is high in the case where investments are
strategic substitutes, its hedging demand is low in the case where investments are strategic
complements, and vice versa. Finally, we also propose another interpretation of our model
in terms of technical choice.
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1 Introduction

To a large extent, the study of corporate risk management has been conducted assuming that the
corporation is risk-averse. But, even if risk aversion can explain some hedging demand, it cannot
explain why shareholders who can diversify their own portfolio outside the firm choose a positive
hedging demand in a world with low individual transaction costs. Froot, Scharfstein and Stein
(1993), in a setting of risk-neutral agents and of imperfect financial markets, propose a model in
which the optimal risk management policy is affected by future investment opportunities. Hedg-
ing activity is undertaken as a tool to coordinate corporate investments and financial policies.
In their empirical survey of the determinants of corporate hedging, Nance, Smith and Smithson
(1993), Géczy, Minton and Schrand (1997) report that firms with greater growth opportunities
and tighter financial constraints are more likely to hedge. This is in line with the previous pre-
diction. When firms interact in the product market, investment opportunities depend on their
competitors’ behavior. The main goal of this paper is to understand how the externalities be-
tween firms affect their optimal hedging policy. We also propose some comparative statics for a

given hedging policy of the other competitor and at the equilibrium.

We consider a model with three dates: date 0, date 1 and date 2. At date 0, each firm
invests its initial endowment of cash in a risky project which generates a new risky amount
of cash at date 1. At date 1, we consider a duopoly framework in which firms face financial
constraints arising from a moral-hazard problem (see Holmstrém and Tirole (1998)). In such
a model, a firm’s borrowing capacity is entirely determined by its internal funds. Here, these
internal funds correspond to the date 1 new amount of cash. Finally, at date 2 the returns of
the duopoly game of date 1 are realized. Date 1 new amount of cash is thus fundamental for
each firm, and in this paper we determine the firms’ optimal hedging policy of this date 1 new
amount of cash. We examine this question in three cases of particular interest. The first case is
when the risks which affect the date 1 amount of cash of each firm are perfectly correlated. The
second case is when they are independent and the third case is when they are perfectly negatively

correlated. We conduct our analysis when firms’ investment are either strategic substitute or



strategic complement.

In the case where investments are strategic substitutes, it is detrimental to a firm when the
other firm has a high date 1 amount of cash. That is, the higher is the other firm’s date 1 amount
of cash, the lower is the firm’s investment opportunities. Thus, when the risks are perfectly
correlated, the firms’ investment opportunities are higher when the firms’ date 1 amount of
cash are lower. Investment opportunities and date 1 amounts of cash are perfectly negatively
correlated. Consequently, the hedging demand is high. When the risks are independent, there
is no link between the investment opportunities and the firms’ date 1 amounts of cash. Thus,
the interactions between firms have no impact on their hedging demands. When the risks are
perfectly negatively correlated, the investment opportunities are the higher when the firms’ date
1 amounts of cash are the higher. The investment opportunities and the firms’ date 1 amounts
of cash are perfectly correlated. Thus, the firms’ hedging demand is low. Consequently, in the
substitute case, the firms’ hedging demand is higher when the risks are perfectly correlated than
when the risks are independent, and the lowest when the risks are perfectly negatively correlated.

In the case where investments are strategic complements, it is beneficial to one firm when
the other firm has a high date 1 amount of cash. That is, the higher is the other firm’s date 1
amount of cash, the higher is the firm’s investment opportunities. Therefore, and contrary to
the previous case, the firms’ hedging demand is higher when the risks are perfectly negatively
correlated than when the risks are independent, and the lowest when the risks are perfectly

correlated.

This paper is related to corporate risk management analysis and imperfect competition. It
is thereby connected to two strands of the literature:

In the Modigliani-Miller paradigm, hedging activities do not change the firm’s value. Since
1958, many contributions have found situations in which the Modigliani-Miller theorem does
not hold: in the presence of taxes, contracting costs, cost of bankruptcy or more generally
when capital market imperfections make externally obtained funds more expensive than those
generated internally.

Indeed a number of potential rationales for hedging have been put forward (e.g. Smith and
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Stulz (1985) and Mayers and Smith (1982, 1987)). But these authors have focused on rationales
for hedging rather than on how much or what sort of hedging is optimal for a firm. Froot,
Scharfstein and Stein (1993) address this last question. They consider that external sources of
financing are more costly than internally generated funds. In this setting, by hedging the firm
can economize on future transaction costs. Then, they compute the optimal hedging strategy in
a way to coordinate investments and financial policies. Holmstrom and Tirole (1999) go in the
same direction. They show that firms should be isolated from all shocks that can be costlessly
hedged in markets in order to reduce variability in investment rules. Our paper still characterizes
the firms’ optimal hedging strategy but with a different goal. We try to understand how the
optimal hedging strategy changes depending on the links between the risks borne by the firms

and on the interactions between firms.

A second strand of the literature tried to analyze what factors make a firm tougher or weaker
in response to an increase in a variable by the other firm (cf. Fudenberg-Tirole 1984). Bulow,
Geanakoplos and Klemperer (1985) have shown that it depends on the interactions between
firms. Our paper is closely connected to this literature because we show that the firms’ inter-
actions impact heavily on their hedging strategies. Indeed, the results found for the case where
investments are strategic substitutes are reversed when we consider the case where investments

are strategic complements.

The structure of the paper is as follows. Section 2 presents the model in terms of hedging
choice and propose another interpretation of it in terms of technical choice. Section 3 presents
the results for the substitute case (investments are strategic substitutes). Section 4 sketches the
results for the complement case (investments are strategic complements). Section 5 concludes

and mathematical proofs are in the appendix.



2 The model

The economy is composed by two types of agents: two firms (firms 1 and 2) and lenders. There
are three dates, t = 0, 1, 2. All parties are risk neutral and protected by limited liability so that
no one can end up with a negative cash position.

To characterize the hedging demand, we consider that there is credit rationing on the credit
market at date 1. Another way to induce a hedging demand is to consider that there are
bankruptcy costs, convex tax functions or more generally, as in Froot et al (1993), to assume
that external sources of financing are more expensive than internal ones. In this paper, we choose

to link the hedging demand to an endogenous problem of credit rationing at date 1.

2.1 Date 0
2.1.1 The firms

At date 0, we assume that firms cannot raise external finance. Each firm ¢ (with ¢ = 1,2) is
endowed with an initial amount of cash A;y and has the possibility to invest in a project which
yields a random return p; per unit of investment at date 1. We assume that p; which corresponds

to the spot price at date 1 of the firm #’'s project of date 0, is equal to:
]71' =a-+¢g;

where a is a constant and &; denotes a negative shock which follows a normal law. Finally, we
assume that the couple (p1;p2) follows a bivariate normal law with respective means Ep;, Eps,
respective variance o3, o3 and coefficient of correlation p.

Firms are run by risk neutral entrepreneurs' who have to simultaneously choose the optimal
hedging policy of the firm.? Either the entrepreneur of firm 7 decides not to hedge and the return
is p; per unit of investment at date 1, or the entrepreneur prefers to hedge and the safe return

is p per unit of investment at date 1.> We assume that the risk borne by the firm is not fully

'In this article, a firm corresponds to an entrepreneur. Therefore, we can equivalently deal with a firm or with
an entrepreneur.

2We focus on linear hedging strategies (for example forward sales) in this article.

3We implicitly assume that p > 1. Otherwise, the entrepreneur would prefer to keep cash from date 0 to date
1, rather than to hedge the result of the project of date 0.



diversifiable and that hedging is costly. In other words and as a short cup, we assume that:
p < Ep;

As usual, Ep; — p is called the hedging risk premium.
We denote h; € [0; 1] the level of hedging chosen by the entrepreneur of firm i. The return at

date 1 for firm ¢, A;; amounts to:
A = Aio (phi + (1 — hy) pi) (1)
We assume that Ay, p; and h; are observable.

Remark 1 At date 0, we assume that firms cannot raise external finance. This assumption is
without loss of generality in our setting. Even if firms were allowed to borrow at date 0 with the
intention of investing more than Ay in the project of date 0, the return at date 1 would still be
randomly distributed. Since we suppose that there is credit rationing at date 1, this possibility
would not change the hedging demand. Thus, to simplify, we consider that at date 0 it is not

possible to invest more than the endowment of cash Ay in the project.

The model of date 1 and 2 is an extension of the Holmstrom and Tirole’s continuous invest-

ment model (1998) (see also Tirole 1996).

2.2 Date 1
At date 1, we assume that firms can raise external finance from lenders.
2.2.1 The firms

At date 1, each firm has the possibility to invest in a new project. The project of date 1, if
undertaken, either succeeds or fails. The probability of success is denoted by P. If it succeeds
the project of date 1 yields a verifiable return which depends on the investments of both firms,
m; (I;, I;) at date 2. This function is assumed to be increasing and concave in ;. In case of failure
the return is zero. The project is subject to moral hazard in the sense that the probability of

success depends on the behavior of the entrepreneur who runs the firm. The entrepreneur can
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behave or misbehave. Behaving yields a probability of success P = 1 and no private benefit
for the entrepreneur. On the other hand, misbehaving yields a smaller probability of success
P = P, < 1, but the entrepreneur receives a private benefit proportional to the investment,
BI; > 0.4

To capture the idea of credit rationing, we assume that the marginal revenue of the project
is always higher than 1. This means that without any constraint the entrepreneur would like
to invest an infinite level. At date 1, the entrepreneur of firm i is endowed with the amount
A;1 of cash (see eq (1)). Thus, since he wants to invest an infinite level he has to borrow from
lenders. The problem of credit rationing arises from the moral hazard problem. We assume that

the project’s net present value is positive only if the entrepreneur behaves:
T (127[]> — ]z >0> PL7T7Z (IZ,IJ) + B[z — Iz

Therefore, a loan agreement must be careful to preserve enough of a stake for the entrepreneur
in the project so that he prefers to behave.® This is precisely because the entrepreneur has to
receive incentives so as to behave that he is not able to invest an infinite level in the project of

date 1.6
2.2.2 The lenders

Lenders behave competitively in the sense that the loan, if any, makes zero profit. That is, we
consider that several prospective lenders compete for issuing a loan to the borrower, and that if
the most attractive loan offer made a positive profit, the borrower could turn to an alternative
lender and offer to switch for a slightly lower interest rate. We use the plural “lenders” even
though a single lender may turn out to finance the entire loan, because lending is a passive and

anonymous activity in this article.

Let us now determine the date 1 optimal loan contract.

4Another interpretation of B is in terms of effort. B then, represents the disutility of effort saved by the
entrepreneur when he misbehaves.

5Since entrepreneurs are protected by limited liability, “preserve enough of the stake for the entrepreneur”
them requires the design of an incentive mechanism. Indeed, even if the project fails, which perfectly reveals that
the entrepreneur was mishaving, the latter cannot be hanged or sent to jail.

6See below for more details on that point.



2.2.3 The datel optimal loan contract

The contract between the lender and the entrepreneur is a revenue sharing rule specifying what
fraction of the revenue accrues to each party in the two states of the world. The entrepreneur
receives Ry, and lenders: ; (I;, [;) — Rp. A financing contract at date 1 is then defined by the
couple (Ry; I;) .

Since the project has a positive NPV only if the entrepreneur behaves, the contract should

provide him the incentives to do so.
The maximization problem of the entrepreneur can be written as follows

maxRbi — A’L'l
bi

7 (I;,1;) — Ry > I; — An (IR;),

st BI;
. > .
R 27— (ICy),

Because lenders are competitive, their participation constraint is binding. Consequently, the
entrepreneur receives the entire social surplus of the project. He wants to invest an infinite level
since we assumed that the marginal revenue of the project is always higher than 1. But, because
his incentive compatibility constraint must be satisfied, his investment is limited. Therefore, to
maximize the level of investment and his expected revenue, the entrepreneur chooses to bind his

incentive compatibility constraint, (1C;), .

The second best investment level of each firm is given by the following system of two implicit

equations

Each investment level is a function of the date 1 amounts of cash, denoted I; (4,1, A;j1). The

characterization of the investment level is illustrated in figure 1.



Figure 1

2.3 Date 2

The returns of the project of date 1 are realized, and claims are settled between firms and lenders.

The timing is summarized just below.

Financing Contract

M oral hazard

Success or
40 Choice of 1 hih, 40| 1 l Result:  Fajlure
A/U A/l II
Date 0 Date 1 Date 2



In this model, the investment of one firm depends on his date 1 amount of cash. Thus, we
define a value function for each firm which depends on the date 1 amount of cash of both firms

Vi (Ai1; Aj1) which we will use in the rest of the paper.
Definition 1 We define the value function V; (Air; Aj1) by:

Vi(Ai; Ajn) IR? — IR twice continuously differentiable

SUCh that V; (A7,17 Ajl) =T (Iz (Ai17 Aj1> a[j (Aib Ajl)) — Iz (Ai17 Ajl) .

The value function V; (A;1; Aj1) depends on the date 1 competition between firms. But A;
and Aj; are not the strategic variables. The strategic variables are the levels of investment I; and
I;. The following proposition makes a link with the traditional definition introduced by Bulow

et al (1985) of strategic substitutes vs strategic complements:

Let m; (1;, I;) be the firm 4’s profit function and I; its strategic variable.

On the one hand, if a marginal increase in the firm j’s strategic variable (/;) decreases the
827Ti (IZ, I])
On the other hand, if a marginal increase in the firm j’s strategic variable (I;) increases the
827Ti (IZ, I])

firm 4’s marginal profit ( < 0) we say that [; and [; are strategic substitutes.

firm 4’s marginal profit ( > 0) we say that I; and I; are strategic complements.

o e 327'rj 827ri 82771’ 827rj (927Tj aﬂ'j om; . .
Proposition 1 For L0091 BLo% a1t ) oT? bounded and B of, sufficiently low, we have:
- Vi (Air; Aj1) increasing and concave in Ay

02V;(Ai1;A )

- if I; and I; are strategic substitutes, then oAnod, <0
. . 02Vi(Ai1;A 1)
- of I; and I; are strategic complements, then Ry vy il 0
i J

Proof. see appendix 1 m
For mathematical convenience, in the rest of the article, we restrict ourselves to the case where
the value function V; (A;1; Aj1) is quadratic. This case represents a second order approximation

of all other functions.
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2.4 The production choice interpretation

Our framework can also be applied to firms facing a production rather than an hedging choice.
Ao is then a stock of intermediate goods. Date 0 is an intermediate date during which the final
good is produced. Each firm can choose between two technological processes to produce its final
good. The first technology is risky. It yields a random production g; per unit of investment at
date 1. The second technology is not risky and yields a safe production ¢ per unit of investment.

Moreover and as above, we assume that
q < Eg;

Denoting by h; the firm ¢’s safe production level, the quantity of final good at date 1 A;; can

be written

Aj = A (ghi + (1 — hy) @)

At date 1 a differentiated product Cournot game is played. Both firms sell their production
A;; on the same market. Finally, profits are realized at date 2. Consequently, the firm #’s profit

function can be written as follows:

i (An, Aj1) =T1(Aq + Aj) Aa

where IT (A;; + Aj1) is the inverse demand function
Thus here, we define the value function V; (4;1; A;1) by:

Vi (Ain; Ajp) - IR? — IR twice continuously differentiable

such that V; (4;1; A1) = (An + A1) Aa
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The timing is as described below

Final good

Stock of interm ediate goods

l Profit of
4., Choice of : h;sh, g = 4 each firm
. i = il
4,0 Production period q,;, =4,
%/—/
D ate 0 Date 1: Cournot gam e Date 2

We assume that V; (A1, Aj1) is increasing and concave in A;;. We also restrict ourselves to the
case where the value function V; (A;1; A;1) is quadratic. Here, this case can exactly be generated,
if we consider a differentiated products Cournot model with linear demand functions. Finally,
we define strategic substitutability vs strategic complementarity in the usual way as described
above. We can note that in the production choice interpretation, A;; and Aj; are the strategic

variables. Thus, we do not need to make a statement similar to proposition 1.

To fix ideas we deal only with the hedging interpretation in the rest of the paper. The
production interpretation can equivalently be made simply by interpreting h; as the firm ¢’s date

0 safe production level rather than as the firm ¢’s date 0 hedging level.

3 Optimal hedging strategies

As we said above, in the hedging interpretation the strategic variables are the levels of investment
I; and I; and not the firms’ date 1 amount of cash. Thus, on the one hand, we refer to the
substitute case if the firm 4’s marginal value of date 1 is decreasing with respect to the firm j’s
date 1 amount of cash. On the other hand, if the firm #’s marginal value of date 1 is increasing
with respect to the firm j’s date 1 amount of cash, we speak about the complement case.

We concentrate ourselves on three particular cases. The first case is when the shocks which

affect the spot prices p; and py are perfectly correlated (p = 1). We call this case the aggregated
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shocks case. For example, we could think about a raw materials shock for two firms inside the
same industry as in Shleifer and Vishny (1992).” The second is when the shocks which affect the
spot prices are independent (p = 0). We call this case the independent shocks case. For example,
we could consider a fire risk for two firms geographically distant one from the other. Finally,
the last case we consider is when the shocks which affect the spot prices are perfectly negatively
correlated (p = —1). This last case is called, the perfectly negatively correlated shocks case. For
instance, we could consider a shock on the consumers’ preferences which shifts demand from one

firm to the other.

At date 0, the entrepreneur of firm ¢ chooses the optimal hedging level A} which maximize
the firm ¢’s date 1 expected value under two constraints which indicate how the firms’ date 1

amounts of cash depend on their date 0 hedging choices

h; € argmaxBEV; (A1, Aj1)
h;

ot { An = Ay (phs + (1 — hz)lzz)
Aji = Ajo (phy + (1 — hy) py)

To derive the optimal hedging strategies, we compute the first order condition of the above

program and we apply the Rubinstein (1976) rule. The calculations are detailed in appendix 2.
Finally we find:

oV; aV;
— .5 =E '\ (Ep. —
where “cov” corresponds to the covariance of two random variables.
This condition indicates that the optimal hedging level restricts the covariance between the

marginal value function and the random variable p; to a precise value. This value corresponds

to the average of the marginal value function, multiplied by the risk premium.

Remark 2 The optimal hedging level would insulate the marginal value function of V; (8‘1‘?1> ,

from fluctuations in the random variable p; if there were no risk premium (like in the paper of

Texample: the oil shock in 1973 for oil companies.
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Froot et al (1993)). Notice that it is not necessarily the same as insulating the total value of the
firm (V;).

We can already notice that if the marginal value function of V; was independent of p; (V;
linear), the first order condition indicates that h; would be equal to 0, since we do not permit
short sales.

On the other hand, if the covariance between the marginal value of V; and p; is very high

02V,
(8? very high), the first order condition indicates that h; would tend to 1.
il

We find the following expression for the reaction function h; (h;) . h; (h;) corresponds to firm

1’s chosen hedging level, for a given firm j’s hedging level.

Lemma 1 For p e {—1,0,1} we have :

g 9V 5 (Vi
hi(hj) = 1+ o B Vi g ’ Ao B o*V; o?
o o,
term 1 term 2

Proof. see appendix 2 m
The reaction functions are composed of two terms.
The first term reflects the interactions between the two firms. The sign of the interactions

2

depends on the sign of the cross derivative . This term corresponds to the expression

oV
8AZ-18AJ-1

which minimizes the “firm i’s date 1 amount of cash balanced variance” (see appendix 3 for a

proof). We call this term the interaction effect.

Thus, when firm 4’s value function depends on what firm(s) j does (do), like in the duopolistic
or more generally in the oligopolistic case, the nature of the links between firms is an important

element of the hedging demand.

The second term expresses the trade off between the risk premium and the insurance demand
due to the concavity of the value function V;. This term depends neither on the cross derivative

of the value function nor on the correlation coefficient.® The higher is the risk premium, the

8In the finance literature, this term is called the speculative demand.
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lower is the hedging demand. If there is no risk premium, this term disappears. On the other
hand, the hedging demand increases with the concavity of the value function V;. We call this
term the risk premium effect. Moreover, as a benchmark we can notice that in the case of a

monopoly, only this effect would matter since the interaction effect would disappear.

For reading convenience, we are going to analyze the substitutes case. We deal with the

complement case in a complementary section.’

3.1 The substitute case

In such a case, at date 1 it is detrimental to one firm (for example for firm ¢) when the date 1

amount of cash of its rival firm (firm j) is high. This is summed up in the fact that the cross

3 A‘?fg;‘jl is negative. The sign taken by the interaction effect

derivative of the value function

depends on the correlation between shocks which affect the return of projects of date 0.

Proposition 2 For a given firm j's hedging level h;, the firm i's hedging level is higher in the
Aggregated Schocks Case than in the Independent Shocks Case which itself is higher than in
the Perfectly Negatively Correlated Shocks Case, that is

haggregated shocks > hindependent shocks > hperfectly negatively correlated shocks

Proof. See appendix 4 m
3.1.1 Aggregated shocks

Since shocks are aggregated (p = 1), the firm ¢’s date 1 amount of cash is high (low) when the
firm j’s date 1 amount of cash is also high (low). But, in the substitute case it is detrimental
to firm ¢ when the firm j’s date 1 amount of cash is high. This means that when the firm ¢'s
date 1 amount of cash is the lowest, its expected marginal value (what we will call its investment

opportunities from now) is the highest. Firm i’s date 1 amount of cash is perfectly negatively

9Remark about the production choice interpretation:
Traditionally in a Cournot game, the strategic variables are taken to be strategic substitutes, but there are
cases where strategic variables are strategic complements (cf Bulow et al 1985).
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correlated with its investment opportunities. This effect tends to increase the hedging demand
and explains why the interaction effect is positive.

This case turns out to be the one where the hedging demand is the highest.
3.1.2 Independent shocks

In that case, there is no particular link between the firms’ date 1 amount of cash and their
investment opportunities. This is why the interaction effect is equal to 0.

Only the risk premium effect impacts the hedging demand.
3.1.3 Perfectly negatively correlated shocks

This case constitutes the opposite to the aggregated shocks case. When the firm i's date 1
amount of cash is high, the firm j’s date 1 amount of cash is low. This means that the firm
7’s date 1 amount of cash and its investment opportunities are perfectly correlated. This effect
tends to lower the hedging demand and explains why the interaction effect is negative.

This case turns out to be the one where the hedging demand is the lowest.

First results of comparative statics

Suppose that firm j is not subject to credit rationing. In that case, its hedging policy can
result from others reasons like expected taxes or bankruptcy costs reduction. Such results of
comparative statics are important since they indicate how some changes impact firm ¢’s hedging
policy which is driven by the problem of credit rationing, when firm j’s hedging policy is driven

by other reasons.

1. When the variance of the spot price o? increases

Traditionally in the literature, the hedging demand is increasing with respect to the variance

of the spot price p;, here o2 for firm i. Is it true in this model?

First, consider the direct effect of the variance o2 on firm ¢’s interaction effect. When o?
increases, firm i’s interaction effect decreases in absolute value, except for p = 0 since the
interaction effect does not exist. Therefore, in the aggregated shocks case, this marginal

effect is negative whereas it is positive in the perfectly negatively correlated shocks case.
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Finally, consider the effect of 02 on the risk premium effect. This effect corresponds to the
traditional effect, often considered in the literature, of the variance on the hedging demand.
The sign of this term is positive. When o7 increases this marginal effect tends to increase

the hedging demand due to the concavity of the value function.

Therefore, the effect of 02 on h; is not clear.!® To sum up, consider the following board.

. . 2
1\/[2arg1nal effect., Marginal effegt O,f o; Global effect
of o7 on the firm i’s on the firm i’s risk 9

! . ) of o7 on h;

interaction effect premium effect E
p=1 <0 >0 ?
p=0 =0 >0 >0
p=—1 >0 >0 >0

2. When the firm i’s date 0 amount of cash A,; increases

When the firm ¢’s date 0 amount of cash A;y increases, the interaction effect is reduced

in absolute value. When A,y increases, A;; increases on average. On average the firm ¢’s

investment opportunities decreases since the value function is concave in A;; (% < 0)
11

which reduces the interaction effect.

When A;y increases, the risk premium effect decreases in absolute value which increases
the level of hedging. It becomes more and more costly in term of risk, not to hedge the

return of the project of date 0.}

Finally, when shocks are independent or perfectly negatively correlated, the hedging de-
mand increases. When shocks are aggregated, the interaction effect decreases which tend
to reduce the hedging demand, but the risk premium effect increases which goes on the

other direction.

0We can note that there is also an indirect effect of 0? on the firm i’s interaction effect which corresponds
to the indirect effect of o7 on h; times the effect of h; on h;. We can proove, due to the computations of the
following section, that it is negative when shocks are aggregated. It does not exist when they are independent
and finally it can be negative or positive when they are perfectly negatively correlated.

' This result comes from the specification of the value function which is taken to be quadratic.
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3. When the firm j’s date 0 amount of cash A;, increases

When the date 0 amount of cash of the other firm Aj, increases, the interaction effect
increases in absolute value. When Aj, increases, on average A;; increases. Thus, on

average the impact of firm j on the firm ¢’s investment opportunities increases.

Moreover, when Aj, increases the risk premium effect decreases in absolute value which

increases the level of hedging. When A, increases, A;; increases on average. Thus, the firm

82V,
9A;104;,

1’s investment opportunities decrease on average < < 0). Since the value function

of firm ¢ is concave, he chooses to go to a safer position.

Therefore, when shocks are aggregated or independent, the chosen hedging level increases
with Ajo. But when shocks are perfectly negatively correlated, the interaction effect de-
creases which tend to reduce the hedging demand, but the risk premium effect increases

which goes on the other direction.

4. When the private benefit B of date 1 of the entrepreneur of firm i increases

We have to remember that at the optimum, we have the following relation

ov; B 09I

= —1
Ay APOA;

Therefore, the effect of the private benefit B on the hedging demand corresponds only

to the effect of B on the risk premium effect. When the private benefit B increases, the

oV
0A;1

investment opportunities ( ) increases at the optimum (for example you can see that
on the figure 1). Thus, when B increases, it is more and more costly for the entrepreneur
to hedge the return of the project of date 0. Thus, when B increases, the entrepreneur

chooses a riskier position.

For a detailed proof of the four points, see appendix 5.

18



3.2 The Symmetric Nash Equilibria

Before characterizing the symmetric Nash equilibria, we study the evolution of firm 7’s hedging

demand with respect to the firm j’s hedging level.

Lemma 2 For p € {—1,0,1} we have:

Oh: (hy) (H(E@_—PV) _

2

ahj gy
21/
B Ajo 0A;10A51 ﬁ _ Ajo aAilaAjl l (Epi - p) (Epj — p)
Ai 02V i Ai 22V; i i
c B(gm) 0 M B(EE) v
te;nrz 1 te;rrn 2

Proof. see appendix 6 m
Oh;

The expression of 8—}; is composed of two terms. The first one represents the marginal
J
interaction effect of the hedging demand function. The second term characterizes the marginal

risk premium effect. The sign of these marginal effects depends on the sign of the cross derivative

8%V,

5451 that is, on the nature of the interactions between firm ¢ and firm j.
11 71

Proposition 3 For the aggregated shocks case, the marginal interaction effect and the marginal
risk premium effect have the same sign. This sign is negative. For the independent shocks case

only the marginal risk premium effect exists. Thus, we have:

| h; is decreasing in h; |

For the perfectly negatively correlated shocks case, the two marginal effects are opposite in

sign. Thus, h; can be decreasing or increasing. More precisely we have:

if (Ep; — p) (Ep; —p) > —cov (pi, D) | hi is decreasing in h,
if (Ep; — p) (Ep; —p) < —cov (i, pj) | hi is increasing in h;

When h; increases, A;; decreases on average. Thus, firm 4’s investment opportunities increase

on average since we are in the substitute case. Thus, it becomes more and more costly for firm
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¢ to hedge the return of its project of date 0 when h; increases. Note that this is all the more
costly than the risk premium is high. Consequently, the risk premium effect (the speculative

demand) decreases. The sign of the marginal risk premium effect is always negative.

The sign of the marginal interaction effect depends on which shocks we consider. When the
shocks are aggregated, this marginal effect is negative. When firm j’s hedging level increases,
firm ¢’s date 1 amount of cash and its investment opportunities become less and less negatively
correlated. Thus, this marginal effect tends to decrease h;.

When the shocks are independent, this marginal effect does not exist.

When the shocks are perfectly negatively correlated, this marginal effect is positive. In that
case, when h; increases, firm i’s date 1 amount of cash and its investment opportunities become
less and less positively correlated. This marginal effect tends to increase h;. Consequently, the
overall impact when the shocks are perfectly negatively correlated depends on which marginal
effect is greater. If the marginal risk premium effect is higher in absolute value (lower) than the

Oh; . : .
marginal interaction effect, then the sign of —— is negative (positive).

oh;

For what follows we focus on the case of symmetric firms.

ASSUHlptiOIl 1: (A)) Firm ¢ and firm j are symmetric if

‘/1 (Alla AQI) — ‘/2 <A117 A21)

9%V, 9%V,
. (aAilaAjl) B (&‘%) '

This second assumption corresponds to a stability condition as shown in remark 3 below. For

ASSUHlptiOH 2: (Ay) We make the assumption that

reading convenience, let denote h7 the equilibrium level of hedging for a correlation coefficient

.12

Proposition 4 Under Ay and As, there is an unique Nash equilibrium for each case. It is

symmetric and stable. Moreover, if we compare the Nash equilibria we obtain the following

12Consequently, k7 is the hedging equilibrium level for the aggregated shocks case. hj is the hedging equilibrium
level for the independent shocks case. Finally, h*; is the hedging equilibrium level for the perfectly negatively
correlated shocks case.
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ranking:
hi > hy > h*,
That is, the level of hedging h* is increasing with the correlation coefficient of the shocks p.

Proof. We have:

° gZ;’_ < 0 for the aggregated and independent shocks cases.
e for the perfectly negatively correlated shocks case, 2% could be negative or positive.

' Bh,

aggregated shocks independent shocks perfectly negatively correlated shocks
hi (0) > h; (0) > h; (0)

aggregated shocks __ zindependent shocks __ 1 perfectly negatively correlated shocks
hi (1) =h; (1) =h; (1) <1

the reaction functions are linear

We distinguish two cases:

First case: Ohs <0Vpe{-1,0,1}
oh;

As shown in figure 2, the symmetric Nash equilibria are unique and respect proposition 4

Figure 2

Legend:
aggregated shocks case ’s reaction function e
independent shocks case ’s reaction function ——
perfectly inversely correlated shocks case ’s reaction function — ——————-
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Oh; Oh;
Second case: . < 0 for aggregated and independent shocks but . > 0 for perfectly
J J

negatively correlated shocks case.

Figure 2 bis

As shown in figure 2 bis, the symmetric Nash equilibria are unique and respect proposition

4 m

Remark 3 When assumption 2 does not hold, there may exist several Nash equilibria in the

game. The following details could be skipped in a first reading.

Consider first the aggregated shocks case. Without assumption 2 we could have multiplicity

of Nash equilibria, as depicted in the following figure.

NE

‘\7\\\'\.\\ h,(h,)

NE

Here, the symmetric Nash equilibrium is not the only Nash equilibrium. Furthermore, the
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symmetric Nash equilibrium is not stable in a standard tatonnement process.'®> There are two
stable asymmetric equilibria in which one firm is fully hedged (h; = 1). This case emerges for

instance for a small risk premium but for a high interaction effect.

Oh; I . . ‘
In all cases where I < 0, we could have several Nash equilibria as depicted in the figure just
J
below. There are two stable asymmetric equilibria in which one firm is not hedged at all (h; = 0).
This case emerges for very high risk premiums. Here again, the symmetric Nash equilibrium is

not stable.

NE

- NE-

I e i)

NE 1 l

Thus, for all these cases assumption 2 which permits the symmetric Nash equilibrium to be

the unique Nash equilibrium, corresponds to a stability condition.

Oh;
Finally, consider the perfectly negatively correlated shocks case, when —— > 0. In that case,
J
there is always a unique symmetric Nash equilibrium (remember that h—_y (0) < 1), which may

correspond to mo hedging at all, if the risk premium is very high.

The ranking of the different hedging levels is still the same at the equilibrium. This comes
from the fact that, at the equilibrium, the hedging levels are not equal to one because of the

risk premium. Thus, the interaction effect exists and it implies this ranking. Following the

BDefinition of a standard tatonnement process: for a slight exogenous increase in h;, we compute the
change it induces in the equilibrium best response of firm j, that is, in the partial equilibrium of firm j taking the
new hedging level of firm ¢ as given. Then, we compute firm i’s own best response. If this best response is not
closer than the exogenous initial disturbance to the equilibrium value, the equilibrium is not stable. On the other
hand, if this best response is closer than the exogenous initial change to the equilibrium value, the equilibrium is
stable.
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terminology of Froot et al (1993), we could speak of changing investment opportunities to explain
the differences between the optimal hedging strategies. Our results corroborate their results, but
we endogenized the changing investment opportunities in terms of interactions between firms.
Moreover, we went one step further by going to the Nash equilibrium.

We now study the impact of various changes in the environment on the characteristics of the

Nash equilibria.

3.2.1 Increasing the risk premium (for symmetric firms)

Consider first the impact of an increase in the risk premium (Ep — p), when the value function
V; does not change.

By using the implicit function theorem, we have:

1 8‘/1 1 82‘/; 82‘/2 N
— |E——— — h; Ei —
ahs = o2 { 04 A & (8A221 i aAilaAjl) (B p)} <0
ABp—p) [V (| B —p) 7V, E—p)’

0A; * o} * 0A;10A5 e 2

i g;

Thus, the hedging demand clearly decreases when the risk premium increases. This effect
is unambiguous. If the risk premium increases and the value function V; stays the same, the

trade-off between the two goes toward a riskier position.

3.2.2 Increasing the interactions between firms

: . . : : : . 0%V,
Consider finally an increase in the interactions between firms. That means increasing TA DA

10451
while keeping ﬂ constant. Here too, this effect is unambiguous. If ﬂ
81431 ’ 8141‘1814]‘1

02V
043

Thus, firm #’s reaction function shifts upward for the aggregated shocks case and downward for

increases and

is constant, the interaction effect of firm ¢’s hedging demand increases in absolute value.

the perfectly negatively correlated shocks case. For the independent shocks case, firm i’s reaction

function does not change since the first term we are talking about does not then exist.
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The changes are described in the following figures

1 I, 1 h
Legend:
aggregated shocks case ’s reaction function

5

independent shocks case s reaction function
perfectly inversely correlated shocks case s reaction function

Consequently, for a given risk premium level, the higher are the interactions between firms,

the higher are the differences between the equilibrium hedging levels.

4 Complementary section: the complement case

This section follows the study done above for the other case we are interested in, that is, for the

2V,
9A;104;,

complement case. Here, we consider that the cross derivative is positive. This means
that it is beneficial for firm 7 when firm j's date 1 amount of cash is high. Firm i’s marginal
value is increasing with respect to firm j’s date 1 amount of cash. Consequently, the sign of the
interaction effect defined in lemma 1 is the opposite of the sign obtained for the substitute case.
In the aggregated shocks case this sign is negative and in the perfectly negatively correlated

shocks case it is positive. As before, in the independent shocks case this term does not exist.

Thus, the results corresponding to this case are reversed with respect to the substitute case.

Proposition 5 For a given firm j's hedging level h;, the firm i's hedging level is higher in the
Perfectly Negatively Correlated Shocks Case than in the Independent Shocks Case which itself

is higher than in the Aggregated Shocks Case, that is

aggregated shocks independent shocks perfectly negatively correlated shocks
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Proof. We follow exactly the same method as for the proof of proposition 2, but the result
is reversed because the sign of the cross derivative is positive and not negative. m

Firm ’s hedging demand is the lowest in the aggregated shocks case because its date 1
amount of cash is perfectly correlated with its investment opportunities. Conversely, firm i’s
hedging demand is the highest in the perfectly negatively correlated shocks case because then,

its date 1 amount of cash is perfectly negatively correlated with its investment opportunities.

Results of comparative statics

1. When the variance of the spot price ¢? increases

The marginal effect of o2 on the risk premium effect is still the same. Moreover, when o?
increases, firm 4’s interaction effect also still decreases in absolute value. In the complement
case, this means that in the aggregated shocks case the direct marginal effect of o2 on firm
1’s interaction effect is positive, while for the perfectly negatively correlated shocks it is
negative. In the complement case, the effect of o2 on h; is not clear when shocks are

perfectly negatively correlated.

2. When the firm i’s date 0 amount of cash A,; increases

On the one hand, when the firm j's date 0 amount of cash Ay increases, the interaction
effect decreases in absolute value. This tends to increase the hedging demand in the
aggregated shocks case and to decrease it in the perfectly negatively correlated shocks

case.

On the other hand, the effect of Ay on the risk premium effect is still the same. This effect

decreases in absolute value which increases the level of hedging.

The effect of an increase of A,y on h; is also not clear in the perfectly negatively correlated

shocks case.
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3. When the firm j’s date 0 amount of cash A;, increases

On the one hand, when the firm j's date 0 amount of cash Ay increases, the interaction
effect increases in absolute value. This tends to decrease the hedging demand in the

aggregated shocks case and to increase it in the perfectly negatively correlated shocks case.

On the other hand, when A} increases, the risk premium effect increases in absolute value
which decreases the level of hedging. When Aj, increases, A;; increases on average. Thus,
on average the firm 4’s investment opportunities increases. Thus, it is more and more costly

for firm ¢ to hedge the return of its project of date 0.

Therefore, the effect of an increase of Ajy on h; is once again not clear in the perfectly

negatively correlated shocks case.

The analysis with respect to the private benefit B is exactly the same as in the substitute

case.

For more details, see appendix 5.
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4.1 The Symmetric Nash Equilibria

Lemma 2 tells us that the signs of the slopes of firm i’s reaction functions are reversed in the

complement case with respect to the substitute case. The demonstrations are also reversed.

Proposition 6 For the aggregated shocks case, the marginal interaction effect and the marginal
risk premium effect are both positive. For the independent shocks case only the risk premium

effect exists. Thus, we have:

‘ h; is increasing in h; |

For the perfectly negatively correlated shocks case, the two marginal effects are opposite in

sign. Thus, h; can be decreasing or increasing. More precisely we have:

if (Ep; — p) (Ep; — p) > —cov (pi, D) | hi is increasing in h;
if (Ep; —p) (Ep; —p) < —cov (pi, pj) | hi is decreasing in h,

This proposition is illustrated in the following two figures:

i Figure 3b
Figure 3a The complement

case

Legend:
aggregated shocks case ’s reaction function -———
independent shocks case ’s reaction function
perfectly inversely correlated shocks case ’s reaction function -—-————-
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Proposition 7 Under Ay and As, there is an unique Nash equilibrium for each case. It is
symmetric and stable. Moreover, if we compare the Nash equilibria, we obtain the following

ranking:
hi < hy < h*,
That is, the level of hedging h* is decreasing with the correlation coefficient of the shocks p.

Proof. The demonstration follows step by step the demonstration of proposition 4. For the
details see appendix 7. m

As above, the same remark concerning the role of assumption 2 could be made for this case.

As in the first case we can do comparative statics. The results are the same as in the first

case:

1. If the risk premium increases, the entrepreneurs choose lower hedging levels.

2. Besides, for a given risk premium level, the higher are the interactions between firms, the

higher are the differences between the equilibrium hedging levels.

5 Link with the hedging literature and conclusion

5.1 Link with the hedging literature

First of all, according to the Modigliani-Miller paradigm, we know that hedging activities do not
change the firm’s value. In the Arrow-Debreu model, the corner stone of modern finance, capital
structure is irrelevant, as cited in Holmstrém-Tirole 1999. Any theory of corporate finance must
be grounded in some deviation from the assumed completeness of markets and the absence of
cost of financial distress and taxes.

Following Mayers and Smith (1982), several explanations for hedging demand by corporations
have been put forward. One explanation is based on fiscal considerations. With a convex tax
schedule, Jensen’s inequality implies that expected taxes are reduced by hedging. The more

convex the effective tax schedule, the greater is the reduction in expected taxes. Statutory
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progressivity, a common feature of systems, can cause convexity in the tax schedule. Smith and
Stulz (1985) make a similar argument.

Mac-Minn (1987) considers a model with costly bankruptcy. He argues that hedging reduces
the probability of the firm suffering financial distress by lowering the variance of firm value.
He then shows that hedging can eliminate or reduces bankruptcy costs in a argument similar to
Mayers and Smith (1982) and Smith and Stulz (1985). But in those models bankruptcy costs and
debt are exogenous. Caillaud, Dionne and Jullien (2000) address this issue using an extension of
Gale and Hellwig (1985). They consider two independent sources of risks that affect the firm’s
return. They put their model in the costly state verification paradigm, that is, the outcome of
the risks is not costlessly observable by the lender. In such a framework, they derive the optimal
contract which can be decomposed into a bundle of a debt contract and an insurance contract
with franchise. The optimal contract trades-off between the two costly sources of audit.

Froot, Scharfstein and Stein (1993) consider that external sources of finance are more costly
than internal sources because capital markets are imperfect. They argue that hedging activity
shifts internal funds from excess cash states toward deficit states. In their model, hedging is
viewed as an instrument for coordinating corporate investment and financing policies. This
paper is the closest to our own. Our results follow their, but we endogenize the capital market
imperfections and what they call the investment opportunities. A paper in the same direction
is Holmstrém and Tirole (1999). Their capital market imperfection is related to asymmetric
information. A firm cannot pledge the entire net present value of its project to new investors.
They show that firms should be isolated from all shocks that can be costlessly hedged in capital
markets in order to reduce the variability in investment rules.

A different line of research looks at issues related to agency costs within the firm. Stockholders
of a firm may have incentives to reject a positive net present value project if the benefits of the
project go to the bondholders. Hence, realizing that stockholders can behave opportunistically,
bondholders can protect themselves by lowering their offer price. Moreover, problem of “debt
overhang” a la Myers (1977) can exist. Mac-Minn (1987) shows how hedging or insurance can

eliminate or reduce such agency problems. A similar line is taken in Mac-Minn and Han (1990)
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and Mayers and Smith (1987). These motivations are not taken into consideration in this paper.

More recently, Grace and Rebello (1993) and Rebello (1995) studied a situation in which
firms have private information on its expected cash-flows and on its expected losses. They also
assume that firms with high operating revenues also face high insurable risks. In such a context,
hedging or insurance is viewed as a signal about the quality of the firm. Favorable information

is revealed by the purchase of high coverage.

5.2 Concluding remarks

In a situation where there is credit rationing, we have analyzed firms’ optimal hedging strategies.
We showed how hedging demand depends on the nature of interactions between firms and on
the correlation between shocks affecting firms’ internal funds. This give us testable implications.
Knowing the nature of the interactions between firms, we could test if the hedging demand
increases or decreases when we go from the aggregated shocks case to the perfectly negatively
correlated shocks case. More precisely, in the case of strategic substitutes, it could be possible to
empirically test the theoretical results on some raw material market very concentrated (petrol,
nickel, ...), for which firms’ hedging demand can be correctly estimated by the size of their off
balance sheet positions.

Another question could be to know whether our results are still valid in other types of com-
petition between firms. In an oligopolistic case, firms’ interactions could change but still exist.
Thus, our results should be robust to this case.

In a competitive case, interactions between each firm tend to disappear. In this situation,
what matters should be the correlation between the amount of cash of one firm and the average
amount of cash of all other firms rather than the correlation between the amount of cash of
one firm and the amount of cash of another particular firm. It is, however, the scope of future
research to clarify these questions.

Finally, let us give two topics of future research which could generate a hedging demand for
a risk neutral entrepreneur. Taking into account the possibility of predation would lead a firm
to hedge against low income. Consider a situation where there are two firms on a market and

their products are substitutes. There is a rich incubent and an indebted entrant. If the entrant’s
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result is below a precise threshold, the entrant is liquidated. This context is favorable to an
incubent’s predation behavior which tries to eject the entrant out of the market. To avoid a too
aggressive incumbent behavior, and under the assumption that hedging contracts are observable,
even a risk neutral entrant can choose to hedge its result to avoid such predatory behavior.
Along another line, we could consider how mergers and acquisitions modify the nature of
investment opportunities. The resale price of a firm depends on whether or not there are buyers
standing by ready to purchase the firm. This depends on the extent to which other firms that
could be potential candidates to purchase the firm have accumulated the knowledge necessary to
manage the firm and have enough money to buy it. In a context of very specialized firms, when
there is an adverse aggregated shock at the level of the industry, the resale price of a firm inside
this industry will be very low. Indeed, the firms which have the necessary knowledge, that is,
firms in the same industry are then very poor. Therefore, if a firm has to be liquidated, its resale
price would be very low in this situation (cf: Shleifer and Vishny 1992). In such a context, firms
have an incentive to hedge their results against adverse aggregated shocks for two reasons. First,
to be able to buy at a low price another firm of the same industry which has to be liquidated.
Second, to avoid being liquidated at a very low price. In this context, we guess that the more a

firm hedges its result, the less other firms will hedge theirs.
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Appendix 1: study of the function =, (1, ;) — I;

We have to check that the function V; = m; (I;, I;) — I; with I;, I; defined by the two implicit

functions
BI;
T (Iialj) —I; = éf — A
mi (L, 1) — Ij = A—Zj — A

is increasing, concave in A;; and that the cross derivative is negative when I;, I; are strategic
substitutes and positive when I, I; are strategic complements.'* We denote ; (I;, I;) by m; and

7j (I;, I;) by m;, to simplify the notations.

87@-
8Ai1 o — 8A11 (‘3]3 (‘3A11
> 0 by hypothesis

)

We determine the sign of

. We differentiate and resolve the system of the two implicit

0An
equations.
+ — - — +1=0
87rj (‘3]1 + 87rj_1_£ (‘3]3 .
al; DAy | ol Ap| 0An
ol o
By resolving for —2- = Ol; 04 5— we have:
Ap 813
1 + 2 — %
(9Ai1 N B am B aﬂ'j 87ri 87rj
1+—- 1+ — =) -
Ap 0l Ap 0l 0I; 01,
The numerator is denoted N, the denominator D.
;o
We suppose that the first cross derivatives of the two profit functions, (9_7.; and (97? , are small.
j i
1+ A_p — 87;1- and 1+ A_p — 8—7;_; are positive (cf: figure 1). Thus, A is positive.
MWhen I;, I ; are strategic substitutes, we have, 8257}%}?) <0
FPr(I;1)

When I;, I; are strategic complements, we have, TE)IJ-L >0
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on;
The sign of 3 Aﬂ corresponds to the sign of 3 [l 8 ] 5 Aﬂ corresponds to
om; O or; or;
L, D I positive. Indeed, az and 87;: have the same sign since the effect
of I; on m; and the effect of I; on 7;, are the same.

Therefore, V; is increasing in A;; ( ovi > 0) )
aAzl

BI,
Since at the optimum, ; (1;,[;) — I; = A, A;; we have:
p

*V, B &I
042~ ApoAZ,

0?1
The sign of this expression corresponds to the sign of —— Iz
i1

o°r, B Om O’m; B Om
o ([ (o (2B (2]
94z~ D2 O*m; Orj om; 0°m; 0An
Noraran, TV ar, ar
627'(']' B 87TZ' 827'('1' B aﬂ'j
or? <_D i (1 A 3li) N) i Na[ja[i (1 Tap a—]a) 0l;
+ O*m; O N N% O*r; 0A;
oI BI;, ' oI, a1,

Pr; O*m OPm 0wy 0P on; Om;
0L;01; 8[2 0101’ 8[2 ’ 8[2 o1, 01,

expression corresponds to the 81gn of

B am
D+ (1+— - N
827Tj ( Ap a[l) +N@ (1 + 2 _ %)

small enough, the sign of this

For

o101, Om; O oI? Ap Ol
i — I i j
o1, o1, > *
0m; B om:\?
=S N—"|14+——-—=—L) <
ar? ( " ap afj) =0
2 2 2 ] 82‘/;

and the sign of — s

0°1;
Th f —5
e sign o ar

0A2

is negative.

are the same. Consequently, is negative. Thus,
o A g B oAy
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*vi B P
(9Ai18Aj1 N Ap 8AilaAjl

0*I;
The sign of this expression corresponds to the sign of m

0?1, B
aAZ-l@Ajl N
[ B Om; i
_D+N(1+A—p_8[i) 627Tj+N0277i 1+£_%
i _ 8771, aﬂ—) alf 81]811 Ap 81] 8[7
D? 0l; 0I; ) , dA;
0 m; Om; om; 0°m;
N——2L 4+ N J
| Vo ar, T ar, ool |
[ B 87'('1' i )
_D+N(1+A_p_0[¢) (9271']' +N827Ti 1+£_%
N _ Omi O, dL;dI, 12 Ap Ol ol
01; 01, ) , 0Aj
0°m; Om; on; 0°m;
N L N
i Norarn o1, T a1, ar |
O, Pm; O*m; O*m; 0P, om; On; . .
For oT 6’]1 o OL0L, 8[2j’ (9]2] bounded and 5’];’ ol small enough, the sign of this
expression is given by the sign of
B O ol
N1 — J . J
( A afj) T 9A,
A g GIJOIZ S—~—
>0
In the strategic substitutes case O is negative Ol is then negative as Vi
—_— ve, ———— Vi _—
s »oror 04104, s 0AL0A;
0%m; 0?1, 9%V,

In the strategic complements case, " is positive. is then positive as ——————
Bi¢ comp ar,oL, = " 9An0A,, P 9AL0A,,
Consequently, the function V; = m; (1;, I;) — I; with I;, I; defined by the system of two implicit

functions has the desired properties.
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Appendix 2: optimal hedging level

First of all, we are going to establish a useful lemma which we will use to obtain the optimal

hedging demand functions.

Lemma 3 Let (x,y) be a couple of random variables distributed according to a Bivariate Normal

2 02 and correlation coefficient p.

law, with respective variance oy, o

Let b(z,y) : IR* — IR continuously differentiable.

Then, for p € {—1,0,1} we have:

‘ ~_ [0b(z,y) o, 0b(z,y)]|
covlaible,y)) =B | =5 = ey oy |

Proof. The Rubinstein (1976) rule is the following:
Let (x,y) be a couple of random variables distributed according to a Bivariate Normal law,

with respective variance o2, 012/ and correlation coefficient p.

Let f(y): IR — IR continuously differentiable

Then, cov(x;b(y)) = E (ag—(yy)) cov(z;y)

The difference between the Rubinstein rule and our result comes from the function b(x,y). We

consider a function of two variables x and y and not a function of only one variable y.

case 1: x and y are perfectly correlated

Thus, = and y are linked by the following relation: “;E(m) = =L

T Oy

We could directly apply the Rubinstein rule to cov (x;b(x,y))
We obtain:

. _ o [9(zy) | oy Ob(z,y)
cov(x,b(x,y))—Ex[ o -I—Uw 3y cov(z, x)

Em 8b(x,y)+ﬂ8b(:c,y) 0_2
ox or Oy w
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case 2: x and y are independent

In that case, there is no relation between x and y. We have to develop the covariance term.

cw@m@wwz&L/mmwv@|mm—mmmwmwnw]

T

g

term 1

We apply the Rubinstein rule to term 1:

cov(x; b(z,y) | y) = E, (ab(xx, y) ’ y) cov(z;w | y)

0
— 5 (o) vara |
=E, (81)22 2y y) (1—p%)o?

Then, we use the fact that B(z | y) = B(x) + pZ=(y — BE(y)).

Oy

Finally, we obtain:

ob Z, Oy
con aitte) = By | B (522 |4) (= )02 + 0 (0 = B Bu(blo) | )
y
ob(z,y) 2\ 2 Oz
=E 1-— — B
(F52) (1= o+ o Zcom s Bt ) | 9)
Since x and y are independent, p = 0. Thus, we obtain

cov (z;b(z,y)) = E (%@jy)) o2

case 3: x and y are perfectly negatively correlated

z—E(@) _ _ y-B)

Ty

In that case the link between x and vy s:

and we obtain:

g |9b.y) o, 0b(z,y)
’ ox or Oy

cov (3 b(z,y)) } cov(, )

ox or Oy
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By using the previous lemma we can determine the optimal hedging demand functions. The

entrepreneur chooses a hedging level which maximizes his expected utility with respect to h;.
maxFEV;
h;

The first order condition is:

av; 0An]
g [aAﬂ 8hll =0

Vi
0An

— E [ (Aio(p —@))] =0

ovi Vi | o~
— —cov|——;p; | =E Ep; —
(8Ai1p> [aAJ( Di — )
We can note that —cov (%;@) is positive. We know from proposition 1, that ;—X;’I is

decreasing in A;;. But, A;; is increasing in p;. Thus, when p; increases, A;; also increases, and

A
0A;1

then 6VZ‘1 decreases. The covariance between and p; is negative.

0A;

To develop the covariance term, we use lemma 3 in the different cases under consideration.

case 1: p; and p; are perfectly correlated
_ _ . pi—E(p) p;j—E(p
The link between p; and pj is: p (P:) _ P (7;)
g; 0

By using the lemma 3, we have:

< 8‘/; ~> [82% 81411 0j 82‘/2 814]‘1
Ccov =

2 9% Op; | 01 0An0A; Op, ] Var(p)

By replacing the covariance term in the expression

Vi oV; _ B ‘
—cov (aTﬂ,pz> —-E [8147;1] (Ep; — p) = 0 we have:

_E [82‘/; 81421 + 0j 82‘/; aAjl

~ ~ oV, B

We know that:
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0An

3A-1
d —X = (1—hj)4;
an apj ( J) jo

By substitution in the above expression, we obtain:

Aj() 8Ai15’Aj1 ﬁ(l . h)
J

A 82Vz‘ oF)
()

oVv;

+ AiO E 62‘/1 022
0A2

hi(hy) =1+

case 2: p; and p; are independent
By using the lemma 3, we have:

cov _(9Vi p; | =E _82‘/;- 04 o2
oA, ) T oAz ap, |7

By replacing the covariance term in the expression:

M 5 Vi ] o
_ YUVi o~ B _ _ . |
Ccov (aAzl ?pz> {314@11 ( D p) 0 we have

2V 0AnT 4 AN
- [314?1 op; ] oi ~ (B —p)E <5Ai1) =0

We know that:

0An

7, ( )Aio

By substitution in the above expression, we obtain:

oV,
El— ~
1 (aAil) Ep; —p

A_i[) 0%V, o?
E(@Aa)

hahy) =1+
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case 3: p; and p; are perfectly negatively correlated
5 — (D 5 —E (D
The link between p; and p; is: p=B(p) = P = Bp)
g; 0j
By using the lemma 3, we have:
ov; 0?V; 0A;n  o; 0*V; 0Aj, ~
AR I ) Rt Y i 9 (B
v (aAﬂ’p ) {aAgl 0p;  0:0A304; 0p, } ar (pi)

By replacing the covariance term in the expression :

—cov(avi ~> —E{gw}(E@—p):()wehave:

0A; 0As
0%V, ao; 0% oV;
—E | 5 (1 —hj)Apg — L ——-"(1—h;)A, pi) — (Ep; —p) E L) =
|:8A221( ) 0 o 8147,1814]1( ]) JO] Var(p> ( /4 p) (81421) 0
By replacing in the above expression % % by their respective value, we obtain h;(h;):

B Aj() 8Ai18Aj1 0j
hz(h]) - 1 AiO E (82‘/1) o; (1 h])

oA
Vi

+A—,.OE FATANP
0A%

By using p, we have:

E( 02V )

A 0A;10A: ) o

hi(h;) =1+ pA{s 812V~ i1 U_{ (1 — hy)
i E( > i

o2,
aV;
E(—=—— ~
1 (5Az‘1 ) Ep; —p

+ Aig E 82‘/; 0',?
DA%

Appendix 3:

Since we consider a quadratic form for the value function V;, we could write
2

‘/;' = cte + CLA“ + bAjl — CA?l — dAilAjl — €A]1

d 2
= cte + CLAil + bAjl —C <A11 + _Ajl) + 6/A]2~1
C
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Firm i’s entrepreneur wants to maximize his expected income.

2
E‘/z = cte + CLEAH + bEAjl —ck <A21 + C—ZAjl) + G/EA]2-1
C

d ? d
= cte + CLEAil + bEAjl — C <EA21 + EEAJl) —cVar (Azl + EAjl) —+ GIEAJQ'I

One term of the entrepreneur ’s hedging demand corresponds to the term which minimizes
Var (Ail + %Aﬂ) with respect to h;.
To write the value function V;, as we do above, we have to compute the second order limited

_1_ 8%y _19%Vy;
development of V;. We find then, that d = 3 0An 0 and ¢ = Eﬁfl'

The first order condition with respect to the variance term is:
0%V,
.\ 0A;104; -
2A2 (1 — h;)o? = 2cov <A¢0 (p—pi); 8127%]114]-0 (ph; + (1 — hj)pj)>
0A7

After computations, we find that the solution for p € {—1;0;1} is:

A Ty
i0 0A;10A51 O
hi =1 + pA— ézViJ _°

0 gaz 9i

(1 — hy)

with p defined as the correlation coefficient between p; and p;. This corresponds to the first term

of lemma 1.
Appendix 4: proof of proposition 2
From lemma 1, we know that for p € {1,0,—1}

B ( 0%V, ) B ( oV; >
A; 0A;710A; ) o 1 0A;1 ) Ep; —p
‘4 E( ’L) (]

A'L’O E 82‘/2 012
oA, oA,

Assume h; given.

Consider the function f (h;) defined by:

A%
E<__L _
1 3Ai1) Ep; —p
f(hi) =h; — — 3

Aig 82‘/; gy
(52
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df (hi)
a2

We see that f (h;) is increasing in h;.

For p =1, f (h;) = 1+ a positive term
For p=0, f(h;) =1

For p = —1, f (h;) = 1+ a negative term

Thus, as f (h;) is increasing in h; for h; given, we have:

aggregated shocks independent shocks perfectly negatively correlated shocks

Appendix 5: First results of comparative statics

1. When the variance of the spot price ¢? increases

By using the implicit function theorem, for a? given, we obtain the following

0%V,
8h, 1 AjOEaAi]_aAjl O'j

Term A represents the effect of o2 on the interaction effect. In the substitute case (in the
complement case), this term is negative (positive) for the aggregated shocks case, equals
to 0 for the independent shocks case and positive (negative) for the perfectly negatively

correlated shocks case.

Term B represents the effect of o2 on the risk premium effect. This term is always positive.

2. When the firm i’s date 0 amount of cash A,; increases

By using the implicit function theorem, we obtain
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Oh;

oA (i) o (L= hy) (GBS — 33 (ohi + (1= hi)BR) ) (Bfi — p)

ALE <8A2 ) Ti Ak (gi‘g ) Ti
Term A Term B
(Ep;—p)”
14 \EPi—p)”

o
k3

Term A represents the effect of A;y on the interaction effect. In the substitute case (in
the complement case), term A is negative (positive) when shocks are aggregated, does not
exist in the independent shocks case and is positive (negative) when shocks are perfectly

negatively correlated.

Term B represents the effect of A;y on the risk premium effect. 1t is always positive.

3. When the firm j’s date 0 amount of cash A;, increases

By using the implicit function theorem, we obtain

(Epi—p)
s (1 22 =

l

2V 9 f ~ Ep; —
pE (aA?lgAﬂ) A (1 - hj) (aA?lgAjl (phj + (1 - hj) Epj)) ( pgi 2

52V 82V
Term A Ter?n B

Term A represents the effect of A;y on the interaction effect. In the substitute case (in
the complement case), term A is positive (negative) when shocks are aggregated, does not
exist in the independent shocks case and is negative (positive) when shocks are perfectly

negatively correlated.
Term B represents the effect of Aj;y on the risk premium effect. It is positive for the

substitute case and negative for the complement case.

4. When the private benefit B of one entrepreneur increases

At the optimum, we have the following relationship

oV, B 0l

= —1
A APOA,
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Thus, at the optimum we have

_1 0L

1 AP9A;; Epi—p
—a2v. 2
AZO Ea V O—i

Ohi _ <0
aB N 1 + (Epz )

l

o1,

7 0Ain > (. Therefore h; < 0.

’8B

Under the assumptions taken for proposition 1

Appendix 6: evolution of firm 's hedging demand with
respect to firm ;’s hedging level

The computations for the substitute and the complement cases are the same, only their
interpretations change. Consequently, we distinguish the computations only for the different
shocks we are interested in: aggregated shocks, independent shocks and perfectly negatively

correlated shocks. The distinction comes from the value of p.

We have:
21/
A B <8Aa 0A )
_ 19351 o
h”L(h’ ) 1+pAzO E 82‘/ o; (1 h])
0A2
(81421) Epz
5 (5)
and thus,

B 02V,
Ohi(hy) Ay \9AndA;
8h] pAzO E 82 O'l
o,
8AZ21 8hz 8h] 8A218A]1 ah] 82‘/; O_ZQ
E
A2

L
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Oh;(h;)

Since the value function V; is quadratic, its second derivatives are constant. Thus,

Oh;
could be written

~\2
ahz 1+ (p_Epz)
('9hj 012

E ( 0%V, ) *V;
Ay \0A4AndAj ) o5 Ajo 0An0A; (Bp; —p) (Ep; — p)
Phg " L (Vi) o Aoy (O o?
A2 A2

Thus, for p = 1, we characterize the derivative expression for the aggregated shocks case.

For p = 0, we characterize the derivative expression for the independent shocks case.

For p = —1, we characterize the derivative expression for the perfectly negatively correlated
shocks case.

Therefore, we have characterized the derivative expression for all the cases we are interested

Appendix 7: proof of proposition 6 and 7

Proof. We have:

Oh,
oh,

> 0, for the aggregated shocks and independent shocks cases

Oh;
for the perfectly negatively correlated shocks case, 8_hz could be positive or negative
J

aggregated shocks independant shocks perfectly negatively correlated shocks
hi (0) < h; (0) < h; (0)

<1

aggregated shocks __ 1 independant shocks __ 1 perfectly negatively correlated shocks
h; (1) = h; (1) = hg (1)

the reaction functions are linear

82V, 0%V
we make the implicit assumption that ‘E (m) ‘ < 'E (8/1?1) '
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We distinguish two cases:
Oh;

First case: — >0, Vp e {-1,0,1}.
Oh;

thus we have:

The symmetric Nash equilibria are unique and respect the proposition 6

oh; :
Second case: —— > 0 for the aggregated shocks and independent shocks cases and —— < 0
J J
for the perfectly negatively correlated shocks case

As shown in the figure 8b, the symmetric Nash equilibria are unique and respect proposition

7. n
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