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Abstract

We provide a novel priced Wold representation that, using the pricing restrictions of a large
cross-section of asset returns, sharply identifies shocks common to financial markets and
the macroeconomy, and their propagation. These shocks slowly propagate through major
macro aggregates, account for 20 — 47% of their variation and most of their predictabil-
ity, and trace their business cycle, disciplining all equilibrium models. This propagation,
not the overall persistence of macro quantities, yields short-run macro risk premia that
are negligible, yet match the equity premium at business cycle horizons. Validating the
method, the model-implied prices of dividend strips match observed out-of-sample for-
ward equity yields and their term structure, both conditionally and unconditionally. By
identification through elimination, we rule out productivity, investment-specific technol-
ogy, and pure preference shocks as likely origins of the business cycle. The data point
to demand/belief shocks and cost-push shocks propagating through real, nominal, and
informational rigidities.
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“The general hypothesis [...] is that information about the production of a given period

is spread across preceding periods and so affects the stock returns of preceding periods.”

— E. F. Fama (1990, p. 1096)

Equilibrium asset prices are jump variables. They incorporate news about current and future
states of the economy as soon as it arrives, while real quantities adjust gradually as plans
are revised and resources reallocated. This forward-looking character of asset prices has long
been recognised as a window onto macroeconomic dynamics. And yet, its systematic use to
identify priced macroeconomic shocks has remained elusive. The empirical macro-finance link
has been fragile at best: weakly identified, horizon-dependent, and difficult to map cleanly to
the predictions of equilibrium models.

We develop a framework that turns this disconnect on its head: a new, theoretically
grounded identification scheme that uses the wealth of information in asset returns to re-
cover the priced shocks common to financial markets and the macroeconomy, their propagation
through macro time series, and the term structure of risk premia for any covariance-stationary
economic factor. The identification rests on a new result, a priced Wold decomposition, com-
bined with the pricing restrictions delivered by a large cross-section of equity returns. In the
data, it reveals a very large degree of commonality between financial markets and the macroe-
conomy. And it delivers sharp evidence on which equilibrium mechanisms are, and are not,
consistent with the term structure and propagation of priced macroeconomic risk, on the origin
of the priced shocks, and on the frictions through which they propagate.

Our analysis reveals that financial markets and macroeconomic aggregates are linked far
more tightly than commonly thought. The dynamics of GDP, industrial production, invest-
ment, hours worked, unemployment rate, and durable and non-durable consumption are all
driven by (almost) identical priced shocks, which account for 20% to 47% of their time-series
variance and the great majority of their predictability. The priced moving-average components
we identify visibly trace the US business cycle, with troughs aligned with every NBER recession
and pairwise correlations between 0.60 and 0.97 across these macro aggregates. The risk com-
pensation this shock commands is large: annualised Sharpe ratios of 0.43 to 0.68, on par with
the market portfolio, and the shock alone explains 20% to 53% of the variance of the (latent)
stochastic discount factor (SDF) spanned by equity returns. In a nutshell, financial markets
are of first-order importance for understanding macroeconomic dynamics, and macroeconomic

risk is a first-order driver of asset prices.



We focus on the term structure of risk premia of an economic factor: minus the per-period
covariance between its multiperiod growth and the SDF. The priced Wold representation can
speak to other dynamic asset-pricing objects too,! but this metric is the natural one for the
task at hand, and it disciplines equilibrium models in three ways. It has a clean marginal-
utility interpretation. At each horizon, it pins down how strongly and in which direction
a candidate model must covary the factor with marginal utility. It is benchmarked against
observable returns. For any tradable claim, the term structure of risk premia can be read
directly from data. So our nontraded-factor estimates, and the term structures implied by
competing models, are comparable horizon by horizon with what financial markets pay. It is
itself a tradable object. The macro risk premia we recover coincide with the per-period payoffs
of horizon-specific mimicking portfolios. The existing equity cross-section thus implicitly spans,
and could make tradable, the macro hedging instruments that Shiller (1993) called for.

The term structure of risk premia we uncover is unconditionally upward-sloping (in abso-
lute value) for the major real aggregates and strongly countercyclical conditionally: small in
expansions and sharply elevated in recessions. Macro risk premia are unconditionally small at
quarterly horizons but match the equity premium at two- to three-year horizons. As an out-
of-sample test of the conditional accuracy of the method, the implied dividend term structure,
estimated without strip data, closely tracks the forward equity yields of Bansal et al. (2021).

Our Wold representation, combined with the discipline imposed by a large cross-section of
returns, makes the common priced shock a sharply identified object. Hence, we can ask what
kinds of disturbances drive it and which frictions propagate it. The findings deliver a sharp
empirical target for equilibrium business-cycle models. The fingerprint of the priced common
shock matches that of a demand or belief disturbance, propagated through real, nominal, and
informational rigidities. The upward-sloping term structures of the core real aggregates reflect
the slow propagation of the priced shock through these rigidities. Their strong countercyclicality
points to either countercyclical risk aversion or risk-bearing capacity, or a time-varying quantity
of risk (perceived or objective) over the cycle. The inflation risk premia we recover are negative,
the signature of cost-push pressure dominating in priced inflation.

A natural candidate for the commonality we uncover is total factor productivity, the workhorse
driver of business cycles in many equilibrium models. Yet, we find that TFP is not significantly

priced at any horizon, whether measured by the utilisation-adjusted or the raw Fernald (2014)

IFor instance, it could be used in estimating the shock elasticities of Borovicka et al. (2014).



series. This is not an artefact of TFP mismeasurement or low power of the method. First,
using only the directly estimated risk premia of output, hours, and investment, we construct
an implied risk premium for the Solow residual, an internal consistency check that requires no
TFP data, and obtain values close to zero at every horizon. The same priced shock therefore
moves output, hours, and investment together, but leaves no priced footprint on measured pro-
ductivity. Second, as we show, our method detects priced TFP components, if present, even
when they account for a very small fraction of TF'P variation, as in production-based long-run
risk models (e.g., 7-8% in Croce, 2014). This is therefore a challenge for macro-finance models
in which the pricing kernel is driven by productivity (e.g., Kydland and Prescott, 1982; Kung
and Schmid, 2015), and it aligns with the evidence of Angeletos et al. (2020) that a single “main
business-cycle shock” is largely unrelated to TFP.

The picture diverges sharply for inflation, however. Angeletos et al. (2020) report that the
main business-cycle shock identified from real activity has near-zero correlation with inflation;
we find substantial comovement instead, together with negative inflation risk premia that point
to cost-push pressure dominating unconditionally in priced inflation. This difference comes
from our ability to separate priced and unpriced components of inflation: most predictability
within inflation measures, as we show, is driven by unpriced shocks. As a result, the standard
VAR approach fails to detect the presence of common priced shocks and their risk premia.

We show, with extensive simulations, that our approach has much higher power to detect
priced variables and their risk premia than conventional methods. It precisely pins down priced
shocks and their propagation within any variable, yet it does not label them. However, different
models of business-cycle fluctuations have sharp predictions about which state variables are
priced, and what their term structures should look like. Therefore, this allows us to document
which shock origins and economic frictions are supported by the data, and which are not. That
is, our method allows us to conduct an exercise of “identification by elimination” of the origins
and propagation mechanisms of priced business cycle fluctuations.

We find no empirical support for investment-specific technology and pure-preference shocks
being the drivers of the priced macro commonality: the relative price of investment, equipment
and structures investment growth, the personal savings rate, and the consumption-to-income
ratio all have statistically insignificant term structures of risk premia. Credit-supply variables
(Jermann and Quadrini, 2012), in particular the excess bond premium of Gilchrist and Zakrajsek

(2012) and the senior loan officer net-tightening survey, display the right qualitative pattern,



but their credible intervals span zero, possibly due to shorter samples.

Which mechanisms are the data most consistent with? A non-technology shock, most plau-
sibly a demand or belief disturbance, that propagates gradually through real, nominal, and
informational rigidities. Consumer confidence and the Michigan Consumer Sentiment Index
are significantly priced at all horizons, with flat term structures of risk premia, high contem-
poraneous R? from the priced shock, and limited additional predictive content: they behave as
fast-moving barometers of the common shock rather than slow-diffusing drivers, consistent with
the demand- and belief-driven view of business cycles in Angeletos and La’O (2013); Angeletos
et al. (2020) and Huo and Takayama (2023). Priced shocks in confidence and sentiment are
virtually identical and “almost the same” as those in GDP, hours, investment, and non-durable
consumption, with correlations well above 0.9, against raw-variable correlations of 0.08 at best.
Cross-forecaster dispersion and the macro-uncertainty index of Jurado et al. (2015) load on
the same shock and carry term structures consistent with information frictions as modeled by
Lorenzoni (2009) and Angeletos and Huo (2021), with their bite plausibly stronger in bad times.

Our framework also provides a clear view of the propagation mechanism. The textbook
g-theory of investment (Hayashi, 1982; Cochrane, 1991) predicts that Ag, as a forward-looking
asset price, is approximately unpredictable and therefore carries a flat term structure of risk
premia. Real quantities such as capacity utilisation, by contrast, respond gradually through
capital-adjustment costs. The data display exactly this pattern. The growth rate of aggregate
Tobin’s ¢ is significantly priced at every horizon, with an essentially flat term structure and
an annualised Sharpe ratio of about 0.4. Moreover, 83% of its variation is accounted for
by the priced shock: ¢ is overwhelmingly driven by the same systematic risk that prices the
equity cross-section. Capacity utilisation, by contrast, exhibits a sharply upward-sloping term
structure of risk premia, and its priced shock has a correlation of 0.99 with that of GDP. The
contrast, flat for the asset price and upward-sloping for the slow-moving real quantity, is the
canonical signature of g-channel transmission: the priced shock is immediately reflected in the
shadow value of capital and propagates to real activity only gradually, via real frictions.

The footprint of the identified priced shock on inflation further disciplines the interpre-
tation. Consumer-price inflation, the cyclical inflation measure of Bianchi et al. (2023), and
producer-price inflation are all significantly negatively priced, with term structures that in-
crease (in absolute value) with horizon. A negative inflation risk premium is the signature of

cost-push pressure: inflation that loads on high-marginal-utility states, the “bad inflation” of



Cieslak and Pflueger (2023); Campbell et al. (2020). The slow build-up of the inflation pre-
mium across horizons mirrors the gradual response of inflation to the priced shock. This is
a typical signature of nominal rigidities (Christiano et al., 2005) and information frictions in
price setting (Mankiw and Reis, 2002; Woodford, 2003). Consistent with the latter, the cross-
forecaster disagreement about the GDP deflator is negatively priced, sharing nearly the same
priced shock (0.97 correlation) as disagreement about real GDP growth: a single informational
friction seems to generate disagreement about both nominal and real outcomes. Yet, since
standard inflation indices aggregate both demand- and supply-driven pressures, the negative
unconditional inflation risk premia we estimate need not imply the absence of a demand-driven
premium, which would carry the opposite sign under the Phillips curve. Extending the demand-
and supply-driven inflation decomposition of Shapiro (2022) to the producer side confirms ex-
actly: demand-driven PPI carries a positive term structure, whereas supply-driven PPI carries
a (significantly) negative one, with the latter dominating unconditionally in aggregate PPI.
Our identification rests on three building blocks. First, a Priced Wold Decomposition Theo-
rem expresses the priced part of any covariance-stationary economic factor as a moving average
(MA) of current and past SDF innovations, in the spirit of local projections (Jorda, 2005; Olea
et al., 2024) and reminiscent of max-share identification in the SVAR literature (Faust, 1998;
Uhlig, 2003; Barsky and Sims, 2011; Francis et al., 2014; Angeletos et al., 2020), but with shocks
identified through cross-sectional pricing rather than through variance-share or sign restrictions.
Second, an approximate factor structure for asset returns (Chamberlain and Rothschild, 1983)
ensures that priced shocks are spanned by a small number of latent factors recovered from
the cross-section, with both macroeconomic risk premia and the propagation of priced shocks
point-identified by a rotation-invariance argument similar to Giglio and Xiu (2021), extended
here to the dynamic MA setting. Third, hierarchical Bayesian inference (Bryzgalova et al.,
2023, 2024) jointly recovers the time-series and cross-sectional layers of the framework, with all

conditional posteriors in closed form and valid credible intervals for the entire term structure.

(Additional) Closely Related Literature

Methodologically, our paper is close to the Bayesian VAR literature (Sims, 1992; Cogley and
Sargent, 2005; Primiceri, 2005; Giannone et al., 2015; Del Negro and Primiceri, 2015; Crump
et al., 2021), borrowing its hierarchical Gibbs encoding and use of high-dimensional panels.
Unlike that tradition, we work directly in IRF space via the priced Wold representation, with

shock identification based on cross-sectional pricing restrictions rather than on exclusion or sign



restrictions, providing the macro-finance counterpart to a literature primarily used to forecast
and trace monetary or fiscal shocks (Del Negro and Schorfheide, 2004; Sims and Zha, 2006;
Banbura et al., 2010). Our TFP findings also speak to the long-running SVAR debate on the
effects of technology shocks (Gali, 1999; Uhlig, 2004; Basu et al., 2006).

Our evaluation of candidate origins of the common priced shock engages with several addi-
tional strands of business-cycle theory not already discussed in the introduction. The demand-
and-belief strand with which our findings most closely align includes coordination and animal-
spirits models (Benhabib et al., 2015), information-friction theories of business-cycle propaga-
tion (Blanchard et al., 2013; Chahrour and Jurado, 2018), and demand-driven asset-pricing
models (Albuquerque et al., 2016). We also evaluate, and find unsupported by the data as
drivers of the common priced shock, investment-specific technology shocks (Greenwood et al.,
1997; Fisher, 2006; Justiniano et al., 2010, 2011), pure preference shocks, and labor-market
wedges and matching-efficiency shocks (Shimer, 2005; Hagedorn and Manovskii, 2008; Gertler
and Trigari, 2009; Hall, 2017; Kehoe et al., 2019). Macro uncertainty measures (Jurado et al.,
2015; Bloom, 2009; Bloom et al., 2018; Ludvigson et al., 2021; Baker et al., 2016) comove with
the common priced shock to varying degrees and, where significantly priced, behave as fast-
moving barometers of it rather than as its slow-propagation source. On the inflation side, our
cost-push finding is consistent with the New Keynesian DSGE tradition but does not strictly
require nominal rigidities, as cost-push pricing of inflation can arise with fully flexible prices
(Finn, 2000). Yet, its slow propagation within inflation measures is suggestive of nominal (or
informational) rigidities affecting price adjustments.

We also connect to the literature on inference of risk premia in linear factor models (Black
et al., 1972; Fama and French, 1992; Shanken, 1992; Kan et al., 2013) and to recent work using
systematic factors from large cross-sections to address omitted-variable and weak-identification
problems (Connor and Korajezyk, 1988; Kozak et al., 2020; Kleibergen and Zhan, 2020; Ana-
tolyev and Mikusheva, 2022; Bryzgalova et al., 2023). The priced Wold representation extends
cross-sectional pricing to the dynamics of factors and returns, delivering the term structure of
risk premia in one consistent framework. This helps reconcile the long-standing disagreement
over macro risk premia at different frequencies (Mehra and Prescott, 1985; Parker and Julliard,
2005; Lettau and Ludvigson, 2001; Jagannathan and Wang, 2007; Ortu et al., 2013; Bandi and
Tamoni, 2023), accounts for the term-structure patterns of the VIX (Eraker and Wu, 2017;

Dew-Becker et al., 2017; Johnson, 2017), and rationalises the failure of standard mimicking



portfolios to price returns across horizons (Chernov et al., 2021): contrary to narratives based
on horizon-specific risk attitudes (Andries et al., 2024), the term structure is generated by the
same priced shocks slowly propagating through macro variables.

Finally, our use of financial markets to identify shocks and trace their macro responses relates
to the literature on high-frequency identification of financial and policy shocks (Kuttner, 2001;
Bernanke and Kuttner, 2005; Nakamura and Steinsson, 2018; Bianchi et al., 2022) and to work
on tradable forward-looking factors (Liew and Vassalou, 2000; Lamont, 2001). Bryzgalova et al.
(2026) also model a macro variable via a flexible MA, but with a different question and a different
identification method. They study the consumption process embedded in asset prices to resolve
the weak identification of consumption risk; we ask instead, crucially, which macro fluctuations
are priced, how priced shocks propagate, and what the resulting term structure of risk premia
implies for equilibrium models. The shocks are correspondingly identified differently: time-
series filtering with asset returns there, cross-sectional pricing restrictions from the latent SDF

of a large equity panel here.

The remainder of the paper outlines our method and simulation evidence (Section 1),
presents the empirical findings (Section 2), and concludes (Section 3). The Online Appendix

collects proofs, additional results, and details.

1 Theory and Method

We aim to test whether a covariance-stationary factor g;, tradable or nontradable, is priced in
a large cross-section of test assets. We work in logs throughout: ¢; is the log growth rate of G;
between t — 1 and ¢, where GG; can be, for example, portfolio value, investment, or production.
Let ¢ = (ryg, - .- ,TNt)T denote log returns on N assets in excess of the log risk-free rate r;.
Define the cumulative variables ¢; 1,15 = log(Gy1s) —log(Gy_1) and ;1,1 g, the multiperiod
growth rate of G} and the cumulative log excess returns between t — 1 and ¢ + S.
We assume a linear latent factor model for r; with K systematic factors:

~ iid iid

T = KUy + ﬁf)ﬁt + Wy, Vg~ (0K7 IK)7 Wy ~ N(ON7 21(17‘)7 6t J— Wy, (1)

where v, are K uncorrelated latent factors with loadings 33, w,; are unpriced idiosyncratic
errors, and p, are expected log excess returns. We relax the serial uncorrelation of »; in
Section 1.1. The (log) normality assumption can also be relaxed but, unlike the alternatives,

guarantees consistency even if the shocks are not Gaussian (Bollerslev and Wooldridge, 1992).



Asset returns follow an approximate factor structure (Chamberlain and Rothschild, 1983): the
largest K eigenvalues of r;’s covariance matrix explode as the number of assets goes to infinity
(equivalently, those of 3337 ), while those of 3, remain bounded. We allow for some cross-
sectional dependence of w,;, as discussed below. The number of latent factors, K, is taken as
known in this section.

Factor loadings B; partially explain expected returns (Ross, 1976),
- 1
My = pr + §Tr = /617)‘17 +a, (2)

where Y, = (V&I‘(Tlt), . ,Var(rNt))T, A; are the risk premia of 9, and « is a vector of pricing
errors. The Jensen’s inequality term %TT adjusts mean log excess returns.? Each pricing error
«; is iid with zero mean and finite standard deviation, and cross-sectionally independent of
factor loadings. This form of misspecification has been commonly used (e.g., Kan et al., 2013;
Gospodinov et al., 2014) and has a clear economic interpretation. Equation (2) is equivalent to

a log SDF linear in the factors o; (Cochrane, 2009):3
My — Ky = — A Oy =2 € (3)

Since v; have an identity covariance matrix, their risk prices coincide with their risk premia.
To model each covariance-stationary factor g; as the sum of a priced and an unpriced
component, we apply the Wold representation theorem to the projection of g; onto the priced
subspace. The intuition is direct: if we decompose g, into a purely priced component (containing
no idiosyncratic information orthogonal to systematic risk) and an unpriced one, the former
must lie in the linear span of the SDF (Hansen and Richard, 1987); the Wold theorem then
expresses the priced part of g; as a moving average of current and lagged SDF innovations.
Appendix A.1 formalizes this as the Priced Wold Decomposition Theorem (Theorem A1) and
establishes the existence and uniqueness of the representation. Based on this result and the
SDF in (3), we model g; as the sum of a moving average of asset-return shocks and additional

shocks (e.g., measurement error) not spanned by financial markets:

S
gt = Hg + Z ﬁsﬁ;i}t—s + Wyt ﬁ;—ﬁg = 17 (4>
——

s=0
ft—s

2The approximation in equation (2) is exact under the lognormality assumption of asset returns.

30ur paper does not model the risk-free rate and hence the dynamics of conditional mean of the SDF. For
convenience, we normalize the mean of m; to be an unknown constant «,,.



where /i, is the unconditional mean, 7, o A; (a restriction explored in Sections 2.1.1 and
2.1.3), f; is the spanned component that may drive both g, and asset returns, {ﬁs}fzo is square-
summable, and wy, is a potentially autocorrelated shock unrelated to v, and w,;. Theorem Al
ensures existence of this representation (possibly with S = 00); square-summability of the MA
coefficients implies that finite S introduces only a finite approximation error.

Since f; is a white-noise innovation, {ﬁs}fzo are ¢;'s impulse responses to the asset-return
shock fi: ps = E [gt—i-s | fo=1; {ft—j}f:l] —-E [gt—i-s | fe = 0; {ft—j}]gzl]a analogous to the local
projection (LP) coefficient of g;1s on f; (Jorda, 2005), with f; identified from a large cross-section
of asset returns. Like LPs, our framework recovers the impulse response of ¢ to financial shocks
without the fragility of selecting a stringent autoregressive structure (Olea et al., 2024). The
single-equation MA also extracts information from all leads and lags of g; jointly, rather than
from S separate regressions with correlated residuals, simplifying and sharpening inference.

Several features of equation (4) are noteworthy. First, the representation projects g; onto
the history of asset-return shocks {¥;_s}s>o rather than onto g;’s own Wold innovations: since
asset returns are what the SDF must price, conditioning on the information set spanned by
tradable shocks is the natural basis for testing risk premia. The loading on both current
and lagged shocks reflects that asset prices are jump variables, immediately incorporating news
about current and future economic states, whereas nontradable factors may respond with delay,
consistent with most equilibrium models and with the documented ability of returns to forecast
macroeconomic variables (e.g., Liew and Vassalou (2000), Lamont (2001)). Second, when g;
comoves only with the contemporaneous asset-return shock (g = 0 for s > 0), the formulation

4 For persistent

nests Giglio and Xiu (2021) as a special case and attains comparable power.
factors, by contrast, allowing for MA propagation greatly increases the power of the test for risk
premia, as we show below. Third, we adopt a general long-MA representation rather than a
low-order ARMA. As Online Appendix OA.1 shows, model selection over the low-dimensional
ARMA processes typically postulated for consumption, TFP, and profitability is fragile and
rarely recovers the true process; the long-MA representation is therefore robust to ARMA-
order misspecification. Where canonical selection fails, our representation succeeds: under
the challenging calibration of Croce (2014), in which the priced conditional-mean component

accounts for less than 8% of TFP variance, our MA-based method accurately recovers the

cumulative impulse responses of TFP growth to the priced shock (Online Appendix OA.1).

4Since they use simple (not log) returns, the nesting is exact up to the log-linearization approximation error.



Our representation is very general and covers all macro-finance models with a covariance-
stationary SDF.” We illustrate with examples how the framework in Equations (1)-(4) maps

into canonical models under particular parametric restrictions.’

Example 1. Adrian et al. (2014) measure a financial intermediary SDF, i.e., my = Ky — A -
LevFac;, where LevFac, is the shock to the leverage of security broker-dealers. Our framework

maps into theirs with: ¥, = f, = LevFac,, S =0, po = 1, and g, is a noisy prozy for LevFac;.

Example 2. In the canonical long-run risk model of Bansal and Yaron (2004), the log consump-
tion growth is modeled as g = Acy = x4_1+0,_11;, where oy 1s the stochastic volatility process,
x4 18 the conditional consumption mean following an AR(1) process, xy = pzTi_1+ Pe0i_164 =
Zzio CePaOi—s—1€1—s, and o,_17; 15 the short-run consumption shock. Within this framework,
the log SDF' is linear in three independent shocks, i.e., ef* = my — E,_1(my) = Aoy —
AneOt 16t — AmwOuwr (0uwy is the shock to o?). The SDF in equation (3) maps into the Bansal
and Yaron model with i) ¥, = (04-1m, 04—1€4, 0,w;) | and 1) A = Ay —Ames —Amw) - The

fundamental priced Wold representation in equation (A1) yields the coefficient restrictions:”

— 0’2 ~ — ;g71 e Am,e ‘72
S =00, o=l 5y = 22 LM g 02 = (A2, 4 02, ) Elo? ] + A2, 07

5 .
2 o2 m,w"” w

We apply the risk premium definition of Cochrane (2009, Chapter 6) to gz Ay = —cov(gy, my).
When g¢; is a traded log excess return, E[exp(mt + g + Tf)} = 1 implies E[g;] + %Var(gt) =
—cov(gs, my) under joint lognormality. For a nontradable factor, —cov(g;, m;) is the pseudo
expected excess return of g, if it were tradable: the risk premium on an asset whose payoff
grows at rate g;. More broadly, it measures (the negative of) the covariance of g, with marginal
utility. We extend this to a term structure: the average per-period risk premium of g from ¢ —1
tot+S5 (0<S5< S ) is the multiperiod covariance between the factor and the SDF, divided
by the number of holding periods:

S T =
\S _COV(mtflatJrSagtflatJrS) _ Zfzo ZS:O Ps ﬁT)r, (5)
g 1+ 8 1495 \g;
Af

Equation (5) admits two interpretations. First, )\5 is the per-period risk premium on the

mimicking portfolio for g at horizon S: the portfolio of returns whose multi-period payoft

50Qur formulation allows shocks to be driven by a jump process. In the empirical applications, however, we
model shocks as continuous since at the quarterly and monthly frequencies we focus on, the implied jumps would
be small and well approximated by, and hard to distinguish from, continuous processes (Ait-Sahalia (2004)).

6 Additional examples, e.g., Croce (2014) and Belo and Li (2023), are discussed in Online Appendix OA.1.

"The Wold representation is identical to the original variable in the Hilbert space sense: it preserves all first
and second moments and therefore yields the same pricing implications and impulse responses.
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best tracks ¢g;_1,:1s. In a large cross-section, this per-period risk premium converges to )\5
as N — oo (Proposition OA.1 of Online Appendix OA.2.1). The direct construction of this
portfolio is, however, challenging in exactly the large-N regime that would extract the most
cross-sectional information from financial markets.® By contrast, our priced moving-average
approach delivers )\5 from a K-dimensional projection and gains precision as N grows.

Second, )\5 decomposes into a loading and a risk price, where the loading is the cumulative
impulse response of g to f averaged over the S + 1 horizons of the holding window, and A;
is the risk premium of the spanned shock f; = ﬁ;f)t that drives both returns and ¢;. In our
approach, f; is itself a tradable portfolio of returns and Ay is its risk premium, recoverable from
the cross-section without the high-dimensional projection that the first interpretation requires.

The risk-price component Ay admits a transparent interpretation in terms of the SDF. Specif-
ically, the SDF in equation (3) admits the orthogonal decomposition m; = Kk, — Ay fi= A2y,
where wu, is the component of the latent factors orthogonal to f; (see Online Appendix OA.2.2).
Hence Ay is the risk price of f; after controlling for the omitted sources of priced risk captured
by u;, and equals the per-period Sharpe ratio of the f; shock; )\fc /var(my) quantifies the relative
importance of f; in the SDF.

Example 3. Suppose that the CAPM holds: f; = vy = v with ™ independent over time

and normalized to have unit variance. The SDF is then m; o —/\mktrtmkt. For any factor g, the
term structure of its risk premia is: “forward”™-Bs
S
COV<mt71%t+Sa gtflﬁt+5) 1 .
A = — L I Nkt
g 1+ 5 5°+1+S;;BS M
where the forward betas, L = Cov(gt‘lz*;_’““s’rznkt), capture the predictability of g. The term

mkt
structure of risk premia is determined by how the same priced shock propagates through the

factor. The mimicking portfolio based on the single-period market beta (35) is uninformative

about the multi-period risk premia, since it ignores the information in forward betas.

The example illustrates a sharp connection between predictability and the slope of the term
structure. The forward betas 39 for s > 1 capture how strongly the factor responds to lagged
market shocks: if g is unpredictable from past returns (5?9 = 0 for s > 1), the forward-beta

sum drops out and the term structure is flat at SJ .k, regardless of horizon. Predictability is

8The projection weights require inverting an /N x N return covariance matrix that becomes poorly conditioned
once the cross-section is comparable to or larger than the sample length, and the difficulty is compounded at
long horizons, where the use of (S 4 1)-period cumulative quantities shrinks the effective sample size.
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therefore a precondition for any non-trivial term structure, and its shape determines the term
structure’s slope. When ¢ responds slowly to the priced shock, with forward betas of the same
sign as (4§, the sum accumulates with S and the term structure is upward-sloping in absolute
value. When g mean-reverts, with forward betas of opposite sign, the sum partially cancels and
the term structure is downward-sloping.

Frequentist inference on /\5 is challenging: it is a function of {7,}5_,, Ny, and Ag, with
the first two mutually dependent, so the asymptotic covariance matrix is complex despite be-
ing closed-form. We therefore adopt a Bayesian framework. As shown in Proposition Al of
Appendix A.2, under canonical diffuse priors the hierarchical structure of the time series and
cross-sectional layers of our representation in (1)—(5) yields well-defined and well-understood
conditional posterior distributions for all parameters. Consequently, we characterize the joint
posterior of all quantities of interest via a Gibbs sampler. A potential concern is that, in the
data, the asset-return shocks v, are not directly observable: only a linear rotation of them is.
As shown in Online Appendix OA.2.3, however, ¢,’s risk premium is point-identified: both the

impulse-response coefficients {ps} and the term structure )\5 are invariant to the rotation.

1.1 Time-Varying Risk Premia and Their Term Structures

A salient feature of many macro-finance equilibrium models is time variation in risk premia.
We now extend our Bayesian framework to estimate time-varying term structures. We require
the SDF to price assets conditionally. Following Hansen and Jagannathan (1991), we focus on

the conditional SDF projection on the space of returns:
Myl — Km = —th (Tt+1 — Et[rtﬂ]), where b, = covy(Ty41) " . (6)

The return process again follows an approximate factor structure as in equation (1) but,
importantly, the priced systematic factors v; are no more iid and are instead potentially pre-
dictable: ¥y = pg 1+ €5, with pz 1 = E ;1 [04], ps1—1 L €5, and innovations are normalized
so that cov(eyz) = Ix. As before, unconditional mean returns are partially explained by 8; in

(2). Under the assumption that the eigenvalues of cov(us 1) are bounded, the SDF becomes:?

T T
Mit1 = Km — )\5 €5,t+1 — Mg€o,t4+1, (7)

where pj,€;:11 captures the time-varying risk premia of return shocks. Hence, since the Wold

9This result follows from derivations similar to those in Appendix OA.2.1, as N — occ.
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representation requires the MA to depend only on innovations, the process for g becomes:!°

g
gt = Mg + Z ﬁsﬁ;—eﬁ,t—s + Wyt , ﬁ;—ﬁg = 1. (8)
s=0 H,—/
ft—s
The time-varying term structure is then:
S T
\S _ _COVt—l(mt—1—>t+S> gt—1—>t+S Z )‘ +Ei [Nv t4T—s5— 1]) (9)
gt 1+S 7=0 s=0 1+S

Four observations are in order. First, the dynamics of p;,—1 drive the time variation of
the term structure. Second, since E [p5+—1] = 0 by construction, the implied unconditional
term structure coincides with (5); hence, the unconditional estimator remains consistent under
time-varying risk premia. Third, the risk premia of g remain point-identified by rotation invari-
ance (Online Appendix OA.2.5). Fourth, eliciting the time variation requires a model for the
conditional mean of v. We let ¥; depend on its own lags and on external predictors z;. Defining
x; = (0] ,2])", we assume x; follows a VAR of order q. This requires only a minimal change
to the Gibbs sampler: v; now follows a VAR rather than an iid normal. Under the canonical
diffuse prior the conditional posterior is normal-inverse-Wishart and can be sampled directly.
The full sampler is in Proposition OA.3 of Online Appendix OA.2.5.

Our time-varying framework connects to the literature on affine term structure models. In
Cochrane and Piazzesi (2008), x; contains three latent yield factors (level, slope, curvature)
plus the bond-return forecasting factor of Cochrane and Piazzesi (2005), with risk prices linear
in the lagged forecasting factor. Unlike them, we focus on risk premia and do not model the
risk-free-rate dynamics. We share several modelling choices with Giglio et al. (2023), but differ
on two first-order dimensions: we estimate the term structure of risk premia for all (traded and
nontraded) factors of equilibrium models, where they focus on dividend yields; and they specify
asset-price dynamics and reverse-engineer dividend-growth dynamics, where instead we specify

a general MA representation for g; that always exists.

1.2 Finite-sample Properties

We study the finite-sample properties of our method via Monte Carlo simulations, calibrated

to the cross-section of Fama-French 275 portfolios (FF275) and to two sample sizes, T' €

10This MA representation is exact only in the continuous-time limit. We focus on it for expositional simplicity
and because the discrete-time omitted term, l,l/,l—)TtEﬁ,t_A'_l, is quantitatively irrelevant: it captures less than 1% of
macro variation, and the CIRFs of g to a one-standard-deviation innovation in it are not significantly different
from zero for 18 of 21 economic variables (Section OA.5 of the Online Appendix).
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Figure 1: Identification and power gains from the MA representation

Left panel: average correlation between true and estimated priced shock, corr( ft, ft) with ft = ﬁgT'F)t, across
1,000 simulations, for strong factors with Rf] € {10%, 20%,30%}. Right panel: frequency, in 1,000 simulations,
of rejecting Hy : )\5 = 0 based on the 90%, 95%, and 99% Bayesian credible intervals from Proposition Al,
for strong factors with RZ = 30%. )\5 is defined in equation (5). Both panels use T' = 200; the corresponding
T = 600 figures and additional configurations (different K and S) are reported in Online Appendix OA.3.

{200,600}, matching the quarterly and monthly frequencies, respectively. Online Appendix
OA.3 reports the full design and results. Here we summarize the main takeaways.

First, the estimator delivers correctly-sized credible intervals for the term structure of ¢;’s
risk premia as long as we include all priced latent factors in the estimation, even when the
signal-to-noise ratio is low and the sample size is small. Including more factors than in the
pseudo-true model has no sizable detrimental effect on coverage, so the procedure is conservative
in this dimension. Omitting a priced factor instead generates bias.

Second, the inclusion of lagged asset return shocks in ¢;’s equation is essential for both
identification and power. Figure 1 shows, on the left, that the average correlation between the
true priced shock f; and its estimate ft = ﬁgT'ﬁt is modest when S = 0 (between 0.4 and 0.65)
and rises sharply with S. The right panel reports the corresponding power of the test of zero
risk premia: at S = 0 power is low, and rises substantially as more lagged latent factors enter
g¢’s equation. Hence the MA representation of g, is the key ingredient for detecting significant
risk premia in persistent factors.

Third, our estimator does not generate the spurious significance that canonical frequentist
procedures display for useless factors (see, e.g., Kan and Zhang 1999): credible intervals for the
risk premia of useless persistent factors are conservative. Including many lags of multiple latent
factors does not generate overfitting of g;. In the special case of factors that correlate only with

contemporaneous asset return shocks, the size and power of our test are almost identical to
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those of the frequentist procedure of Giglio and Xiu (2021). Finally, the time-varying extension
of Section 1.1 delivers similar size and power, with only a minimal degree of attenuation bias

and increased posterior uncertainty, despite the significant added generality.

2 Empirical Analysis

In this section, we apply our Bayesian framework to investigate whether macroeconomic factors
are priced, their unconditional and time-varying term structures, how these premia connect to
the business cycle, and the structural origins of the commonality between financial markets and

the macroeconomy.

2.1 Unconditional Risk Premia

We begin with unconditional risk premia. Our analysis relies on a large cross-section of FF275,
covering 1963:Q3-2019:Q4. Throughout, we standardize tested factors to unit variance per
period. Definitions, sample periods, and data sources are in Online Appendix OA 4.

To conduct the Bayesian estimation of Section 1, we need the number of latent factors,
K. We estimate K = 5 in FF275 at both monthly and quarterly frequencies.!® The first few
latent factors explain most of the time-series and cross-sectional variation. The first five PCs
account for over 93% of time-series variation at both frequencies; the sixth and seventh add
little. Cross-sectionally, the five-, six-, and seven-factor models explain 55.0%, 58.6%, and 58.7%
(59.0%, 59.3%, and 72.9%) of variation in average returns at quarterly (monthly) frequency.
The statistical test in the footnote, together with the time-series and cross-sectional fits, points
to the five-factor model as a reasonable benchmark, which we adopt in baseline estimations
(with K = 6 or 7 as robustness). As a sanity check, Figure OA.5 of the Online Appendix plots
the term structure of risk premia for the Fama and French (1993) three factors, estimated using
Proposition Al (S = 24, K = 5): the Bayesian point estimates closely track the time-series
Sharpe ratios, which in turn lie within the 68% credible intervals, confirming that our method

recovers the term structure of excess returns of tradable factors.

2.1.1 Term Structure of Risk Premia

We start with the term structure of risk premia for the core macroeconomic variables featured

in typical macro-finance models, reported in Table 1. Variables tied to specific theoretical

HWe follow Online Appendix 1.1 of Giglio and Xiu (2021), setting Kpax = 15. Alternatively, the spike-and-
slab prior of Bryzgalova et al. (2023) can select or aggregate factors in the SDF. We re-estimated the key results
with six- and seven-factor specifications and obtained virtually identical point estimates.
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Table 1: Factors’ risk premia

Panel A. Quarterly variables, S = 12 quarters

S = (quarters) 0 2 4 6 8 10 12 R§ ijmd Rgrr.m'rid
GDP growth 0.026* 0.084*%**  0.133%**  (0.164%*F*  0.180%**  (0.195%F*  0.204***  25.7% 23.9% 9.9%
IP growth 0.008 0.087*¥%  0.145%%*%  (.177%F%  0.194%%%  0.204%F*  0.205%**  39.0% 38.8% 9.7%
Durable consumption growth -0.014 0.079%*%  0.122%%%  (.140%*F*  0.147F¥%  0.153%F*  0.158***  20.8% 20.0% 8.1%
Nondurable consumption growth —0.042*%*¥*  0.103%** (. 141%*¥*  0.179%**  0.206***  0.226%**  0.244%**  251% 22.3% 7.1%
Unemployment rate change -0.024 S0.117FFF _0.203FF%  -0.269%FF  -0.322%**  -0.366%**F -0.403***  47.1% 46.0% 9.0%
Hours worked growth 0.024 0.095%**  0.169%**  (0.223**F*  0.261***  (0.295%F*  0.319***  35.9% 34.7% 9.0%
Investment growth 0.010 0.091%%*  (0.158%*F  (.201%**  0.223%**  (0.240%**  0.248%**  36.1% 35.9% 5.4%
Dividend growth 0.009 0.045*% 0.109%**  0.175*F*  0.245%%*  (0.306***  0.357***  41.8% 41.5% 17.6%
Nondurable + service 0.028* 0.067* 0.099* 0.127+* 0.148* 0.163** 0.181** 19.8% 17.4% 23.4%
Service consumption growth 0.006 0.013 0.020 0.027 0.035 0.041 0.045 11.0%  9.7%  26.5%
TFP growth 0.023 0.052 0.066 0.070 0.065 0.060 0.054 18.7%  15.4% 12.4%
TFP growth (util) 0.000 0.000 0.000 -0.001 -0.002 -0.001 0.000 12.2%  12.0% 8.1%
AEM intermediary 0.082%**  (0.077** 0.078%* 0.063 0.046 0.026 0.019 16.7% 11.3% 5.8%
Labor income growth 0.000 0.002 0.003 0.004 0.005 0.005 0.009 75%  17.2% 8.3%
Panel B. Monthly variables, S = 24 months
S = (months) 0 4 8 12 16 20 24 R ot Boprea Ry pred
Nontraded HKM intermediary 0.098%** 0. 101***  0.097***  0.093%**  0.091***  0.089***  0.088***  62.1% 2.7% 1.1%
Traded HKM intermediary 0.114%*F%  0.115%*%  0.110***  0.104***  0.100%**  0.098***  0.096***  71.8% 2.7% 1.1%
PS liquidity 0.050%*F*  0.074%¥**  0.086***  0.097***  0.108***  0.118%**  0.126***  17.2% 5.7% 4.4%
Alog(VIX) S0.131%F%% _0.079%F*  -0.062%**  -0.049%** -0.042%¥** -0.037*** -0.032*¥** 53.6%  8.6% 5.5%

Bayesian estimates of factors’ risk premia from Proposition Al; )\*; defined in eq. (5). Base assets: 275 Fama-

French characteristic-sorted portfolios; five-factor model. Panel A: quarterly, S = 12. Panel B: monthly, S = 24.

*ORR R 90%, 95%, 99% Bayesian CI excludes zero. R?J: total from priced shocks; R;p,.ed: predictive,
2 )

excluding contemporaneous shock; R, ..;: from error wg, via AR(12). Data sources: Online Appendix OA 4.

channels are analyzed in Section 2.1.4, and inflation-related risk premia in Section 2.1.5. For
quarterly (monthly) variables, we use Proposition A1 with 12-quarter (24-month) lags in g;’s
equations. Several findings stand out.

First, priced shocks explain a large share of the time series variance (Rg) of priced macro vari-

2

6mp,ﬂed). This commonality between

ables and capture most of their predictability (R ., vs R
macro and financial quantities is much larger and more sharply identified than under traditional
approaches (e.g., the consumption—returns link is weakly identified at best in Kleibergen and
Zhan (2020)). Our identification strategy recovers the priced innovations from a large cross-
section of asset returns rather than from standalone macro variables or their AR(1) residuals.
The last three columns of Table 1 reveal why the standard approach fails: priced and unpriced
components of macro time series have quite different persistence. For GDP growth, priced
shocks explain over a quarter of the time series variation with a predictive R? of about 24%,
while unpriced shocks are predictable to a much lower extent (predictive R* of about 10%).
Conflating the two via AR(1) residuals yields inconsistent estimates with attenuation bias.

Second, our identification reveals a rich set of priced macro factors. Many macro factors

carry significant risk premia: industrial production, GDP, durable and nondurable consumption,
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dividends,'? unemployment, hours worked, and investment. Strikingly, most have increasing (in
absolute value) term structures. At quarterly frequency (S = 0) most are weakly identified at
best, but at business cycle frequencies (two to three years) their risk premia are as large as the
market’s. Macro aggregates are thus riskier from the perspective of long-term than short-term
investors. Yet TFP is not significantly priced at any horizon. As we show in Section 2.1.3, the
commonality is driven by macro factors loading on essentially the same priced shock, which is
not a TFP shock. This presents a novel challenge for general equilibrium macro-finance models,
taken up in Section 2.1.4.

Third, the findings are not a byproduct of factor persistence. Durable consumption growth,
the AEM intermediary factor, and labour income growth have similar autocorrelation struc-
tures, but very different term structures of risk premia: upward-sloping for durable consump-
tion, slightly downward-sloping for AEM, and flat for labour income. The term structure is
driven by how the economic factor responds to the f; shock over time, not by its persistence.

The term structure of VIX risk premia (in absolute value) is downward-sloping. The mim-
icking portfolio hedging monthly VIX changes earns a sizable risk premium of —0.13, while the
two-year risk premium falls to —0.03 (still significant). This is consistent with previous work
using derivative contracts of different expirations (Eraker and Wu, 2017; Dew-Becker et al.,
2017; Johnson, 2017).

We further verify the baseline estimates by directly projecting g onto the SDF shocks,
i.e., imposing the theoretical restriction 14 oc A,. Under this restricted model, macro factors
identified as priced in the unrestricted version display very similar risk-premia magnitudes and
term-structure shapes: the restriction barely affects the point estimates, and the reduced time-
series fit only widens the credible intervals. TFP growth, especially the utilization-adjusted
measure, remains unpriced.'3

Moreover, the estimates reveal that, as predicted by our priced moving-average representa-
tion, canonical mimicking portfolios based on single-period exposures fail to capture the term
structure of persistent variables. Figure 2 plots estimates for the traded and nontraded He
et al. (2017) (HKM) intermediary factors (Panel (a)) and the Pastor and Stambaugh (2003)
(PS) liquidity factors (Panel (b)). The HKM traded and nontraded factors command nearly

12Dividend growth is the quarterly growth of smoothed aggregate S&P 500 dividends over the previous 12
months, smoothed to remove the mechanical seasonality in payments.

13We also confirm that the term-structure estimates can be interpreted as horizon-specific mimicking port-
folios that display increasing term structures of risk premia similar to those in Table 1.

17



0.23
0.26

| — Nontraded Traded | — Nontraded Traded

0.17
1
0.18

\

s
9
0.12
s
g
0.10
\

0.06
|
0.02
|
\

0.00
|
-0.06
|

(a) HKM intermediary factors (b) PS liquidity factors

Figure 2: Term structure of factor’s risk premia: Traded vs. Nontraded versions

Term structure of monthly risk premia for traded and nontraded He et al. (2017) intermediary and Péastor and
Stambaugh (2003) liquidity factors. Base assets: 275 Fama-French characteristic-sorted portfolios. Five-factor
model for returns. Point estimates shown with shaded 90% Bayesian CIs. Data sources: Online Appendix OA.4.

identical risk premia across horizons; their term structures are flat, so the nontraded HKM
factor has near-zero forward betas (Example 3). Conversely, the tradable PS liquidity factor,
which ignores the positive forward betas, fails to capture the upward-sloping term structure.

The contrast in Table 1 is striking: financial markets, which appear weakly related to macro
aggregates contemporaneously, in fact strongly predict their future values. At S = 0 most macro
factors have small and statistically insignificant premia, but at business-cycle horizons (S = 8
to 12 quarters) the same factors carry premia comparable to the market’s. The mechanism lives
in the cumulative impulse responses: macro variables respond strongly to priced asset-return
shocks over the following two to three years, so financial markets encode information about
future macroeconomic states that the contemporaneous covariance entirely misses.

This pattern is not an artifact of the lag structure: as shown in Online Appendix OA.6,
it survives re-estimation with S = 0 and with the frequentist estimator of Giglio and Xiu
(2021). AR(1)-residual estimates are likewise small and largely insignificant because priced and
unpriced components have different persistence (the gap between R? ., and R?, ), so the
AR(1) filter conflates them and induces attenuation. Our MA representation instead takes no
stance on the data-generating process and recovers priced innovations directly from a large cross-
section, connecting to but going beyond the literature on weak factors with small or vanishing

correlations with returns.'* Many factors that look weak at short horizons are strongly identified

14Gee, e.g., Kan et al. (2013), Gospodinov et al. (2014), Kleibergen and Zhan (2020), Anatolyev and Miku-
sheva (2022), and Bryzgalova et al. (2023).
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once their multi-period propagation is properly accounted for. This perspective also reconciles
the long-standing conflicting evidence on priced consumption risk: insignificant and weakly
identified at quarterly horizons, strongly priced at business cycle horizons.'® These apparently
conflicting estimates are not in contradiction: they all reflect the multi-period response of macro
variables to priced financial shocks. Our approach identifies the entire term structure of risk
premia together with the propagation mechanism that generates it.

Our results are also robust to the base assets used to recover the SDF. The Elkamhi et al.
(2023) cross-section of corporate bonds yields term structure estimates virtually identical to

those in Table 1, albeit with wider credible intervals reflecting a sample that is 18 years shorter.

2.1.2 Implied TFP Risk Premia via the Solow Residual

A natural consistency check on the finding that TFP growth is unpriced at all horizons is
to compute the implied TFP risk premium from the Solow residual decomposition, using the
directly estimated risk premia of GDP, hours worked, and investment. This exercise is internally
consistent with our use in Table 1 of the Fernald (2014) TFP series, constructed as the Cobb—
Douglas Solow residual Atfp, = Ay, —a; Alog Ky—(1—a;) Alog Ly, where Ay, Alog Ky, Alog L,
denote real GDP, capital stock, and hours worked growth, and a, is the time-varying capital
income share. Since risk premia are linear operators and we estimate unconditional premia,
only the sample mean a ~ 1/3 (close to the US average of 0.33-0.34 over 1963:Q3-2019:Q4)
matters: interaction terms between the slow drift in a; and priced shocks are negligible.

Since the )\gs in Table 1 are Sharpe ratios of the standardized factor g; (hence the corre-

sponding level risk premium is RP; = )\3 0,), the Solow decomposition implies

I/K

Rpﬂp ~ )\iy Ony — a m Ailog[ OAlogl — (1 - a) AilogLO—Alogln (10)
using Alog K; =~ % Alog I; from the first-order linearization of the capital accumulation

equation around its balanced growth path.
With quarterly /K = 0.055 and standard deviations Opny = 0.80%, oa log I = 2.91%,
Oalogr, = 0.69%, we report the implied TFP risk premia in Table 2.6 The implied premia are

15See, e.g., the disagreement among consumption risk premia estimates in Lettau and Ludvigson (2001),
Jagannathan and Wang (2007), Hansen et al. (2008), Ortu et al. (2013), Kleibergen and Zhan (2020), and
Bandi and Tamoni (2023).

16The capital term enters with coefficient a-I/K/(1+1/K) =~ 0.017, so the result is insensitive to investment
volatility or I/K. Including labor quality (whose risk premia are near zero at all horizons) leaves the implied
TFP premia unchanged; we omit it because pre-1979 quarterly values are extrapolated (Fernald, 2014).
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Table 2: Implied TFP risk premia via the Solow Residual

S = (quarters) 0 2 4 6 8 10 12

GDP contribution: A3, oay +0.021 +0.068 +0.106 +0.131 +0.145 +0.157 +0.163
Capital contribution: —a 14{/1771\ /\ilogl Oagr  —0.001 —0.005 -0.008 -—0.010 —-0.011 -0.012 -0.013
Hours contribution: —(1 — a) )\ilogL Oalgr,  —0.011 —0.043 -0.078 -0.102 -0.120 —-0.135 —0.146

Implied RPf;p +0.009 +0.020 +0.021 40.019 +40.013 +40.009 +0.004

Implied TFP risk premium (level, % per quarter) from equation (10), using @ = 1/3 (sample average of Fernald’s
time-varying capital shares) and I/K = 0.055 (quarterly). Sharpe ratios for GDP, investment, and hours worked
from Table 1, Panel A.

small and near zero at all horizons. Since both implied and direct premia measure the same
Cobb-Douglas residual, the agreement is a genuine internal consistency check: production
accounting and direct Bayesian estimation independently agree that TFP is unpriced. The
priced common shock therefore moves output, labor, and capital together without affecting
measured productivity in a priced form, posing a direct challenge to models in which the
pricing kernel is driven by productivity (Kydland and Prescott, 1982; Kung and Schmid, 2015).

One possible response to this challenge is that total TFP growth conflates a small but per-
sistent long-run component with a dominant short-run noise term, and that only the former
is priced (Croce, 2014; Ai et al., 2018). This objection does not apply to our method: Online
Appendix OA.1 shows that, under the Croce (2014) calibration, our method recovers the priced
shock with an average correlation of 0.90 with the true shock in simulated samples of the same
length as our data, despite the low signal-to-noise ratio. Ai et al. (2018) identify the long-run
TFP component as a linear combination of the price-dividend ratio, Treasury yield measures,
and integrated equity volatility; using the series kindly provided by the authors, we find that its
AR(1) innovation is marginally priced, but the implied risk premium remains an order of mag-
nitude smaller than those of GDP, hours worked, or investment. Moreover, a Bayesian analysis
of the same quarterly TFP series using only its time-series properties yields a posterior prob-
ability of 57.3% that the data are compatible with the assumed AR(1)+noise decomposition;
conditional on compatibility, the posterior mean long-run variance share is 57.9% (95% credible
interval: 19.5%-96.3%), and the 7.5% figure obtained by projecting TFP onto financial instru-
ments carries a Bayesian p-value below 1%, suggesting it reflects co-movement between TFP
and financial markets rather than the intrinsic persistence of productivity. Long-run TFP risk

is therefore unlikely to be the main driver of the macroeconomic risk premia that we uncover.
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Figure 3: Moving average components of some macro factors

Time series of moving average components (posterior means) spanned by latent factors: Zf:o psn;—vt_s, with
S = 12 quarters. Base assets: 275 Fama-French characteristic-sorted portfolios. Five-factor model for returns.
Data sources in Online Appendix OA.4. Sample: 1963Q3—-2019Q4.

2.1.3 Commonality of Macro Factors and Their Pricing

Perhaps the most surprising finding is that macro variables carry much larger risk premia at
long horizons (S = 8 to 12 quarters) than at quarterly frequency (S = 0). What is the economic
intuition? Is the commonality among macro variables caused by their exposure to the same
priced shocks, as implied by Theorem A1? We now verify this hypothesis.

Figure 3 plots the posterior means of the MA components of six priced macro variables.
These priced components account for a substantial share of the time-series variation of each
variable (R} = 21%-47% in Table 1, very close to the 22%-57% business-cycle variance shares
estimated with the Baxter and King (1999) band-pass filter for the same variables) and all
display clear business-cycle patterns. As shown in Table 3, GDP, IP, unemployment, hours
worked, and investment have highly correlated MA components, often around 90%.

What drives the commonality? Several macro variables load on almost identical priced
shocks, as Theorem Al implies. To illustrate, suppose that ft is the financial shock identified

as the driver of the (priced) conditional mean of g;. We can elicit the responses of other macro
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Table 3: Are the priced MA components of macro factors similar?

GDP growth IP growth Durable Nondurable Unemployment Hours worked Investment

1P growth 0.90

Durable 0.69 0.72

Nondurable 0.70 0.70 0.64

Unemployment -0.86 -0.83 -0.66 -0.76

Hours worked 0.90 0.82 0.63 0.64 -0.97

Investment 0.95 0.90 0.70 0.60 -0.86 0.90

Dividend growth 0.39 0.35 0.32 0.48 -0.72 0.65 0.39

Correlation among moving average components spanned by latent factors, Zf:o psngT'vt_s, with S = 12 quarters.
Base assets: 275 Fama-French characteristic-sorted portfolios. Five-factor model for returns. Data sources in
Online Appendix OA .4.

variables (GDP, consumption, unemployment, etc.) to the same shock. If these shocks are
interchangeable, the impulse responses should be roughly the same. Figure 4 reports six macro
variables: GDP, IP, durable and nondurable consumption, unemployment, and hours worked.
For each, we estimate impulse responses to six different f; shocks identified by targeting the
individual factors. Shaded areas show 90% confidence bands for each variable’s CIRF to its
own f; shock. The financial shocks are almost interchangeable, with the possible exception of
durable consumption. The commonality in priced conditional means comes from a common
response pattern to priced financial shocks. In most models, such commonality would arise
from total factor productivity (Angeletos et al., 2020); yet, as Table 1 and Section 2.1.2 show,
TFP shocks are not significantly priced at any horizon considered, presenting a new challenge
for equilibrium macro-finance models.

Are these (almost interchangeable) priced shocks, which drive most of the business-cycle
dynamics and predictability of macroeconomic factors, also important for financial markets?
We address this question using the SDF decomposition introduced in Section 1: m; = K, —
A fi — AL 2 'uy, where w; is orthogonal to f; and controls for omitted sources of priced risk.
Table 4 reports the risk-price estimates of f; for several priced nontraded factors from Table 1.
These f; shocks are significantly priced in the cross-section with extremely similar risk prices,
as Theorem A1 implies, again pointing to a common origin for the risk compensation demanded
by these macro quantities. The annualized Sharpe ratios implied by these f; shocks are eco-
nomically large yet not excessive, 0.43 to 0.68, on par with the market index. Importantly,
the linear combinations f; are themselves observable, tradable portfolios: existing equity mar-
kets thus implicitly span, and in principle make tradable, the aggregate macroeconomic risks

for which Shiller (1993) called for the creation of dedicated hedging instruments. The column
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Figure 4: Cumulative IRFs to Different Financial Shocks

Impulse-response functions of macro time series to priced shocks driving their priced conditional means. Panel
(a): GDP priced shock; panel (b): IP priced shock, etc. Shaded areas show posterior 90% confidence regions for
each variable’s response to its own shock. Base assets: 275 Fama-French characteristic-sorted portfolios. Data
sources: Online Appendix OA .4.

IE[SR?c /SRZ, | data] quantifies the importance of f; in the latent SDF: these macro sources of
risk individually explain about 20 to 53% of the latent SDF’s variance.

Macroeconomic risk is therefore of first-order importance in financial markets. Yet, as the
last column of Table 4 highlights, about half or more of the maximal squared Sharpe ratio
in the economy is not captured by these economic factors. Hence, using standalone macro
variables, or their AR(1) innovations, in canonical asset pricing exercises (e.g., Fama-MacBeth
regressions) is problematic without controlling for omitted variables (Bryzgalova et al., 2024).

What equilibrium picture is consistent with these findings? Persistent shocks like the ones
we have identified, which propagate slowly through the state variables of the business cycle,
solve the equity premium and risk-free rate puzzles in endowment economies under Epstein-
Zin preferences (Bryzgalova et al., 2026). In a production economy, however, the mechanism
requires frictions that generate persistence: without them, agents absorb the shock instanta-
neously, the marginal value of capital stays essentially constant, and equity carries no exposure

to the shock (Croce, 2014). Real, nominal, or informational rigidities can all play this role.

23



Table 4: Risk price of the f; shock to macroeconomic factors

Af

E[SRy | data]

SR2
i
E[sm;,

| data]

GDP growth

IP growth

Durable consumption growth
Nondurable consumption growth
Nondurable + service

Dividend growth

Unemployment rate change
Hours worked growth
Investment growth

0.226 [0.098, 0.353]
0.223 [0.096, 0.341]
0.340 [0.190, 0.472]
0.283 [0.157, 0.411]
0.212 [0.046, 0.369)]
0.245 [0.120, 0.375]

-0.241 [-0.361, -0.123]

0.243 [0.119, 0.363]
0.253 [0.126, 0.371]

0.452 [0.196, 0.706]
0.447 [0.192, 0.682]
0.681 [0.393, 0.944]
0.567 [0.314, 0.822]
0.425 [0.114, 0.740]
0.491 [0.240, 0.750]
0.483 [0.246, 0.722]
0.487 [0.238, 0.726]
0.507 [0.253, 0.742]

0.231 [0.047, 0.513]
0.221 [0.046, 0.479]
0.528 [0.201, 0.826]
0.358 [0.122, 0.660]
0.204 [0.015, 0.558]
0.270 [0.072, 0.558]
0.262 [0.076, 0.511]
0.264 [0.073, 0.527]
0.280 [0.083, 0.546]

Risk price of f; shock to nontraded factors (Ay); annualized Sharpe ratio of Ay f; (E[SRy | data]); share of SDF
variance explained by f; (E[SR}/SR}, | data]). SDF decomposition in Online Appendix OA.2.2; setup as in
Table 1. Posterior median and 90% credible intervals.

What remains open is the origin of the shock. Since TFP seems unpriced, we turn next to

alternative disturbances (e.g., demand or sentiment and credit supply) and to the real, nominal,

and informational frictions consistent with our findings.

2.1.4 The Macroeconomic Origins of Priced Shocks

Having established that the priced shocks have a common footprint, we turn to their origins.
Intermediary-based state variables are significantly priced, but with flat (He et al., 2017) or
weakly decreasing (Adrian et al.; 2014) term structures; rationalising the sharply increasing
term structures of the macro aggregates requires more. For each class of potential mechanisms,
we focus on the state variables that should span the shocks driving the business cycle and
analyze the term structure of their risk premia, checking whether the sign and shape, and the
correlation of their priced shocks with the other macro variables, are consistent with each theory.

Inflation and nominal frictions warrant a separate analysis and are discussed in Section 2.1.5.

Expenditure-switching/Tobin’s ¢ channel (Hayashi, 1982; Cochrane, 1991). In this class
of models, a shock to expected returns on capital moves equity prices immediately, shifting
Tobin’s ¢, and propagates gradually (via real frictions) to investment, hiring, and consumption.
Since q is essentially a forward-looking asset price, Aq should be approximately unpredictable,
implying a flat term structure. Capacity utilization (Greenwood et al., 1988; Basu et al., 2006),
by contrast, adjusts gradually and should display an upward-sloping term structure. If this
channel is at play, the investment Rg should exceed the consumption one in Table 1.

Panel A of Table 5 reports the term structures for Aq and capacity utilization. The results

strongly support this propagation channel. Agq is strongly priced (annualized Sharpe ratio of

about 0.4), highly significant at 99% across all horizons, with the flat term structure expected
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Table 5: Footprint of priced shocks in the macroeconomy

S = (quarters) 0 2 4 6 8 10 12 R R Rl
Panel A. Tobin’s Q channel
ATobin’s Q (1963Q3-2019Q4) 0.195%%F  (0.200%*%  0.202%*%  (0.202%%F  0.201F** 0.202%%* 0.200%** 83.0% 0.3% 2.1%
Capacity utilization growth (1967Q2-2019Q4) 0.007 0.077%%  0.124*%*F  0.147%F  0.155%%  0.152*%*  0.145**  37.4% 372%  10.9%
Panel B. Consumer sentiment /confidence
AConsumer confidence (1963Q3-2019Q4) 0.106%%*  0.104%**  0.102*¥**  0.101%**  0.095%** (0.088*** 0.084*** 30.2% 6.0% 8.7%
AMichigan consumer sentiment (1963Q3-2019Q4) 0.091%*%  0.101%**  0.101%**  0.101*** 0.098*** (0.092%** 0.088*** 243% 57% 11.7%
SPF GDP forecast error (1969Q1-2019Q4) 0.014 0.038 0.050 0.055 0.055 0.057 0.058 19.1% 161%  12.3%
Panel C. Noise/dispersed-information shocks
SPF c.f. dispersion (GDP growth, 1968Q4-2019Q4) -0.023 -0.041 -0.069 -0.098* -0.122%  -0.142* -0.161* 18.3% 16.8%  50.8%
Macro uncertainty (3-month, 1963Q3-2019Q4) -0.047%%  -0.075%%  -0.073**  -0.067** -0.050 -0.037 -0.023 26.8% 20.6%  13.4%
Macro uncertainty (12-month, 1963Q3-2019Q4) -0.055%**% -0.085%** -0.081*** -0.071** -0.050 -0.032 -0.016 26.7% 19.2%  22.2%
GDP revision magnitudes (1965Q3-2019Q4) 0.007 0.003 0.001 0.000 -0.002 -0.001 0.000 81% 7.8% 10.1%
Panel D. Real and policy uncertainty
Real uncertainty (3-month, 1963Q3-2019Q4) -0.029* -0.046* -0.047* -0.052%  -0.044%  -0.040 -0.032 17.8% 151%  15.9%
Real uncertainty (12-month, 1963Q3-2019Q4) 0.000 0.002 0.002 0.003 0.004 0.004 0.004 7T1%  7.0%  16.3%
Economic Policy Uncertainty, EPU (1963Q3-2019Q4) -0.007 -0.006 -0.005 -0.005 -0.005 -0.005 -0.005 29.2%  4.7% 19.9%
Panel E. Preference shocks with slow real adjustment
APersonal savings rate (1963Q3-2019Q4) -0.006 -0.007 -0.008 -0.009 -0.012 -0.013 -0.015 12.4%  9.0% 18.4%
AConsumption-to-income ratio (1963Q3-2019Q4) 0.003 0.008 0.010 0.012 0.014 0.015 0.014 81% 7.2% 14.7%
Panel F. Credit supply shocks
Excess bond premium (1973Q1-2019Q4) -0.028 -0.054 -0.076 -0.094 -0.108 -0.119 -0.128 67.8% 47.6%  14.0%
Bank credit growth (1963Q3-2019Q4) -0.025* -0.024 -0.006 0.015 0.043 0.072 0.098 35.1% 31.5%  34.0%
Senior Loan Officer net tightening (1990Q2-2019Q4) -0.021 -0.065 -0.111 -0.156 -0.192 -0.227 -0.255 72.5% 67.3% 9.1%
Panel G. Investment-specific technology shocks
Growth of relative price of investment (1963Q3-2019Q4) -0.004 -0.011 -0.039 -0.062 -0.078 -0.082 -0.086 15.6% 15.4%  36.7%
Equipment investment growth (1963Q3-2019Q4) 0.002 0.023 0.045 0.059 0.068 0.072 0.073 27.9% 27.6%  12.3%
Structures investment growth (1963Q3-2019Q4) -0.006 0.000 0.015 0.036 0.053 0.068 0.080 28.8% 27.9%  16.2%
Panel H. Matching efficiency shocks
AJob finding rate (1967Q3-2007Q2) 0.003 0.032 0.066 0.102 0.128 0.154 0.179 17.2% 171%  22.4%
ASeparation rate (1967Q3-2007Q2) -0.002 -0.030 -0.044 -0.047 -0.046 -0.046 -0.043 13.5% 132%  20.1%

Bayesian estimates of factors’ risk premia from Proposition Al; /\219 defined in eq. (5). Base assets: 275 Fama-
French characteristic-sorted portfolios; five-factor model. All data are at the quarterly frequency. We estimate
factor risk premia using 12-quarter lags in g;’s equations. *, ¥*, ***: 90%, 95%, 99% Bayesian CI excludes zero.

Rg: total from priced shocks; R?],pred: predictive, excluding contemporaneous shock; Rgmpred: from error wg;
via AR(12). Data sources: Ounline Appendix OA 4.
of an efficient asset price (A & 0.20 at all horizons, R> ., = 0.3%). Striking is the explanatory

power: priced shocks account for 83% of the total time series variation in Ag, confirming that
q is overwhelmingly driven by the same systematic risk that prices equities.

Capacity utilization has a significantly upward-sloping term structure (from 0.007 to 0.145
quarterly Sharpe ratios), confirming the slow propagation of priced shocks into real quantities.
The correlation between this variable’s priced shock and GDP’s is almost perfect at 99.2%
(versus a raw-variable correlation of about 61%). The contrast between the flat term structure
of Aq and the upward-sloping ones of real quantities is consistent with ¢ acting as a transmission
channel: the priced shock is immediately reflected in the shadow value of capital, propagating
only gradually (via real frictions) to the real economy. This does not imply that priced shocks
originate from ¢; it confirms our method’s ability to recover priced shocks (any priced shock

should be reflected in ¢) and points to real frictions as the slow-propagation mechanism.
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Demand /sentiment /confidence shocks (Angeletos et al., 2020; Angeletos and La’O, 2013;
Huo and Takayama, 2023; Benhabib et al., 2015). A non-technology demand or belief shock
could drive coordinated booms and busts: asset prices jump while real quantities adjust slowly
as beliefs propagate. Panel B of Table 5 reports the term structure for three potential state
variables: consumer confidence, the Michigan Consumer Sentiment Index, and the SPF GDP
forecast error (mean forecast minus realized). If this channel is operative, the priced shocks
in the first two should be highly correlated with those driving GDP risk premia, and the
forecast error should be unpriced or at most have a flat term structure (a pure belief shock
generates no systematic ex-post forecast errors). Consumer confidence and Michigan sentiment
are both significantly priced at all horizons, with flat term structures and essentially identical
risk premia. The SPF GDP forecast error is unpriced, as expected for a pure belief shock
that generates no systematic ex-post forecast errors. The priced shocks in confidence and
sentiment are virtually identical (correlation 99.5%) and “almost the same” as those in GDP,
hours, investment, and non-durable consumption: correlations with f above 90%, against raw-
variable contemporaneous correlations of 8% at best. Both series behave like jump variables:
high contemporaneous R} (24%-30%) but low predictive R? ., (about 6%). They reflect the
priced shock in real time without the gradual adjustment of GDP and similar aggregates: fast-

moving barometers of the common shock, not slowly-diffusing drivers.

Noise/dispersed-information shocks (Lorenzoni, 2009; Blanchard et al., 2013; Chahrour
and Jurado, 2018; Angeletos and Huo, 2021). If agents receive noisy signals, asset prices ag-
gregate information quickly while real quantities respond with delay as signals diffuse across
heterogeneous agents. Panel C of Table 5 reports term structures for GDP revision magnitudes
(final minus advance release), SPF cross-forecaster dispersion, and the Jurado et al. (2015)
(JLN) macro uncertainty indices at 3- and 12-month horizons. GDP revisions are unpriced, as
expected (they are akin to measurement noise). Cross-forecaster dispersion is negatively priced
and significantly so at longer horizons, with a term structure that increases in absolute value.
The JLN macro uncertainty measures display hump-shaped term structures peaking around
S = 2-4, and their priced shocks are highly correlated with those of real quantities and con-
sumer confidence. The upward-sloping term structure of SPF dispersion may seem unexpected,
as most models would predict flat or downward-sloping estimates. But in Lorenzoni (2009) and
Angeletos and Huo (2021), disagreement is high precisely when the informational friction binds,

i.e., when agents receive heterogeneous signals about the common shock. If dispersion proxies

26



for the degree of informational friction (which is itself persistent and cyclical), the upward-
sloping shape is consistent with SPF dispersion measuring the intensity of the coordination

problem. That said, priced shocks contribute relatively little to this proxy (Rf] = 18%), which

2
err,pred

exhibits substantial unpriced persistence (R = 51%). The evidence is partially supportive
and, as we discuss below, the information channel is reinforced by the inflation evidence, where

cross-forecaster dispersion of the GDP deflator expectations appears to be significantly priced.

Real and policy uncertainty (Bloom, 2009; Bloom et al., 2018; Ludvigson et al., 2021).
Macro uncertainty operating through real options on irreversible investment and hiring could
propagate slowly and generate the upward-sloping term structure of macro variables. Panel D
of Table 5 reports the term structure for three uncertainty measures. Only the three-month
uncertainty measure of Ludvigson et al. (2021) is marginally priced (negative, significant at
90% at short-to-medium horizons), with small risk premia and a modest contribution of priced
shocks to its dynamics (RfJ = 17.8%); but its priced shocks are highly correlated with those of

GDP, consumption, etc. The Baker et al. (2016) economic policy uncertainty index is unpriced.

Discount rate/preference shocks with slow real adjustment (Basu and Bundick, 2017).
A shock to household patience or willingness to spend could hit asset prices via discount rates
and propagate slowly through adjustment costs and nominal rigidities. We find no support for
this mechanism: both the savings rate and the consumption-to-income ratio are unpriced, with
tiny R? (12.4% and 8.1%) and flat term structures. These findings rule out only pure preference
shocks over consumption (Basu and Bundick, 2017), not discount rate shocks operating through
the labor market: for instance, Hall (2017) models a discount rate shock that affects firm hiring
decisions, whereby firms discount future profits from filled vacancies more heavily and reduce
job creation. Given that unemployment has the highest Rg (47%), this channel remains viable,

and we analyze labor wedge and matching efficiency shocks below.

Credit supply shocks (Jermann and Quadrini, 2012; Gilchrist and Zakrajsek, 2012). In
these models, tightening credit conditions propagate to investment and hiring, with asset prices
responding first. Panel F of Table 5 reports our findings for the standard state variables. The
excess bond premium (EBP) has a negative, monotonically increasing (in absolute value) term
structure from —0.028 to —0.128, exactly the shape predicted by the theory, but the credible
intervals include zero throughout. This is plausibly a power issue: the EBP has Rﬁ = 67.8%
and R? = 47.6%, so priced shocks explain the bulk of its dynamics, mostly via lagged

g,pred
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propagation. Bank credit growth flips sign from negative (short horizon) to positive (long
horizon), with Rg = 35.1% and similar magnitudes for its priced and unpriced predictive
components. The Senior Loan Officer net tightening survey has the right shape (negative,
steeply increasing in absolute value, reaching —0.255) with Rf] = 72.5% and R;pmd = 67.3%,
but also fails significance, likely due to the short sample starting in 1990. The credit-channel
variables all have the right fingerprint (high Rg, slow propagation, right signs) but lack power

to reach significance individually. The findings are qualitatively consistent with this theory,

though statistical support is weak.

Investment-specific technology (IST) shocks (Greenwood et al., 1997; Fisher, 2006; Jus-
tiniano et al., 2010). The evidence in Sections 2.1.1 and 2.1.2 does not support the view that
the priced shocks in macro quantities are factor-neutral productivity shocks. An alternative
is heterogeneous technology shocks, in particular to the efficiency of producing capital goods.
In Panel G of Table 5 we turn to the term structure of the growth rate of the relative price
of investment goods (the standard IST proxy), equipment, and structures investment. These
models imply that the relative price of investment should have a significantly priced, upward-
sloping term structure, with equipment investment having a steeper one (since IST shocks hit
equipment directly more than structures). The relative price of equipment has a negative but
insignificant risk premium at all horizons. Equipment and structures investment both show
upward-sloping term structures, but neither is significant, and equipment does not dominate
structures as IST predicts. The relative price variable also has a low R} (15.6%) and a very
high R? (36.7%), so most of its predictability comes from unpriced shocks. IST is unlikely

err,pred

to be the common priced shock.!”

Labor wedge/matching efficiency shocks (Shimer, 2005; Hall, 2017; Kehoe et al., 2019;
Hagedorn and Manovskii, 2008; Gertler and Trigari, 2009). Hours worked and unemployment
have the highest R? from priced shocks in Table 1 (35% and 47%), and their priced shocks
are nearly perfectly correlated (—0.97). A labor search model with a matching efficiency shock
would generate this pattern: such shocks would be reflected in prices immediately but propagate
to real quantities with delay as employment and production adjust gradually. Panel H of Table

5 reports the term structure for job-finding and separation rates. Consistent with the theory,

17 Justiniano et al. (2010) also find that marginal efficiency of investment (MEI) shocks account for the largest
share of business-cycle variance in output, hours, and investment. These latentshocks correlate strongly with
credit spreads (Justiniano et al., 2011) and financial conditions indices like those in Panel F of Table 5.
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the separation rate is unpriced (separation shocks are typically modeled as idiosyncratic), while
the job-finding rate displays an upward-sloping term structure. Nevertheless, these risk premia

are not statistically significant, so empirical support for this origin is limited.!®

Other: fiscal, monetary, and financial. Empirical proxies of fiscal shocks (government
spending growth and Ramey (2011) defence news shocks), monetary shocks (Nakamura and
Steinsson (2018) shocks and federal funds rate changes), financial risk perceptions (Pflueger
et al., 2020), and household financial obligations are all unpriced in the cross-section of equity

returns'® with low RZ‘

2.1.5 Inflation and Nominal Frictions

In New Keynesian models with sticky prices (Christiano et al., 2005; Smets and Wouters, 2007),
an aggregate demand shock moves inflation and real activity in the same direction through the
Phillips curve.?? Demand-driven inflation should therefore carry a positive risk premium (higher
inflation coincides with low-marginal-utility states), and its priced shock should comove with
the one driving real quantities (Cieslak and Pflueger, 2023; Campbell et al., 2020).

Cost-push shocks, by contrast, move inflation and real activity in opposite directions: cost-
driven inflation should carry a megative risk premium (higher inflation coincides with high-
marginal-utility states, so that a payoff growing at the rate of inflation hedges bad times).
Nominal rigidities are not required for this “bad inflation” premium to arise, since stagflation
dynamics can emerge with fully flexible prices (Finn, 2000); nominal rigidities nonetheless am-
plify the effect and generate inflation persistence. Similarly, models with information frictions
in price setting (Mankiw and Reis, 2002; Woodford, 2003) generate endogenously time-varying
cross-forecaster disagreement about both inflation and real activity, both of which we measure
using SPF cross-forecaster dispersions. As disagreement is elevated in bad times, it should
carry a negative risk premium; if a common informational friction drives disagreement about

both, the priced shocks in the two dispersions should comove.

18Similarly, in unreported results with even shorter time series, we find sharply increasing yet insignificant
term structures of risk premia for JOLTS vacancy rates and labor market tightness.

9 These unconditional findings do not preclude conditional risk premia under policy regime shifts (Sims and
Zha, 2006; Campbell et al., 2020).

20A1l inflation risk premia reported in this section are estimated from the equity cross-section. Under fully
integrated markets, equity-implied premia coincide with those from any other priced claim on inflation; under
segmentation they need not. Bahaj et al. (2025) document substantial segmentation in the UK inflation swap
market across horizons and trader types, with short-horizon prices primarily reflecting liquidity shocks rather
than expected inflation.
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Table 6: Inflation Risk Premia

Panel A. Quarterly variables, S = 12 quarters

S = (quarters) 0 2 4 6 8 10 12 R R Rl
CPI growth (1963Q3-2019Q4) -0.040  -0.076* -0.093* -0.113*  -0.130*  -0.146* -0.164* 14.9% 121% 39.8%
BNS cyclical inflation (1963Q3-2019Q4) -0.048  -0.088% -0.133* -0.181** -0.221*%* -0.256** -0.285** 24.1% 21.0% 51.5%
SPF c.f. dispersion (GDP deflator, 1968Q4-2019Q4) -0.023  -0.049% -0.082% -0.106*  -0.127%* -0.148%* -0.170** 24.3% 22.9%  29.9%
Inflation volatility (1967Q3-2019Q4) 0.000 0.001 0.002 0.003 0.003 0.003 0.004 73%  7.2% 15.8%
Unit labor cost growth (nominal, 1963Q3-2019Q4) -0.015  -0.018 -0.025 -0.031 -0.035 -0.038 -0.042 9.3%  72%  22.2%
Unit labor cost growth (real, 1963Q3-2019Q4) 0.005 0.005 0.004 0.002 0.001 0.001 0.001 10.4%  9.5% 15.1%
Labor share growth (1963Q3-2019Q4) -0.001  -0.002  -0.001  0.000 0.001 0.002 0.003 10.7% 10.0%  12.2%
Panel B. Monthly variables, S = 24 months
S = (months) 0 4 8 12 16 20 24 R} R}, Rl
PPI growth, all commodities (July 1963 to Dec 2019) -0.018  -0.029  -0.046 -0.060*  -0.075*  -0.085*  -0.091** 7.8%  6.9% 16.5%
PPI growth, industrial commodities (July 1963 to Dec 2019) -0.024* -0.034  -0.057  -0.076*  -0.094*  -0.108* -0.117** 98%  8.6%  23.2%
PPI growth, metals (July 1963 to Dec 2019) -0.016  -0.044  -0.074* -0.100* -0.124%  -0.142* -0.157* 10.5% 9.6%  43.7%

Bayesian estimates of factors’ risk premia from Proposition Al; /\_;]9 defined in eq. (5). Base assets: 275 Fama-

French characteristic-sorted portfolios; five-factor model. Panel A: quarterly, S = 12. Panel B: monthly, S = 24.

kR 90%, 95%, 99% Bayesian CI excludes zero. Rf]: total from priced shocks; R;pred: predictive,

excluding contemporaneous shock; R from wg, via AR(12). Data: Online Appendixes OA.4 and OA.7.

2 .
err,pred”

Panel A of Table 6 reports results for four inflation-related variables. CPI growth is sig-
nificantly negatively priced from S = 2 onward, with a sharply increasing (in absolute value)
term structure. Priced shocks explain a much lower share of CPI variation and predictability
than for the core macro quantities in Table 1, and most of CPI’s predictability is unpriced.
The Bianchi, Nicolo, and Song (2023) cyclical inflation measure, which strips out low-frequency
trend movements such as the Volcker disinflation, is significantly negatively priced also from
S = 2 onward, with a steeply upward-sloping (in absolute value) term structure and larger risk
premia than CPI growth.?! The negative sign of the term structure directly identifies the priced
part of cyclical inflation as loading on high-marginal-utility states: a cost-push signature. The
increasing magnitude, in turn, implies that the response of cyclical inflation to the priced shock
builds up gradually rather than being absorbed instantaneously, a slow-propagation pattern
characteristic of nominal or informational rigidities.??

Cross-forecaster dispersion of the GDP deflator tells a complementary story: significantly
negatively priced, with priced shock highly correlated with the GDP (0.78) and unemployment-
rate (0.76) priced shocks, and almost perfectly correlated (0.97) with that of real GDP growth

dispersion. A single informational friction appears to generate disagreement about both nominal

2LGDP deflator and CPI core inflation, untabulated, show similar patterns but with wider confidence bounds.

22Tn contrast to the near-zero correlation between business-cycle drivers of inflation and labor markets in
Angeletos et al. (2020), our identification recovers correlations of 0.32 and 0.50 between cyclical inflation’s
priced shock and the priced shocks in GDP and unemployment. The disparity reflects different identifications:
Angeletos et al. (2020) maximize the variance contribution in a fixed-coefficient VAR, while we use cross-sectional
pricing restrictions on equity returns, isolating the parts of macro series that load on the SDF.
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Figure 5: Term structure of risk premia: demand- and supply-driven PPI inflation

Term structure of monthly risk premia (Sharpe ratio units) from Proposition Al; )\5 defined in eq. (5). The two

macro factors are the demand- (7) and supply-driven (77) components of monthly producer-price inflation

(construction in Online Appendix OA.7.2). Base assets: 275 Fama-French characteristic-sorted portfolios;
five-factor model; S = 24. Shaded areas: 68% (pink) and 90% (blue) Bayesian CI. Data sources: Ounline
Appendix OA.4. Sample: February 1978-December 2019 (start dictated by PPI decomposition availability).

and real outcomes. Inflation volatility, by contrast, is unpriced at all horizons (Rg =7.3%): the
relevant nominal channel operates through the level and dispersion of inflation expectations,
not through inflation uncertainty.

We investigate the cost-push hypothesis further through two sets of empirical proxies: three
PPI measures of input costs (Panel B) and three labor-cost measures (bottom rows of Panel A).
All PPI growth measures display negative and increasing (in absolute value) term structures of
risk premia, statistically significant from at least twelve months onward. The labor-cost proxies
yield small and insignificant risk premia, suggesting that non-labor costs are the primary drivers
of cost-push shocks in our sample. Across both panels, Rg for the cost-push proxies is small
relative to Table 1, and most predictability is driven by unpriced shocks.

Since all inflation measures in Table 6, including the PPI ones, implicitly aggregate both
demand- and supply-driven price pressures, our results do not imply the absence of a demand-
driven inflation risk premium: only that, unconditionally, the “bad inflation” (negative) premia
dominate the “good inflation” (positive) ones. We address this compositional issue by extend-
ing the demand /supply-driven inflation decomposition of Shapiro (2022) to the producer side,

constructing a demand- (7”) and supply-driven (7?) series as equal-weighted averages across

3

twelve disaggregated PPI/NAICS-3 industrial-production pairs.?® Figure 5 reports the two

23The aggregate supply-driven series spikes at each major cost-push episode, while the demand-driven series
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components and confirms the predicted decomposition: demand-driven PPI inflation carries
a positive term structure of risk premia, whereas supply-driven PPI inflation a negative one.
Credible intervals are wide, plausibly reflecting the shorter sample (February 1978 onward, dic-
tated by the availability of the NAICS-3 IP series), and exclude zero only for the supply-driven
component, and only at short and long horizons. The cleanly opposite signs reinforce the cost-
push reading of the aggregate negative inflation premia in Table 6: within the priced inflation
shocks, a positive demand-driven premium seems present but is unconditionally dominated by

the negative supply-driven one.

2.2 Time-Varying Macro Risk Premia: Estimation and Validation

Many macro-finance equilibrium models feature time-varying risk premia. This section applies
our framework to two complementary tasks. First, Section 2.2.1 estimates the time-varying
term structures of risk premia for the macro factors of Section 2.1. Since macroeconomic
risk premia have no observable counterpart, a direct validation of the conditional properties
of our method is infeasible; Section 2.2.2 addresses this through an indirect but stringent
test. We apply the same priced moving-average machinery to dividend growth, itself one of
the macro factors of Section 2.1, and generate model-implied forward equity yields. These
yields are observable for the post-2004 period (Bansal et al., 2021) but are not used in our
estimation, providing out-of-sample evidence on the conditional properties of our priced-Wold
representation. The comparison is also of independent interest, connecting our framework to
the literature on dividend strips and forward equity yields (van Binsbergen et al., 2012; Bansal

et al., 2021; Giglio et al., 2023).

2.2.1 Time-Varying Term Structure of Macroeconomic Risk Premia

We estimate the time variation in the term structure of macro factors’ risk premia, applying
the method of Section 1.1. Following past literature (e.g., Campbell and Vuolteenaho (2004),
Campbell et al. (2013), Gagliardini et al. (2016)), we use as external predictors the price-
earnings ratio and the term, default, and value spreads. With this formulation, we re-estimate
the term structures of unconditional risk premia for the same set of variables as in Table 1,
as a check on the unconditional estimates of Section 2.1. The conditional-model estimates are
almost identical to those reported earlier, with occasional minor attenuation and wider intervals

due to the additional VAR parameters: our unconditional estimates remain consistent even if

contracts in NBER recessions. See Online Appendix OA.7.2 for details.
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Figure 6: Time-varying term structure of macroeconomic factor’s risk premia

Time-varying term structure of quarterly risk premia following Section 1.1; latent risk prices linear in four
external predictors: S&P 500 PE ratio, term spread, default spread, and value spread. Base assets: 275 Fama-
French characteristic-sorted portfolios. Data sources: Online Appendix OA.4.

the true model is time-varying.

Figure 6 reports the posterior means of the time-varying risk premia at one-quarter to
three-year horizons for nondurable consumption, GDP, industrial-production growth, and un-
employment rate change (Panels (a)-(d)).?* Two observations are in order. First, the average
level is strongly countercyclical: small premia in expansions, sharply increasing premia in re-
cessions. Second, short-maturity (e.g., one-quarter) macro risk premia exhibit minimal time
variation, confirming that macro variables are weak factors at best at short horizons, even
conditionally. The clear commonality in the business-cycle behavior of the term structures of
macro risk premia across factors further reinforces the unconditional-finding of Section 2.1: a
single priced shock drives the conditional means of macro factors at business-cycle frequencies.

These findings impose a sharp discipline on equilibrium macro-finance models: a satisfactory
model should generate countercyclical risk premia for the core macroeconomic factors, with
comparable business-cycle sensitivity across them and relatively muted at short horizons. The
two canonical channels for generating such time variation are a time-varying price of risk,
through countercyclical risk aversion or risk-bearing capacity (e.g., Campbell and Cochrane,
1999; He et al., 2017), and a time-varying quantity of risk, through countercyclical conditional
volatility or perceived uncertainty (e.g., Bansal and Yaron, 2004; Bloom, 2009). Our conditional

24We obtain similar results for durable consumption, dividends, and hours worked.
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evidence is consistent with both being at play.

2.2.2 Term Structure of (Dividend) Risk Premia vs. Strips

We connect the term structure of dividend risk premia defined in equation (9) to forward
equity yields, which provide an observable counterpart against which to validate the conditional
properties of our priced moving-average representation. In Online Appendix OA.8, we show
that under joint log-normality of the SDF and dividend growth, the forward equity yield (ef)

and dividend risk premia satisfy

1
eit =\, —E [9d,t,t+s] - %Vart(Adt,tJrs) ~ Ay — E, [gd,t,t+s]7 (11)
where ggii45 = © log (Dt“) is the per-period log dividend growth rate, Ad; ;s = log (Dtjs) is
multiperiod dividend growth, and A}, = —icovt(mt7t+s, Ad;1y5) is the s-period dividend risk

premium defined in equation (9). Since var;(Ady ) is empirically negligible, the forward equity
yield is well approximated by A5, — E¢[gatt+s)-

Equation (11) makes clear the distinction between the term structure of dividend risk premia
and that of strips: the forward equity yields are driven by both dividend risk premia and
expected dividend growth. As shown in Online Appendix OA.8, dividend risk premia can be
interpreted as the per-period risk premium on hold-to-maturity dividend strips. We estimate
the term structure of unconditional dividend risk premia using our MA formulation, and Figure
OA..6 of the Online Appendix shows that our estimated one- to five-year premia are very close
to those reported in Bansal et al. (2021), despite an entirely different data, sample, and method.

To obtain the term structure of dividend strips, we estimate the conditional mean of dividend

growth using equation (4):

S
Et gd,t,t+s = Z Et Adt+r Eq [Adt+7] = g + Z PsJtvr—s- (12)

Equation (12) projects the conditional mean of dividend growth onto the priced part of our
representation only: the unspanned component wy, in equation (4) is allowed to be persistent
but its dynamics are left unmodelled. This unpriced predictability is non-trivial in the data:

R?

implied by our priced MA representation are not guaranteed to match the empirically observed

= 17.6% in Table 1 for dividend growth. Consequently, the forward equity yields

err,pred

ones exactly, with the gap attributable to the omitted unpriced predictability of dividends.

We estimate forward equity yields for one-, two-, and five-year holding horizons using equa-
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Figure 7: Time series of estimated forward equity yields

Estimated time-varying forward equity yields from our MA model with 20 lags. Five-factor model on FF275,
1963Q3-2019Q4; plot restricted to 2004Q4-2019Q4 (observed-data period, not used in estimation). Bottom-
right panel: posterior means at all horizons. Observed yields from Bansal et al. (2021).

tion (11). The estimation uses the full sample (1963Q3-2019Q4), but Figure 7 displays only
2004Q4-2019Q4, the period with observed forward equity yield data, which are not used in our
estimation.? The figure shows that our model generates a downward-sloping term structure
of equity yields in bad economic states and an upward-sloping one during expansions, consis-
tent with the observed data. The bottom right panel reports our estimates for all horizons;
the remaining panels show observed yields alongside our estimates and 90% credible intervals.
Our estimates are also strongly countercyclical and closely track the observed data. As noted
around equation (12), our MA formulation allows for unmodelled sources of unpriced dividend
predictability, likely driving the minor differences between our estimates and the observed yields.
Overall, our priced moving-average representation, estimated without using any forward equity
yield data, reproduces the level, dynamics, and term-structure shape of the observed yields,

providing out-of-sample evidence on the conditional properties of our method.

3 Conclusion

We develop a new identification scheme, rooted in a priced Wold decomposition, that uses
the cross-section of asset returns to recover the shocks common to financial markets and the
macroeconomy, their propagation through macroeconomic time series, and the term structure

of risk premia for any covariance-stationary economic factor. Hierarchical Bayesian inference

25The data on realized one-, two-, and five-year forward equity yields are from Bansal et al. (2021). We
thank the authors for sharing the data with us.
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delivers valid credible intervals for the entire term structure, both unconditional and time-
varying, with all conditional posteriors available in closed form.

Using a large cross-section of equity portfolios, the framework reveals a striking common-
ality between financial markets and the macroeconomy. The business-cycle dynamics of GDP,
industrial production, investment, hours worked, the unemployment rate, and durable and
nondurable consumption are pervaded by an almost identical priced shock, which accounts for
20-47% of their variances and the great majority of their predictability. Macro risk premia
are small at quarterly horizons but match the equity premium at two- to three-year hold-
ing horizons. At those horizons, they are strongly countercyclical: small in expansions and
sharply elevated in recessions. Macro risk strikes back at business-cycle frequencies. As an out-
of-sample test of the conditional properties of our representation, the implied dividend term
structure closely tracks observed forward equity yields without using strip data.

The common priced shock is unlikely to be a TFP shock, a finding corroborated by a novel
internal-consistency check that reconstructs an implied Solow residual risk premium from the
directly estimated GDP, hours, and investment risk premia and yields values close to zero at
all horizons. Investment-specific technology and pure-preference shocks are unpriced as well,
and standard fiscal and monetary proxies do not carry significant unconditional risk premia.

The picture most consistent with the evidence is that of a non-technology demand or belief
disturbance, propagating through real, nominal, and informational rigidities: the textbook
Tobin’s ¢ channel of investment is sharply identified, inflation carries the cost-push signature
of “bad inflation” with a steeply increasing (in absolute value) term structure, and a single
informational friction appears to generate disagreement about both nominal and real outcomes.
The strongly countercyclical term structures we document also require either countercyclical risk
aversion or risk-bearing capacity, or a time-varying quantity of risk (perceived or objective) over

the cycle. Overall, our findings deliver a sharp new empirical target for equilibrium models.
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Appendices

A.1 The Priced Wold Representation

Theorem A1l (Priced Wold Decomposition). Let the demeaned (log) stochastic discount fac-
tor {my}iez, and the scalar process {gi}iez with mean i, be covariance-stationary with fi-
nite second moments on (Q,F,P). Define M; = span{m, : s < t} C L*(Q,F,P) and
e == my — U, , (M) where Ig(+) denotes the orthogonal projection onto a closed subspace
S C L*(Q, F,P), and let 02 := Var(e!*) > 0. Assume that for all t, the mean-zero component
of g¢ can be written as g — pg = G + 07, g € My, 0] L M. Then there exists a sequence

{0,132 satisfying 372, 07 < 0o, and a process wi orthogonal to 1y, such that

- E[(gr — tg) €7
gt:/Lg—i—ZG]E?ij—l—wtg, 9]2 [(t g) t]]’ (Al)

2
0¢

5=0
and this representation is unique.
Proof. By the Wold theorem for {m; }, M; = H;®V, H; :=span{e]’ : s < t}, V=) 5 M;in,
where V denotes the deterministic subspace. Decompose the mean-zero part of ¢; as g: — g =
g: + W), with g, € M, and w{ L. M,;. Apply the Wold decomposition to the priced component

g ge =g+ 3", 9P € Hy, §P € V. Since {e]* ;};>0 is an orthogonal basis of H,, expand

~ND _-m
g = 32006, 05 = W. Because both g and @/ are orthogonal to all &},
we also have §; = w. Parseval’s identity implies E[(g\")?] = 02327267 < 00, so

{6,} € (2. Setting w{ := gP +w] (collecting the deterministic and unpriced components) yields
the expression in equation (Al). Uniqueness follows from the uniqueness of the innovation

process ;" = m; — lay, , (M) and the orthogonality of the innovation basis. O

A.2 Bayesian Estimation of Risk Premia

We describe our hierarchical Bayesian framework, starting from the time-series dimension. We

make the following distributional assumptions:
S

iid iid

gt = Hg + Z psn;<vt—s - ,u'v) + Wy, Wgr ~ (07 0121;9)’ Ve ~

s=0
iid
Ty = Uy + ﬁv(’vt - /J'v) + Wy, Wy ~

(Ko, ), (A2)
N(ONJ 271)7")7 Xur = dia’g{aiwm s ?0-]2V,wr}7 and <A3>

Uy 1 Wyt 1 Wy, and let pg = (”gppOa cee 7p5')T7 (A4)
where v, are nonsingular linear rotations of the true K factors v,. Since these rotations are

arbitrary, we estimate their means (u,) and covariance matrix (X%,); direct modeling of p, is
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critical for proper posterior coverage of expected returns p,.?° The orthogonality assumption
in (A4) implies that parameters of g, and r; can be estimated separately.

We assign standard uninformative priors to the time series parameters:

_ K41
W(pg,ng,aig) o (aig) L m(v) < 1, 7w(p,,X,) < |2,|” 2, and

(A5)

N+1

T(By) X 1, (pr, Do) < [Br| 2
In the cross-sectional dimension, conditional on v;, the SDF and risk prices A, follow the
Bayesian-SDF estimator (B-SDF) of Bryzgalova et al. (2023), Definition 1:

M = Km — A, 25000 = fi, = Buy, (A6)
where @1, = p, + %TT and both u, and Y, are estimated in the time series step. Pricing errors
are still allowed, as in (2). Section 1.2 confirms via extensive simulations that this approach
delivers valid posterior distributions.

The hierarchical structure yields standard conditional posteriors that combine via Gibbs

sampling. Proposition A1l formalizes the sampler; derivations are in Online Appendix OA.2.4.

Proposition A1 (Gibbs sampler of the baseline model). Under the assumptions in equations
(A2)-(AG), the posterior distribution of the model parameters can be sampled from the following
conditional distributions:

(1) Conditional on data and latent factors, the gy process parameters (afug, Py, Mg) follow
the normal-inverse-gamma distribution in equations (OA.3)-(0OA.5) of Online Appendix
OA.2.4, with draws of p, and 1, normalized such that "7;"79 =1 for point identification.

(2) Conditional on asset returns, {r;}_,, and latent factors, the parameters of the r; process,
S and B = (., 3,), follow the normal-inverse-Wishart distribution in equations
(OA.6)-(OA.7) of Online Appendiz OA.2.4.

(8) Conditional on returns and (., By, X ), latent factors, vy, and their moments follow:

Oy | 7o, s Bos s oy By ~ N ((ﬁl 2218,) 7 [BIEgt (1 — pe + Botr)], (BT zgiﬁv)l),

(A7)
T

S, | {v ), ~wt <T 1, ) (v —v)(v — @)T>, and (AS)
t=1

o | o, {vi} ~ N (v, >, /T), (A9)

26The sample average of ¢ is p, + Bv% Zthl (ve — po) + % Zthl w,;. If we always demean the latent factors

to have zero sample averages, the first source of uncertainty about p,., originated from % Zthl(vt — Wy), will
disappear. Consequently, the credible intervals for w, will be too tight if we do not directly model p,.
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where N'(+) and W™(-) denote, respectively, the normal and inverse- Wishart distributions.
(4) Conditional on the draws from the time series steps (1)—(3), the posterior distribution of
X, is a Dirac distribution at (8] B,) B, ., yielding a Dirac conditional posterior for

S T _
the term structure of g;’s risk premia at )\5 = % . n;)\v, where 0 < 5 < S.

Several features of the sampler are worth highlighting. First, the residual w, may be serially
correlated; following Miiller (2013), posteriors remain asymptotically normal and centered at
the MLE, with the canonical posterior covariance of p, and 1, replaced by a Newey and West
(1987)-type sandwich estimator.?” Second, the posterior of v; in Step 3 conditions only on
returns and ignores the information in g, (incorporating it via a Kalman filter is feasible but
more demanding, and the omitted information is asymptotically negligible as N — o00); this
also provides a level playing field when comparing risk premia across different g;. Since our
identification recovers f; = ngT'vt as the linear combination maximizing the share of g; explained
by {fi—s fzo, the procedure echoes the max-share identification of Faust (1998), Uhlig (2003),
Barsky and Sims (2011), Francis et al. (2014), and Angeletos et al. (2020). Third, Proposition
A1 does not require a diagonal 3,,,.. We impose diagonality only when N approaches the sample
size to avoid numerical difficulties. Our simulations confirm that this has negligible effects on
posterior inference, consistent with the frequentist intuition that such misspecification affects
efficiency but not consistency. Fourth, through sequential resampling, Step 4 accounts for
uncertainty in expected returns, factor loadings, and the latent means p,. Fifth, beyond risk
premia the framework delivers valid posteriors for other quantities of interest, including Rg,
the cumulative impulse responses {/33}5:0 of g; to return shocks, and the cross-sectional fit of
average returns. Sizth, identifying risk premia from principal components avoids the omitted-
variable and attenuation biases of traditional Fama-MacBeth and GMM estimators, which also
suffer from weak identification of macro factors (e.g., Kan and Zhang, 1999). By exploiting the

cumulative loadings {ps}2_,, our estimator is robust to weak identification and recovers macro

factor risk premia in both simulations and real data.

2"The number of lags is set to S since Wiy and wg—;xy—; become serially uncorrelated for { > 5, where
x; denotes the regressors in g;’s equation and is the linear transformation of latent factors {vt,s}SS:O.
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OA.1 Macro ARMA Processes: Calibration and Selection

We consider a general simulation setup for g, as follows:

Gt = Hg + Ty—1 + Or_1€gt, Tt = a1 + PuOt_1€at, 0f = 02 (1 — V) + vo7_| + Opot, (OA.1)
where ey, €4t €5t S (0,1). In particular, z;_; is the slow-moving component in g;; e, is the
shock to the persistent component; ey is the contemporaneous shock to g; e, is the shock
to the potentially time-varying volatility. Then, g, can be calibrated to match several model
specifications in the literature: (i) Log consumption growth in Bansal and Yaron (2004). We
calibrate the quarterly log growth following Table 6, “Quarterly” column, of Bansal, Kiku, and
Yaron (2016). (ii) Log productivity/ TFP growth in Croce (2014). We adopt the quarterly
calibration therein, which studies a constant volatility process in the baseline analysis. (iii) Log
aggregate profitability growth in Belo and 1i (2023). We calibrate the quarterly log profitability
growth using the parameter estimates in Table 1 therein.

BIC and AIC specification selection results for the above specifications are reported in Table
OA.L Overwhelmingly, in samples as long as the historical ones, canonical specification selection
fails to recover the pseudo-true calibrated processes with very high probability, and very often,
the selected specification implies no predictability in the macro quantities.

While canonical ARIMA selection fails to recover the data-generating process, our priced

MA representation succeeds. Consider the Croce (2014) calibration of equation (OA.1), in

Table OA.I: ARIMA model selection (240 quarters)

Bansal et al. (2016): Croce (2014): Belo and Li (2023):
consumption TFP profitability
BIC AIC BIC AIC BIC AIC

pdq freq pdq freq pdqg freq pdq freq pdqg freq pdqg freq

000 781% 000 51.0% 000 60.7% 000 326% 101 31.6% 101 30.3%
011 80% 001 63% 011 165% 101 11.2% 011 256% 011 12.3%
111 30% 101 57% 111 60% 011 85% 000 133% 111 62%
100 29% 100 52% 101 44% 001 66% 100 97% 201 6.1%
001 17% 202 44% 100 33% 111 48% 200 65% 102 4.8%
112 12% 011 34% 211 23% 100 40% 111 48% 200 3.8%
211 12% 111 29% 001 19% 112 35% 300 23% 202 3.5%
101 06% 112 21% 112 16% 202 29% 001 1.6% 012 3.4%
311 06% 200 21% 311 05% 200 25% 012 1.0% 112 3.3%
200 04% 102 13% 212 04% 201 25% 112 09% 001 31%

Frequency of ARIMA (p,d,q) models selected by BIC and AIC in 1,000 simulations of the latent AR(1) model
in equation (OA.1). Top 10 most frequently selected models shown.



Figure OA.1: Cumulative IRF of TFP growth to a one-standard-deviation shock to its con-
ditional mean under the Croce (2014) calibration.

Mean and 68% and 90% intervals of the cumulative IRF across 1,000 simulations; red dots are pseudo-true
values. Sample length: 240 quarters. The MA representation is estimated with S = 12.

which z;_1, the priced conditional-mean component, accounts for less than 8% of the quarterly
variation in TFP growth. We let the shock e,; drive a calibrated panel of equity returns through
the first principal component of FF275, with a second uncorrelated factor (PC2 of FF275) acting
as an additional source of priced systematic risk, and Gaussian idiosyncratic noise calibrated to
the cross-section. In estimation we observe only g, and the panel of returns, and must infer both
the latent shock e,; and the cumulative impulse responses of g; to it. Across 1,000 simulations
of 240 quarters, the identified shock ft has an average correlation of 0.90 with the true e,;, and
Figure OA.1 shows that the MA representation with S = 12 accurately recovers the cumulative

IRF of TFP growth despite the extremely low signal-to-noise ratio.

OA.2 Additional Propositions and Proofs

OA.2.1 Mimicking-Portfolio Interpretation of /\5

We first state a technical lemma about the projection of returns onto the factor space.

Lemma OA.1. As N — oo, f1, cov(r;) 185 — Al under the following assumptions:

i. The K eigenvalues of B35 Bs explode as N — oo, whereas X, has bounded eigenvalues:

7(/651677) = OP(N) and ’7<Zwr) = Op(l);

T3~
% and 3., converge to positive-definite matrices with bounded entries;

1.
iii. Asset returns and their expectations follow equations (1) and (2). In particular, o; is 11D

and cross-sectionally independent of factor loadings, with a zero mean and satisfying that



—1
aT Ewrﬁf)

~wrBt — 0 as N — oo. All elements in B are bounded.

Proof. Assumptions in equation (2) imply that

i) cov(r,) !B = E)zTcov(m)_l,B;j + égﬁgcov(rt)_lﬁg.

-~ -~

(1) (I1)

Assumptions in equation (1) imply that cov(r;) = ;82 + Xy, Using the Woodbury matrix
identity, we can rewrite the inverse of cov(r;) as follows: cov(r,)™' = 3.1 — 3-18;(Ix +
By X0rB5) ' By Doy

We now consider the behaviors of components (1) and (/1) as N — oc.

'S 18 Ik + B2, 851

) =a'[Z,) -, B:(Ix+ B3 X Bs) '8 Tt B =

I8l =0t Bs

v converges to a positive-definite matrix with bounded

Assumption (ii) implies that

entries. Due to assumption (iii), O‘TETM’ — 0, as N — oo, which implies that (I) — 0.
(11) = X; B3 [Zur — 20 BoIie + B3 200 Ba) ' 85 B | B = A; [Ix — (A + I) ]

where A = 3] 3-13;. Since the eigenvalues of 3] B; will explode as N — oo wheres X, has

bounded eigenvalues, we have limy ;o (A + Ix)™t = Ogxx, hence (IT) — AJ. O

We next use the Lemma to establish asymptotic equivalence between the risk-premium def-

inition in equation (5) and per-period risk premium of the horizon-specific mimicking portfolio.

Proposition OA.1 (Asymptotic equivalence with the mimicking portfolio). Under the as-

sumptions of Lemma OA.1, as N — oo,

\MP /\g COV('Et—l—HH—S, gt—1—>t+S) COV(mt—1—>t+57 gt—1—>t+S) s
g - = A
1+5 1+85
where )\yp 15 the per-period risk premium of the horizon-specific mimicking portfolio with port-

MP

folio weight given by the projection w™¥ = cov(ri_ 111 5) Lcov(Pi_1 545, Gio15t45) Of Gi—1-5t45

onto cumulative excess returns.

Proof. By construction, the per-period risk premium of the mimicking portfolio is

MP (]E[thawrs] + lT(""tletJrS)) w T 1 COV('Ut—l—nH-Sa gt—1—>t+s)
Ay = 21—1—5 = (E[rt]—i-%’rr) cov(ry) ™ B 1+ ,

ZIngersoll (1984) defines the pricing errors « such that o' £,13; = 0. Our assumption in Lemma OA.1 is
weaker than that in Ingersoll (1984). This assumption in (iii) is satisfied, e.g., when a,, ~ Op(ﬁ)v where the

latter is a sufficient condition for the absence of asymptotic arbitrage opportunities defined in Ingersoll (1984).



where the second equality uses the serial uncorrelation of v; (relaxed in Section 1.1) and the
orthogonality of w,; 1,15 to g. By Lemma OA.1, the prefactor i1 cov(r;)'B; — Al as

N — oco. Substituting and using m;_; 15 = (1 + S)km — A Ds_1 5445 yields the result. O

OA.2.2 SDF Decomposition with Respect to the Priced Shock f;

This section derives the SDF decomposition stated in Section 1 of the main text. Let v, = Hvy,
where H' = (7,,H;) is K x K nonsingular and H7, = 0. Then v, = (f;,u/})" with
w; = H'®; and f; L u;. The log SDF in (3) becomes m; = kp, — A X 1oy = Ky —
Mfe — AL (H Hy) 7'y, with A = ﬁgT)\ﬁ and A, = H|X;. The SDF variance, equiva-
lent to the squared maximal Sharpe ratio in the economy, decomposes as var(m;) = )\?, +
var (A, (H, Hy) 'u,). Hence Ay is the per-period model-implied Sharpe ratio of fi; A% [var(my)
quantifies the relative importance of f; in the SDF, where f; has the largest power in the log

SDF to explain the cross-section of average returns.

OA.2.3 Rotation Invariance of Risk Premia and Shock Propagation

The latent factors v; are identifiable only up to a linear rotation: any v, = Hv, with H a K x K
nonsingular matrix yields observably equivalent return and pricing dynamics. Rewriting the

model of Section 1 in terms of the observable rotation v; rather than the latent factors v;:

5
1 - T g
re=oa+GBeH "HX; — =X, + B H "Ho, + wri, g1 = pig + § :psngﬂ 'H#¥, s+ wy, and
W 2 — N = Ne——
Bv v Bu Ut - T Vi—s

Mg

T T gp—1 Te—1 s S hs T

= -, (H )'"H™ = — A, 2 N = =0 4s=0"8 Bl =1 FN;.

me = tm — A, (H ) Vi = K — Ay By, v, A 1S Ul }\v
Mg v

(OA.2)
The impulse-response coefficients {ps} and the risk premia )\5 are functions only of products
that cancel the rotation H and are therefore point-identified; the rotation-dependent quantities

Bus A, Mg, and X, are jointly determined up to H.
OA.2.4 Derivations of the Posterior Distributions in Proposition A1l
We present a detailed version of Proposition Al in the main text.

Proposition OA.2 (Gibbs sampler of the baseline model). Under the assumptions in equations
(A2)-(A6), the posterior of model parameters follows the conditional distributions below, where
IG, N, MVN, and W=! denote the inverse-gamma, normal, multivariate normal, and inverse-

Wishart distributions, and G, G, V,, Vi, 2p, 277, V., R are defined in the proof:



(1) Conditional on the data {g,},_, 5 and latent factors {v}{_,, parameters in g,’s equation

follow a normal-inverse-gamma distribution,

T—-5 (G=V,p,))"(G—V,p
U?vg ’ {gt}?:prga Pg; Ny, {Ut}?zl ~ Ig( 2 y ( L 9)2( L g)>, (OA3)
—1 A~
Py | G 0%y ng, Vi - ~ N ((V,,Tv,,) vV, G, z:p>, and (OA.4)
-1 PPN
Mg ‘ Ga Uguga Py, {vt},trzl ~N <(VnTV77) V'r]TG¢ 27]) ' (OA5)

To identify p, and n,, we normalize 1, after each posterior draw such that nngg =1.
(2) Conditional on asset returns and latent factors, defining B, = (u,, 3,), we update model

parameters in ¢’s equation using a normal-inverse- Wishart distribution, as follows:

Sur | R Aoy, iy, By ~ W (T, (R-V,B,) (R— VTBT)> and (OA.6)

B, | R (v}, Sy ~ MVN((WW)WR, Sy ® Wml). (OA7)

(8) Conditional on asset returns and (., By, L), we update both latent factors v, and their

mean and covariance parameters, as follows:

Uy ‘ T, HTH@IM Ewry My, Ev ~ N <(/@IE;}11~/@’U)_1 [/@1—;21;% (rt — B+ /BU“’U)]v (/@Jz;%ﬂv)_l)’ (OA8)

T
S, [ {v i, ~w! <T -1, Z(vt —v)(vy — ’U)T>, and (OA.9)
t=1
T
o | T, {vi}, ~ N <'E, EU/T), where v = vat/T (OA.10)
t=1

(4) Based on the posterior draws from the time series steps (1)—(3), the posterior distribution

of A, is a Dirac distribution at (3. 3,)7*B,) ft,. In addition, the posterior distribution of

s
270 e=0Ps |

the term structure of g;’s risk premia is also a Dirac distribution at )\5 = e

77;)\,,, where 0 < S < 8.

We next derive the posterior distribution in g;’s equation. We introduce some matrix nota-



tions, as follows:

1 (US‘+1 - Nv)Tng Tt (v1 — Nv)Tng

‘/p = . )

1 (vr—po) ' ny (vp_5— o) " myg

S S
> =0 pS('Ul,lJrS—s — o) > o0 Ps('UK,lJrS‘—s — M)

V'n:

S S
Zs:O ps(vl,T—s - Mfu) 23:0 ps(vK,T—s - Uv)

G=1(9145,--.97r) , and G = (1,5 — Hg,---, 97 — Hg) -

Using the notations above, the data likelihood for G can be written as

manmmxmﬁmﬁg:@m@r%%m{— <G—w%mc—w%ﬁ,

2
203,

where (G — V,p,)" (G — V,p,) = (G — V;n,)" (G — V,m,). Since we assign a flat prior to

.My, 02 ), the posterior distribution of o2, is
pg 779 wyg wg

Y

T-5
1\ (G = V,py) (G~ V,p,)
poty | Goppmp ot o () eop{ SRR TSl
Tug Tug
hence, the posterior distribution of Uig is an inverse-gamma in equation (OA.3).
We next consider the posterior distribution of p, and n,. From the data likelihood, we can

derive the kernel of p,’s posterior,

1 R 4]t
p(pg ‘ G7 0—12ug7 T’g? {vt};:l) (08 eXp{—z(pg - pg)T |:0—120g(VpTVP) :|

(Pg — Pg) }7

where p, = (V;)TV;,) 71VPTG . The next step is to make adjustments for the posterior covariance
matrix of p, due to the potentially autocorrelated wg,V,:. A simple solution is given by Miiller
(2013), which proposes that we can replace afug (VPTV,,)_1 with the Newey and West (1987)

type of sandwich covariance matrix, denoted as f)p, as follows:

Py | G7Uz2ug7"797 {vt}?:l ~N (ﬁm 21’)? 2%’ = (va—l—‘/ﬂ))i1 [(T - S)‘gﬁ] (VpTVP>717

L
) 1 ) I
Sp =75 D Wu(VerVye) + 3 (1= ;)P and

A 1
=
P 5

t=1+S5+1

T
> gt 1(Vou V) + Vou V) for 1>0, gy = g — V! py,

=1

P pt



where L, the number of lags in the Newey-West estimator, is chosen to be S since wy,V,; and
Wg,+—1 V- are uncorrelated for [ > S.

We finish deriving the multivariate normal in equation (OA.4). A similar derivation can be
applied to the posterior distribution of n, in equation (OA.5).

We now proceed to derive the posterior distribution of model parameters in r;’s equation.

We stack time series observations into the following matrices:

N 1 (vl_ﬂv)T
NT
R: 9 ‘/;”: 3 andB?“:<T>a

T 1 (UT - “U)T

and the data likelihood of asset returns is
_T 1 _
p(R | {vt}?zlﬁ My, /61)7 Ewr) X |Ewr| 2 eXp{_étT [Ewi (R - ‘/;“BT)T(R - ‘/’I”BT)] }
Under the prior distribution in equation (A5), we first derive the posterior of X%,

TH+N+1

1
p(zwr | R, {’Ut}?zb “7“7/811) X |Ewr|_ 2 eXp{_Etr [E;i (R - ‘/;"BT’)T(R - ‘/;“Br)] }7

which implies the inverse-Wishart distribution of ¥, in equation (OA.6). When X, is diago-
nal, which is assumed in the high-dimensional setting, the inverse-Wishart distribution reduces
to independent inverse-gamma distributions of {07, }7_;.

We next derive the posterior of (.., 3,):
1 . .
p(BT | Rv {vt}?:lv Ewr) X exp{—étr [E;i (BT - BT)T‘/TT‘/T‘(BT‘ - Br)] }7

where B, = (V,"V;)"'V." R, and the formula above is the kernel of the multivariate normal
distribution in equation (OA.7). However, when we implement equation (OA.7), we replace
(V.'V,)"! with (V.'V, + D,)™!, where D, = diag{0,1,...,1}. The additional term D, is a
small penalty that preempts numerical difficulties in high-dimensional applications.

Finally, we derive the posterior distribution of latent factors and their means and covariance

matrix. The posterior distribution of v; is

p(vt ‘ Ttal-‘l’TwBUa Zw'f’)uva Zv) X p(rt | ’Utvu’r‘a/ﬁvv Zwr)ﬂ-(,vt ‘ Moy, zv)

1 _ _
X eXp{_§ [,U;r(/@q—)rzw%l@v)vt - 21}2—161—)'—21117{ (rt — My + Bvﬂ’v)] }7

which implies equation (OA.8). To avoid potential numerical difficulty in the Gibbs sampler,
we replace (BIE;,I,B,,)_I with (8, X518, + IK)_1 when sampling v; in equation (OA.8). The



posterior distribution of (g, 3,) is

T+K+1

{5102, S (o= o) 01— )T

t=1

Pl By [ {vikizy) o< [B]”

which is the kernel of the normal-inverse-Wishart distribution in equations (OA.9) and (OA.10).

OA.2.5 Estimating Time-Varying Risk Premia

We now extend our Bayesian framework to estimate time-varying term structures presented in

Section 2.2.1. The return process again follows an approximate factor structure,
v =y + B0 + wyy, U L wy, E|wy] =0y, E[o]=0g, (OA.11)

where, importantly, the priced systematic factors v, are potentially predictable: v, = py,—1 +
€5, With g1 = Eiq [04), po—1 L €5, and innovations normalized so that cov(ez) = Ik.
We let ©; depend on its own lags and on p external predictors z;. Defining x; = (9,,2/)7, we
assume that x; follows a (partially latent) vector autoregressive (VAR) model of order g¢:

iid

Ty = ¢O + d)lmt—l + -+ ¢qmt—q + €rty, €Ext 7 N(0K+p7 Eeax) (OA]-2>

In estimation, we identify a linear rotation of v;: vy = HOy = Hpyy 1 +Hege = o 11+ €4,

which implies that ., = cov(e,;) = HH'". We generalize the rotation invariance as follows:

S

T, -1 17~ ~ =T pr—1

’I”‘tza—?—l—BaH HA; + B H  Hv, + w,y, gt::ug—{_;psngﬂ Hegz s + wy,
T

Bu Ay Bv vt B ng €Ey,t—s

Tipr—1\T gr—1 T SINT -1 Ty-1 T 1
my = km — N, (H ) H "€, — uv’tfl(H ) H €y = K — Ay 2, €5 — My, 12, €y, and

Zf: Z;—: ﬁs ~ —
)\5,1&—1 - # ’ ngTH 1H(>\ﬁ +Ei [l/”f),tJr‘rfsfl}Z-

'I’]T
g AUJ’_]Etfl [“v,t+77571i|

(OA.13)

Thus, impulse response coefficients {p,} and risk premia )\jt are point identified.

Proposition OA.3 (Gibbs sampler of the time-varying model). Under the assumptions in
equations (OA.11)-(0A.12), the posterior distribution of the model parameters can be sampled

from the following conditional distributions:



(1) Conditional on the data, {g:}]_, 5, and shocks to latent factors, {€,}{_,, the parameters

of the g; process (aig, Py, and m,) follow the normal-inverse-gamma distribution in equa-
tions (OA.3)-(0A.5) of Online Appendixz OA.2.4. The only difference is that we replace
vy with €, in equations (OA.3)-(OA.5). For point identification purposes, draws of p,
and ng are normalized such that nngg = 1.

(2) Conditional on asset returns, {ri}_,, and latent factors, {v;}L_,, the parameters of the
ry process (X, and B, = (u,,3,)) follow the normal-inverse-Wishart distribution in
equations (OA.6)-(OA.7) of Online Appendiz OA.2.4.

(8) Conditional on asset returns and (., oy, By, Zwr), the latent factors, vy, can be sampled
from the normal-inverse- Wishart distribution in equation (OA.8).

(4) Conditional on latent factors, {v;}L_,, the model parameters in the VAR(q) system of v,
can be obtained from equations (OA.14)-(OA.15). The conditional mean of v, equals the
first K elements of ¢o+ @1xi—1+ - - -+ Ppgxi—q, and the first K variables in €, are shocks
to priced systematic factors, €,.. We can also obtain the unconditional mean of v; as the
first K elements in (I — ¢y — -+ — ¢y) ' ¢ho.

(5) Conditional on the draws from the time series steps (1)-(4), the posterior distribution of
X, is a Dirac distribution at (8] 3,) '8, ft., where f1, = ;LT—I—%TT, and X = (Bu B8] +

Yowr)ii, ©=1,...,N. It further yields a Dirac conditional posterior for the term structure
s . )\v E¢— T, t+T7—5— =
of g¢’s risk premia at A5, | = 25:0 Yo ety Ot tljr[su = lb, where 0 < 5 < S.

Proof. The only new ingredient in Proposition OA.3 relative to Proposition Al is step 4, which

estimates the VAR(q) parameters governing ;. First, we introduce the following notations:

z) Lol oa] o)
xW=1 |, xXO=]: Do, and@ = ¢ ],
wr}— 1 :c;_l wr}—_q qf);r

and equation (OA.12) implies that the data likelihood is
T—q 1
p(XV [ X9, @,55) o [ |7 exp{—tr[Z/ (XY - X0¢)"(xV - xOg)]}.

K+p+1

Under the prior distribution 7(®,3%.,) x || 2 , we can easily show that (®,%.,)

follow the normal-inverse-Wishart distribution,

Y | ®, XM, xXO p! <T —q, (XW - x©g)"(xO _ X<0><I>)> and (OA.14)



|2, XD xO MV/V'(((X(O))TX(O))_I(X(O))TX(”, Y. ® ((X(0>)TX(0))‘1>, (OA.15)

following similar derivations as in equations (OA.6)—(OA.7). O

OA.3 Simulations

We consider two sample sizes, T' € {200,600}, matching the quarterly and monthly frequencies,
respectively. Asset returns are simulated from a five-factor model as in equations (1) and (2):
ry =&+ Bf,:\ﬁ - %TT + Bﬁﬁt + w,, Uy S N (0g, Ix). Specifically, r; contain Fama-French 275
portfolio returns (FF275; see Online Appendix OA.4), and factor loadings B;, are calibrated as
the eigenvectors corresponding to the five largest eigenvalues of the sample covariance matrix
of 7,. Risk premia A; are estimated using the observed data. To ensure that a and 3; are
orthogonal in simulations, we regress the estimated a on (3; and extract the residual term,

denoted by &. We allow for a non-diagonal covariance matrix of w,;. Following Bai and Ng

(2002), we simulate w;,; as follows:

1

,—1+2J52), (OA.16)

J
Wipt = Oyt * [(%‘t + Z Bei—j,ti| , €t S N(0
J#0,5=—J

where J = max{10,int(N/20)}, 8 = 0.1, and {62}, are the estimated variance of idiosyn-
cratic shocks for each asset.

We then simulate strong factors. For T" = 200, we use nondurable consumption growth

to estimate impulse responses, denoted by {,63}5:0, assuming the true S = 8 (quarters). For

T = 600, we use monthly industrial production growth to obtain {p,}5_,, with the true S equal

to 16 (months). With these parameters, the strong ¢, is simulated as

S
. Lo ii
gr=¢- Zpsftfs + W, fr = ﬁ(vlt + U3t + Ust), Wy ’SN(O? Ting): (OA.17)

s=0
where f; relates to both large and small principal components (PCs) of asset returns. We
consider three signal-to-noise ratios, summarized by the time-series fit R? € {30%,20%, 10%}.
For the weak factor, we simulate f; independently from the standard normal distribution.

The simulated weak factor g; is autocorrelated, allowing us to assess whether the Newey and

33 cannot be too large since we need to ensure that the largest eigenvalue of $,» is less than the smallest
eigenvalue of 3] B;. Otherwise, some common factors cannot be identified.
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West (1987) type of sandwich covariance matrix delivers proper Bayesian credible intervals
when the measurement error is autocorrelated. The pseudo-true number of latent factors is five.
To explore the performance of our approach when we erroneously omit some priced factors or
include redundant ones, we estimate models with K € {4,5,7}. We estimate the term structure
of g,’s risk premia using S = 12 for T' = 200 and S = 24 for T = 600.

Tables OA.IV and OA.V report the empirical size of our test for strong factors in 1,000
simulations. Our method delivers appropriate credible intervals for g;’s risk premia as long as
we include all priced latent factors in the estimation (K > 5), even in environments with low
signal-to-noise ratios and small sample sizes. If we omit some priced factors (i.e., K = 4),
estimates are biased because g; loads on the fifth PC of asset returns. Including more factors
than in the pseudo-true model has no sizable detrimental effect, confirming that the approach
is conservative in this dimension.

Can we recover the priced information embedded in g, if we consider only the contempora-
neous correlation between g; and asset returns? The left panel of Figure OA.3 plots the average
correlation between the true f; and its estimate, ft = ﬁ;ﬁt, for different choices of S. When we
project g, only on contemporaneous asset return shocks (S = 0 in equation (A2)), corr(f, f;) is
small, ranging from 0.4 to 0.65. As we include more lagged asset pricing information in g, this
correlation rises substantially, so the lagged information is essential for identifying the priced
shock driving the nontradable factor. The detrimental effect of including more lags than in the
pseudo-true specification is generally very small.

The right panel of Figure OA.3 reports the corresponding power of rejecting zero risk premia
for strong factors. The model with S = 0 generally has low test power. As we include more
lagged latent factors in ¢;’s estimation, test power rises substantially. Hence the MA repre-
sentation of g; is the key ingredient for detecting significant risk premia in persistent factors.
Including more factors than in the pseudo-true specification tends to be a conservative strategy,
since it delivers proper but wider credible intervals for risk premia estimates.

In Tables OA.VI and OA.VII, we investigate useless yet persistent factors that do not
correlate with asset returns. In these tables, a larger Rg corresponds to a more persistent
process. Fama-MacBeth and GMM estimates of useless factor risk premia tend to appear
spuriously significant (e.g., Kan and Zhang, 1999). Our Bayesian estimates do not suffer from
this issue: credible intervals for the risk premia of useless factors are conservative.

A potential concern is that including many lags of multiple latent factors might lead to

11



severe overfitting of the data. The posterior means of R; across simulations, reported in Table
OA.VIII, show that this is not the case.

We further examine the performance of our Bayesian estimator for factors that correlate with
only the contemporaneous asset return shocks, the setting studied in Giglio and Xiu (2021).
We simulate priced factors using equation (OA.17) by setting S = 0 and tuning c such that
R? € {10%,20%, 30%}. Table OA.IX displays both the size and power of (i) our Bayesian test
based on Proposition Al with S = 0 and (ii) the frequentist test of Theorem 1 of Giglio and
Xiu (2021). Our Bayesian test has almost identical size and power to the frequentist test in

this special case.

OA.3.1 Time-Varying Risk Premia

In this section, we explore the finite-sample performance of our Bayesian estimator in Propo-
sition OA.3 when latent factors command time-varying risk premia. Different from the un-
conditional risk premia model, we simulate latent factors, ¥;, from the VAR(1) process, v; =
q,’;lf)t,l + €31, € SN (Ok, Ix), where g£1 is calibrated by running the VAR(1) regression using

4

the top five PCs of asset returns.* Next, we simulate the asset returns as before, assum-

ing a five-factor model. Finally, we generate ¢; such that it is driven by €z instead of v;:
ge=c- Zio Psfi—s + Wy, fr = \%(1, 0,1,0,1)€g.

Similar to the simulations in the main text, we report the size, power, and time series fit
in ¢g;’s equation (Rg) and the correlation between estimated and pseudo-true latent process f;
in Tables OA.X-OA .XI. Overall, our Bayesian estimator in Proposition OA.3 has satisfactory

finite-sample performance, delivering consistent estimates of unconditional risk premia.

OA.4 Data Description

We consider a cross-section of 275 equity portfolios collected from Ken French’s website (FF275):
25 (5x5) portfolios sorted by (1) size and book-to-market ratio, (2) size and accrual, (3) size and
beta, (4) size and investment, (5) size and long-term reversals, (6) size and momentum, (7) size
and net issuance, (8) size and profitability, (9) size and residual variance, (10) size and variance,
and (11) size and short-term reversals. The sample ranges from Q3 1963 to Q4 2019. Table
OALIII presents the factors studied in Section 2. We show each variable’s name, description,

sample, and data source. When the sample of factors differs from that of asset returns, we use

4If a parameter in ¢, is not significant at the 10% level, we set it to be zero in ¢A>1.
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the overlapping sample. Hence, different factors use different samples in estimation.

OA.5 Alternative Formulation for g,

The priced Wold decomposition in Theorem A1 implies that the factor g; can be driven by both
€z and u;tflef,,t, where the latter captures time-varying risk premia of latent factors. In this

appendix, we rewrite the dynamics of g; as follows:

S S
gt = Mg T Z Ps (ﬁ;lef),t—s + ﬁg2l1'g,t—s—1€ﬂ,t—8) + Wyt = pg + Z ﬁsﬁ;—eg,t—s +wg,  (OA.18)
5=0 5=0 Hf/_/
t—s

where ﬁ;—ﬁg =1, ﬁ; = (ﬁ;la ﬁg2)—r and €

— (T T T : .
gi—s = (€51 s My s 1€54—5) - Under this assumption,

we show that the term structure of ¢’s risk premia is

S 5 - ﬁ;)\f) + (ﬁgl + ﬁgQAf))TEt—l [ﬂﬁ,t—i—r—s—l] + ﬁgQEt—l [H;;l—,t+7'—s—1"‘l“l~),t+7'_$—1:|
-1 =2 Db

1+

7=0 s=0
(OA.19)

If 77,0 = 0, the above definition is exactly identical to that in equation (9).
In estimation, we identify a linear rotation of v;: v¢ = HOy = Hpgy 1 +Hepe = phy 11+ €y,
which implies that ¥, = cov(e,;) = HH T. We generalize the rotation invariance to identify

the time-varying risk premia as follows:

Y -
re=o— — + B H "HX; + B H ' Ho; + wy,

2 —_——N A

,Bv Av ﬁv vt

My = tim — Ay (H™) TH ey — pyy (H ) TH e = ki — A) S € — 1y 1130 €,

3
gt = MQ + Z /35 <ﬁ;1H_1H€57t_5 + 7]92[1»;'—’13_5_1(H_I)TH_lev,t_s) + wgt, and

S:O W_M/—/ N\

T €Ey,t—s
M1 ’

T €Ept—s
By i—s—1 ’

S n - = —
)\572571 — Z i ﬁs n‘;rlA’U + (ngl + 779225'01)\11)TE1$—1 [“U,t—FT—S—l] + UQQEt—l [“’l—)l:t-‘rT—S—lze'Ull“l’v,t—i—T—S—l] '

7=0 s=0 1+ S

(OA.20)

We perform a formal test to determine whether the additional component, p,l 135 e,
is essential in driving the dynamics of ¢;. First, including ul . 1 2otey in the dynamics of

g only marginally improves the time-series fit, with the incremental R; below 1% across fac-
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tors. Furthermore, we investigate the cumulative impulse response functions (CIRFs) of g; to
one-standard-deviation innovations in ,u,,I 1 Xew€yt, that is, (Zf:o ps) “Tg2 /a(p,l t_lEe,,ew).
Except for HKM and VIX factors, the CIRFs of other factors are not significantly different from
zero, and estimates of CIRFs tend to be rather volatile for quarterly macro factors, leading to
noisy risk-premia estimates. Therefore, omitting ultle)eveU,t in the g; dynamics, from the

empirical perspective, results in at most a slight bias in risk premia estimates.

OA.6 Contemporaneous Innovations in Macro Factors

The main text documented that the risk premia of many core macro factors are small and
insignificant at S = 0, but large and highly significant at business-cycle horizons. This appendix
shows that the insignificance at S = 0 is robust to alternative specifications and estimators:
identification of priced macro risk hinges on the inclusion of lagged asset return shocks through
the MA representation of g;, not on any specific feature of our Bayesian implementation.

Table OA.XII reports the evidence. Panel A re-estimates the risk premia of the macro factors
in Table 1 setting S = 0; quarterly factors related to production, consumption, investment,
and labour market conditions all display tiny and largely insignificant risk premia. Panel B
repeats the exercise on the AR(1) innovations of these factors and reaches the same conclusion.
Hence, although the AR(1) model is commonly adopted in empirical and theoretical work,
extracting AR(1) innovations is insufficient to recover the risk premia of most macro variables
— either because the AR(1) shocks are inconsequential or because the AR(1) assumption itself is
questionable. By contrast, our MA representation takes no stance on the exact data-generating
process and yields a flexible function of current and lagged asset return innovations. The same
conclusion obtains with the frequentist estimator of Giglio and Xiu (2021).

The intuition lies in the time-series fit RS, which is considerably larger in Table 1 than in
Table OA .XII. For instance, contemporaneous asset return shocks explain only 2% of investment
growth, but Rf] rises to about 36% at S = 12 quarters, sharply raising the signal-to-noise ratio.
What looks unpriced in standard contemporaneous specifications is in fact strongly priced once

the propagation of priced shocks into macro variables is properly accounted for.

OA.7 PPI Inflation Decomposition
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PPI Description Matched TP Description

PPIACO All Commodities INDPRO Total Industrial Production
PPIIDC  Industrial Commodities IPMAN Manufacturing

WPUO2  Processed Foods and Feeds IPG311A2N Food, Beverage, and Tobacco Mfg.
WPUO5  Fuels and Related Products IPG211S Mining: Oil and Gas Extraction
WPU06  Chemicals and Allied Prods.  IPG325S Chemical Manufacturing
WPUO7  Rubber and Plastic Products  IPG326S Plastics and Rubber Products
WPU08  Lumber and Wood Products  IPG321S Wood Products

WPUO9  Pulp, Paper, and Allied 1PG322S Paper Manufacturing

WPU10  Metals and Metal Products IPG331S Primary Metal Manufacturing
WPU11  Machinery and Equipment IPG333S Machinery Manufacturing
WPU12  Furniture and Household IPG337S Furniture and Related Prods.
WPU13  Nonmetallic Mineral Prods. IPG327S Nonmetallic Mineral Products
WPU14  Transportation Equipment IPG336S Transportation Equipment
WPU15  Miscellaneous Products IPG339S Miscellaneous Manufacturing

Table OA.II: PPI commodity groups and matched NAICS-3 industrial-production indices.
All series from FRED except WPUO05 (BLS public API).

OA.7.1 Data

We construct producer-side counterparts to the demand- and supply-driven inflation series
of Shapiro (2022), using two data inputs: monthly BLS Producer Price Indices for twelve
disaggregated commodity groups (plus the BLS PPTIACO and PPIIDC aggregates) and matched
NAICS-3 industrial-production indices from the Federal Reserve’s G.17 release. Table OA.II
lists the series; all are obtained from FRED except WPUO05 (Fuels, not redistributed by FRED),
which is pulled from the BLS public API. WPUO1 (Farm Products) and WPUO03 (Textile
Products and Apparel) are dropped for lack of a clean matched NAICS-3 IP series; WPU04
(Hides, Skins, Leather) was discontinued by the BLS and is also excluded. Sample is January
1947 through March 2026, with NAICS-3 disaggregated IP series starting January 1972 in the
modern vintage. For external validation we use the West Texas Intermediate spot oil price
(FRED series WTISPLC) as a cost-push benchmark, the NBER recession indicator (USREC)
for the demand-side validation, and the published demand- and supply-driven PCE inflation
series of Shapiro (2022), available monthly from January 1970 at the San Francisco Fed.’

OA.7.2 Construction of Demand- and Supply-Driven PPI Inflation

We adapt the methodology of Shapiro (2022) to the producer-price data. His identification
operates on ~130 disaggregated PCE categories where idiosyncratic price—quantity variation

at the category level supports a sign-based classification. The PPI sample contains many fewer

5Source: frbsf.org/research-and-insights/data-and-indicators/supply-and-demand-driven-pce-inflation.
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matched pairs listed in Table OA.Il. As Shapiro’s, our rolling-window length is one hundred
and twenty. The effective sample of NAICS-3 data starts in January 1972. For each matched
commodity-group / industrial-production pair ¢ = 1,...,14 and each month ¢ at which a 60-
month training window is available, we estimate a bivariate reduced-form VAR in monthly log

differences p;; = Alog PPI,;; and ¢;; = AlogIP;:

Dit = 0‘?,0 + 04571 Dit—1 T 04?,12 Pit—12 t+ 551 Qit—1 + 5512 Qit—12 + 5%57 (OA.21)

Gt = o+ a1 @i+ 1o Q12+ B Dig—1 + Bl Pi12 T €7 (OA.22)

We Cholesky-orthogonalize the one-step-ahead residuals (éf’t,éﬁ ,) with quantity ordered first,

identifying the demand- and supply-driven contributions to producer-price inflation as 7rtD 4=

N ; R . Cov(é?, &1 . P .. .
Vi €L, ot = & — ifly v = Viré—;q,jt) The identifying restriction is that supply
3

shocks affect quantities only with a lag, while prices respond contemporaneously to both shocks.
By construction 7" + 7t = ér, and Cov(ﬁf’i,égﬂt) = 0. Braun et al. (2024) apply a sign-
restricted bivariate SVAR to manufacturing PPI, identifying the rotation with the Census
Bureau’s Quarterly Survey of Plant Capacity, available from 2008.°

The aggregate demand- and supply-driven PPI inflation series are equal-weighted averages

across the twelve disaggregated commodity groups (excluding PPTACO and PPIIDC, which are

themselves BLS aggregates and would double-count):

12 12

1 ; 1 ,
P = =Y aP T = D o, (OA.23)

i=1 i=1

with a minimum of eight commodity groups required at each ¢. The resulting series run monthly
from February 1978 (sixty months plus twelve lags after the January 1972 NAICS-3 start)
through March 2026. Variance-share and empirical-Laspeyres weighting schemes give qualita-
tively identical results.

Figure OA.2 plots the resulting equal-weighted aggregate 7” and 7 series. The supply-
driven series spikes upward at each major cost-push episode — Iran, the Gulf War, the Iraq War,

Hurricane Katrina, the 2008 oil-price peak, and the Russian invasion of Ukraine — and turns

6As outlined by the authors, without this external identification of the rotation, the simple sign-based
identification at the commodity-group level fails. With PPI data, this yields a high degree of misclassification:
aggregating Shapiro’s discrete sign-based classification across the twelve disaggregated commodity groups gives
a supply-driven series whose correlation with oil-price growth is lower than that of the implied demand-driven
series (0.38 versus 0.50).
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Figure OA.2: Aggregate demand- and supply-driven PPI inflation. The figure plots the
monthly equal-weighted aggregate demand-driven contribution 72 (blue) and supply-driven
contribution 77 (red) to unexpected PPI inflation, constructed by Cholesky-orthogonalizing
the bivariate VAR residuals with quantity ordered first and averaging across the twelve disag-
gregated PPI/NAICS-3 IP pairs of Table OA.II. Faint lines show the raw monthly series; bold
lines show centered 12-month moving averages. Grey shaded regions denote NBER recessions.
Orange dashed vertical lines mark major cost-push episodes. Sample is February 1978 through
March 2026 (578 monthly observations).

sharply negative around the November 2014 OPEC defection that triggered the 2014-2016 oil-
price collapse. The demand-driven series collapses in NBER recessions and rises sharply during
the 2021-2022 post-pandemic demand boom. Both patterns are consistent with the economic

content of the decomposition.

OA.8 Connection to Dividend Strips

Let D, denote the dividend payment at time ¢, and F;,; denotes the time-t price of the dividend

Dt+s
Ps,t

strip delivering D, at time ¢ 4+ s. We define: holding period return = R; ;15 = ; spot

Dy

1
Pst) — <Tftt+s, where

equity yield = ez = %log (Plft); forward equity yield = ef;t = %log(
%rf’t,tﬂ is log risk-free rate with time-to-maturity s.
The fundamental asset pricing equation implies that Ps; = Ei[M; ;45 - Diys], where Mg

is the multi-period SDF between time ¢t and t + s. Accordingly, the gross risk-free rate with
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time-to-maturity s is Ryyers = 1/Ei[My145).

The s-period return on the dividend strip with time-to-maturity s can be expressed as

R _ Diirs _ Dy Digs
titts = Py T Ps; Dy

, which implies the following per-period log strip return:

1 1 D 1 D,
Tirs = —10g(Rypys) = — log ( ! ) + —log ( s ) = €5t + Gdtits (OA.24)
S s Py S

Dy
Ps,t

) is the spot equity yield for maturity s, and ggq; 45 = ilog (D“S) is

_ 1
where e,; = ¢ log( i

the per-period log growth rate of dividend payments. Equation (OA.24) also implies that the
conditional variance of r,, is identical to that of g4 .45, that is, var,(ris) = vary(gae+s)-
Assuming the joint log normality of SDF and dividend growth and the SDF, we can rewrite:

Ps,t
Dy

1 1
— Et |:emt,t+s+Adt,t+s:| = exp {Et [mt7t+5]+§vart (mt,t+s)+Et [Admﬁ]+§Vart(Adt7t+8)+covt (mt,tﬂ, Adt,tJrs)},

which implies that the spot equity yield, e;;, can be expressed as

1 1 1 1 1
€st = —g {Et [mt,t-i-s] + Evart(mt,t+s):| - gEt [Adt,t+s] - 2—8Va1"t(Adt,t+s) - ECOVt(mt,t—&-sa Adt,t+s)-

This further implies that the expected per-period strip return is

1 1 1
[ [Tt+s] = €5t + Eq [.gd,t7t+s] = ng,t7t+s - 2_Svart(Adt,t+s) - ECOVt(mt,Hs, Adt,t+s)- (OA-25)

Note that var;(Ad;ys) = s*vary(ry,s) and —%covt(mtﬁs, Ad; 445) is the risk premium of the
dividend growth defined in equation (9); hence, we can express the expected per-period strip
return, after accounting for the Jensen’s correction term, as: E;[ry ] + gvart(rt+s) = %rf,mﬂ +
A%~ Note that under the joint log normality assumption, Eq[re ]+ 5var(rey.s) = % log B[Rt ts]-
Therefore, A}, which equals %log Et[Ri14s) — %r ft1+s, Canl be interpreted as the per-period risk
premium on the hold-to-maturity dividend strips.

Using equation (OA.25), we can derive the forward equity yield, as: eit = €51 — %Tf,tﬁs =

Aoy — Eilgatits) — %Vart(AduHS), where the last term, %Vart(Adt7t+s) is negligible in the data.

OA.9 Additional Tables and Figures
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Table OA.III: List of Factors

Number and description of factors:

Sample

Source

AEM intermediary factor (Adrian et al. (2014))

Q1 1968 — Q3 2017
Q3 1963 — Q4 2019

Tyler Muir’s Website
Federal Reserve Bank of St. Louis

Consumer price index (CPI), log growth

Industrial production growth (log change in real per capita)
GDP growth (log change in real per capita) Q31963 — Q4 2019  BEA Table 7.1

Durable consumption growth (log change in real per capita) Q3 1963 — Q4 2019  BEA Table 7.1
Nondurable consumption growth (log change in real per capita) Q3 1963 - Q4 2019  BEA Table 7.1

Service consumption growth (log change in real per capita) Q3 1963 - Q4 2019  BEA Table 7.1

Labor income growth (defined in Lettau and Ludvigson (2001)) Q3 1963 - Q3 2019  Martin Lettau’s website
Total factor productivity (TFP) growth Q3 1963 - Q4 2019  John Fernald’s website
Utilization-adjusted TFP growth in Fernald (2014) Q3 1963 — Q4 2019  John Fernald’s website

Q3 1963 — Q4 2019  Federal Reserve Bank of St. Louis

Civilian unemployment rate (UNRATE) change

Hours worked, log growth

Real Investment per capita, log growth

(Non)traded HKM intermediary factors (He et al. (2017))
PS liquidity factors (Péastor and Stambaugh (2003))
Alog(VIX;) = log(VIX;) — log(VIX;_;)

Real dividend (log) growth of the S&P500 index
Price-earning ratio of the S&P500 index (PE;_;)

Term spread (T'S;_1) from FRED-QD/MD

Default spread (DS;_1) from FRED-QD/MD

Value spread (V.S;_1)

MKT (market), SMB (size), HML (value)
Tobin’s Q (Corporate Equities as a Percentage of Net Worth)

Capacity utilization (FRED: TCU)

Composite Consumer Confidence for US

Michigan Consumer Sentiment
SPF forecast error of GDP growth

SPF cross-forecaster dispersion of GDP growth
SPF cross-forecaster dispersion of GDP deflator

GDP revision magnitudes
Real and Macro uncertainty
Economic Policy Uncertainty
Personal savings rate

Q3 1963 — Q4 2019
Q3 1963 — Q4 2019
Q3 1963 — Q4 2019
Jan 1970 — Dec 2019
Jul 1963 — Dec 2019
Jan 1986 — Dec 2019
Q3 1963 — Q4 2019
Q3 1963 — Q4 2019
Q3 1963 — Q4 2019
Q3 1963 — Q4 2019
Q3 1963 — Q4 2019
Jul 1963 — Dec 2019
Q3 1963 — Q4 2019
Q2 1967 — Q4 2019
Q3 1963 — Q4 2019
Q3 1963 — Q4 2019
Q1 1969 — Q4 2019
Q4 1968 — Q4 2019
Q4 1968 — Q4 2019
Q3 1965 — Q4 2019
Q3 1963 — Q4 2019
Q3 1963 — Q4 2019
Q3 1963 — Q4 2019

Federal Reserve Bank of St. Louis
Federal Reserve Bank of St. Louis
Federal Reserve Bank of St. Louis
Zhiguo He’s website

Lubos Pastor’s website

Federal Reserve Bank of St. Louis
Robert Shiller’s website

Robert Shiller’s website

Michael W. McCracken’s website
Michael W. McCracken’s website
Ken French’s website

Ken French’s website

Federal Reserve Bank of St. Louis
Federal Reserve Bank of St. Louis
Federal Reserve Bank of St. Louis
Federal Reserve Bank of St. Louis
Philadelphia Fed SPF
Philadelphia Fed SPF
Philadelphia Fed SPF
Philadelphia Fed real-time data
Ludvigson website
policyuncertainty.com

Federal Reserve Bank of St. Louis

Consumption-to-income ratio (PCE / disposable personal income) Q3 1963 — Q4 2019  BEA Table 7.1
Gilchrist-Zakrajsek Excess bond premium Q11973 — Q4 2019  Federal Reserve Board

Bank credit growth (Commercial and Industrial Loans) Q3 1963 — Q4 2019  Federal Reserve Bank of St. Louis
Senior Loan Officer net tightening Q2 1990 — Q4 2019  Federal Reserve Bank of St. Louis
Relative price of equipment (FRED: PERIC) Q3 1963 — Q4 2019  Federal Reserve Bank of St. Louis
Equipment investment (FRED: Y033RC1Q027SBEA) Q3 1963 — Q4 2019  Federal Reserve Bank of St. Louis
Structures investment (FRED: BOO9RC1Q027SBEA) Q3 1963 — Q4 2019  Federal Reserve Bank of St. Louis
Job-finding rate (Probability of transitioning from U to E) Q3 1967 — Q2 2007  Shimer’s website

Separation rate (Probability of transitioning from E to U) Q3 1967 — Q2 2007  Shimer’s website

Consumer price index Q3 1963 — Q4 2019  Federal Reserve Bank of St. Louis
Nonfarm Business Sector: Unit Labor Costs for All Workers Q3 1963 — Q4 2019  Federal Reserve Bank of St. Louis
Labor share (FRED: PRS85006173) Q3 1963 — Q4 2019  Federal Reserve Bank of St. Louis

List of factors used in Section 2 with descriptions, samples, and data sources. Dividends: monthly real S&P500
dividend payments from Robert Shiller’s website; to avoid mechanical seasonality, we use smoothed dividends
D, (sum of previous 12 months) with growth rate log(D;/D;_1). Following Angeletos, Collard, and Dellas
(2020), hours worked = log(Nonfarm business sector: average weekly hours x Employment Level / Civilian
non-institutional population); real investment per capita = log[(Share of GDP: personal durable consumption
expenditures + Share of GDP: gross private domestic investment) x Real GDP per capita]. Term spread:
difference between 10-year and 3-month Treasury yields. Default spread: difference between BAA and AAA
corporate bond yields. Value spread: constructed following Campbell and Vuolteenaho (2004) and Campbell
et al. (2013). Michigan consumer sentiment: for the pre-1978 data, only one observation is available per quarter
(in February, May, August, and November); therefore, we construct the quarterly series using the observed value
for each quarter.
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Table OA.IV: Testing risk premia of strong factors at quarterly frequencies (7' = 200)

S=0 1 2 3 4 5 6 7 8 9 10 11 12
Panel A: R? = 30%

Number of Factors = 5
10% 0.134 0.110 0.114 0.111 0.113 0.108 0.109 0.107 0.109 0.112 0.110 0.113 0.113
5% 0.075 0.068 0.064 0.068 0.063 0.066 0.064 0.064 0.064 0.066 0.065 0.060 0.063
1% 0.014 0.020 0.019 0.019 0.019 0.016 0.015 0.014 0.012 0.014 0.014 0.014 0.016
Number of Factors = 4
10% 0.338 0.331 0.331 0.336 0.327 0.328 0.328 0.328 0.325 0.327 0.331 0.326 0.328
5% 0.233 0.225 0.228 0.229 0.233 0.235 0.233 0.232 0.233 0.233 0.219 0.235 0.224
1% 0.089 0.095 0.096 0.094 0.094 0.091 0.090 0.092 0.091 0.091 0.088 0.087 0.089
Number of Factors = 7
10% 0.141 0.108 0.115 0.124 0.120 0.119 0.111 0.111 0.112 0.117 0.115 0.118 0.119
5% 0.080 0.075 0.074 0.072 0.073 0.069 0.069 0.066 0.071 0.076 0.070 0.071 0.075
1% 0.014 0.018 0.014 0.016 0.017 0.017 0.016 0.017 0.014 0.014 0.015 0.013 0.011

Panel B: Rg =20%

Number of Factors = 5
10% 0.134 0.126 0.122 0.120 0.116 0.115 0.114 0.115 0.115 0.118 0.118 0.123 0.120
5% 0.069 0.064 0.069 0.060 0.059 0.057 0.058 0.058 0.059 0.059 0.057 0.050 0.052
1% 0.008 0.015 0.015 0.013 0.010 0.010 0.011 0.009 0.009 0.011 0.009 0.011 0.012
Number of Factors = 4
10% 0.307 0.339 0.327 0.320 0.328 0.322 0.327 0.328 0.331 0.336 0.330 0.339 0.337
5% 0.198 0.217 0.219 0.221 0.225 0.220 0.221 0.221 0.218 0.219 0.212 0.214 0.218
1% 0.047 0.085 0.077 0.073 0.078 0.077 0.073 0.077 0.077 0.072 0.067 0.072 0.071
Number of Factors = 7
10% 0.141 0.131 0.138 0.125 0.128 0.121 0.120 0.125 0.132 0.140 0.142 0.134 0.138
5% 0.074 0.065 0.069 0.066 0.064 0.063 0.067 0.063 0.062 0.057 0.060 0.064 0.062
1% 0.009 0.017 0.013 0.014 0.010 0.010 0.010 0.008 0.011 0.009 0.009 0.012 0.011

Panel C: Rg =10%

Number of Factors = 5
10% 0.117 0.166 0.169 0.159 0.172 0.175 0.174 0.175 0.174 0.173 0.166 0.169 0.172
5% 0.049 0.082 0.085 0.090 0.102 0.099 0.098 0.096 0.095 0.099 0.092 0.091 0.089
1% 0.007 0.018 0.021 0.017 0.024 0.022 0.025 0.029 0.028 0.027 0.019 0.024 0.020
Number of Factors = 4
10% 0.194 0.287 0.296 0.306 0.313 0.308 0.316 0.318 0.308 0.302 0.284 0.290 0.297
5% 0.093 0.176 0.174 0.173 0.193 0.202 0.188 0.193 0.182 0.187 0.182 0.183 0.184
1% 0.012 0.058 0.055 0.052 0.062 0.061 0.064 0.062 0.066 0.064 0.063 0.063 0.057
Number of Factors = 7
10% 0.117 0.178 0.168 0.178 0.193 0.197 0.193 0.189 0.191 0.187 0.192 0.186 0.185
5% 0.041 0.100 0.103 0.097 0.112 0.116 0.113 0.113 0.115 0.106 0.104 0.111 0.098
1% 0.004 0.022 0.019 0.017 0.026 0.026 0.025 0.026 0.030 0.031 0.025 0.028 0.023

The table reports the frequency of rejecting the null hypothesis Hy : )\5 = )\5’* based on the 90%, 95%, and 99%
credible intervals of our Bayesian estimates in Proposition Al. A% is defined in equation (5), and )\5’* is )\5 s
pseudo-true value. We consider strong factors, with Rg € {10%, 20%, 30%}. We simulate quarterly observations
of g; and r; by assuming that i) the true number of latent factors is 5, ii) the time series sample size is 200
quarters, and iii) the true S = 8. We estimate several model configurations with different numbers of factors
(4, 5, and 7) and S = 12. The number of Monte Carlo simulations is 1,000.
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Table OA.V: Testing risk premia of strong factors at monthly frequencies (7" = 600)

S=0 2 4 6 8 10 12 14 16 18 20 22 24
Panel A: R} = 30%

Number of Factors = 5
10% 0.075 0.112 0.102 0.104 0.103 0.099 0.103 0.103 0.101 0.102 0.099 0.102 0.095
5% 0.024 0.062 0.047 0.046 0.050 0.045 0.045 0.046 0.044 0.043 0.044 0.051 0.049
1% 0.002 0.016 0.019 0.015 0.015 0.014 0.015 0.013 0.013 0.014 0.013 0.013 0.013
Number of Factors = 4
10% 0.030 0.395 0.442 0.442 0.451 0.448 0.449 0.447 0.442 0.443 0.448 0.445 0.446
5% 0.007 0.293 0.331 0.333 0.338 0.327 0.327 0.332 0.332 0.330 0.331 0.330 0.333
1% 0.001 0.134 0.158 0.156 0.153 0.146 0.146 0.149 0.152 0.150 0.147 0.150 0.147
Number of Factors = 7
10% 0.070 0.110 0.100 0.102 0.106 0.102 0.105 0.101 0.099 0.098 0.093 0.097 0.094
5% 0.020 0.063 0.051 0.047 0.046 0.044 0.044 0.044 0.046 0.045 0.043 0.050 0.052
1% 0.001 0.016 0.017 0.015 0.015 0.017 0.016 0.014 0.016 0.016 0.016 0.015 0.016

Panel B: Rg =20%

Number of Factors = 5
10% 0.059 0.111 0.107 0.094 0.096 0.094 0.091 0.090 0.094 0.089 0.093 0.092 0.090
5% 0.028 0.061 0.051 0.054 0.049 0.049 0.044 0.047 0.052 0.053 0.056 0.053 0.051
1% 0.004 0.008 0.011 0.009 0.011 0.009 0.008 0.008 0.010 0.009 0.012 0.011 0.011
Number of Factors = 4
10% 0.026 0.390 0.432 0.421 0.420 0.424 0.417 0.429 0422 0.427 0.428 0.438 0.435
5% 0.008 0.275 0.312 0.311 0.310 0.308 0.312 0.316 0.312 0.303 0.310 0.309 0.305
1% 0.000 0.111 0.133 0.131 0.130 0.134 0.136 0.138 0.142 0.134 0.136 0.134 0.139
Number of Factors = 7
10% 0.051 0.126 0.102 0.101 0.097 0.096 0.092 0.092 0.091 0.090 0.091 0.089 0.092
5% 0.026 0.062 0.052 0.053 0.053 0.052 0.051 0.051 0.048 0.052 0.056 0.056 0.056
1% 0.003 0.009 0.011 0.010 0.011 0.012 0.010 0.011 0.010 0.011 0.013 0.011 0.010

Panel C: RZ =10%

Number of Factors = 5
10% 0.042 0.149 0.149 0.136 0.133 0.140 0.133 0.142 0.137 0.136 0.134 0.134 0.139
5% 0.017 0.070 0.076 0.086 0.082 0.083 0.085 0.082 0.082 0.083 0.077 0.079 0.090
1% 0.003 0.007 0.024 0.021 0.025 0.019 0.021 0.021 0.017 0.017 0.019 0.020 0.022
Number of Factors = 4
10% 0.018 0.313 0.373 0.376 0.382 0.384 0.378 0.386 0.384 0.379 0.375 0.369 0.366
5% 0.004 0.191 0.258 0.255 0.269 0.269 0.264 0.261 0.267 0.269 0.268 0.261 0.261
1% 0.002 0.037 0.110 0.111 0.117 0.119 0.121 0.121 0.117 0.108 0.107 0.108 0.112
Number of Factors = 7
10% 0.039 0.144 0.155 0.150 0.142 0.136 0.140 0.138 0.143 0.138 0.146 0.136 0.140
5% 0.013 0.075 0.089 0.086 0.088 0.093 0.093 0.089 0.090 0.093 0.087 0.087 0.087
1% 0.002 0.006 0.029 0.026 0.026 0.025 0.025 0.025 0.020 0.022 0.026 0.026 0.027

Frequency of rejecting Hy : )\5 = )\5’* using 90%, 95%, and 99% credible intervals from Proposition Al, where
A is defined in equation (5) and AJ* is the pseudo-true value. Strong factors with RZ € {10%,20%, 30%}.
Simulations: monthly data, true model has 5 factors with S = 16 and T' = 600; estimated models use 4, 5, or 7
factors with S = 24. 1,000 Monte Carlo simulations.
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Table OA.VI: Testing risk premia of useless factors at quarterly frequencies (T' = 200)

S=0 1 2 3 4 5 6 7 8 9 10 11 12
Panel A: Rg =30%

Number of Factors = 5
10% 0.032 0.036 0.043 0.047 0.052 0.051 0.0567 0.056 0.060 0.067 0.072 0.073 0.073
5% 0.016 0.015 0.014 0.019 0.022 0.027 0.027 0.029 0.036 0.034 0.039 0.038 0.039
1% 0.003 0.001 0.002 0.005 0.007 0.008 0.008 0.007 0.010 0.012 0.012 0.012 0.012
Number of Factors = 4
10% 0.027 0.038 0.048 0.049 0.051 0.048 0.047 0.053 0.052 0.052 0.059 0.063 0.065
5% 0.011 0.016 0.021 0.027 0.027 0.026 0.027 0.027 0.031 0.028 0.030 0.030 0.031
1% 0.001 0.000 0.003 0.006 0.005 0.004 0.008 0.004 0.006 0.006 0.008 0.009 0.009
Number of Factors = 7
10% 0.023 0.029 0.040 0.040 0.046 0.053 0.049 0.054 0.054 0.056 0.060 0.062 0.063
5% 0.008 0.009 0.017 0.022 0.024 0.028 0.027 0.028 0.029 0.031 0.033 0.038 0.034
1% 0.002 0.001 0.002 0.004 0.005 0.006 0.006 0.012 0.009 0.008 0.009 0.009 0.010

Panel B: Rg =20%

Number of Factors = 5
10% 0.015 0.025 0.029 0.036 0.038 0.043 0.047 0.049 0.050 0.054 0.050 0.053 0.053
5% 0.006 0.011 0.013 0.014 0.019 0.021 0.021 0.025 0.023 0.025 0.028 0.028 0.030
1% 0.002 0.003 0.003 0.007 0.006 0.004 0.006 0.005 0.005 0.007 0.005 0.004 0.004
Number of Factors = 4
10% 0.027 0.028 0.034 0.040 0.043 0.043 0.045 0.047 0.050 0.053 0.053 0.051 0.051
5% 0.012 0.011 0.010 0.018 0.017 0.018 0.017 0.019 0.021 0.025 0.026 0.027 0.027
1% 0.001 0.002 0.002 0.002 0.001 0.003 0.003 0.004 0.004 0.005 0.005 0.006 0.004
Number of Factors = 7
10% 0.011 0.022 0.023 0.028 0.036 0.039 0.039 0.045 0.050 0.051 0.055 0.052 0.050
5% 0.006 0.008 0.013 0.018 0.018 0.022 0.023 0.023 0.024 0.026 0.023 0.022 0.019
1% 0.002 0.001 0.003 0.004 0.004 0.003 0.004 0.004 0.004 0.005 0.005 0.005 0.006

Panel C: Rg = 10%

Number of Factors = 5
10% 0.026 0.022 0.027 0.030 0.033 0.034 0.033 0.033 0.032 0.031 0.033 0.036 0.035
5% 0.010 0.007 0.014 0.014 0.015 0.014 0.016 0.018 0.017 0.017 0.018 0.018 0.016
1% 0.001 0.000 0.000 0.002 0.002 0.001 0.002 0.002 0.003 0.000 0.002 0.003 0.003
Number of Factors = 4
10% 0.023 0.024 0.027 0.029 0.036 0.033 0.027 0.031 0.026 0.032 0.031 0.031 0.033
5% 0.010 0.010 0.019 0.016 0.019 0.013 0.013 0.014 0.013 0.013 0.015 0.015 0.014
1% 0.002 0.003 0.001 0.003 0.003 0.004 0.004 0.005 0.004 0.003 0.004 0.003 0.003
Number of Factors = 7
10% 0.025 0.017 0.021 0.022 0.025 0.019 0.022 0.021 0.021 0.019 0.021 0.025 0.022
5% 0.005 0.006 0.009 0.008 0.010 0.008 0.013 0.013 0.011 0.010 0.014 0.014 0.016
1% 0.000 0.000 0.000 0.001 0.001 0.001 0.001 0.001 0.000 0.001 0.000 0.000 0.002

Frequency of rejecting Hy : )\5 = 0 using 90%, 95%, and 99% credible intervals from Proposition A1, where )\5
is defined in equation (5). Useless factors with varying persistence: the persistent component in g; accounts for
10%, 20%, or 30% of time series variation. Simulations: quarterly data, true model has 5 factors with 7' = 200
and g; L r;; estimated models use 4, 5, or 7 factors with S = 12. 1,000 Monte Carlo simulations.
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Table OA.VII: Testing risk premia of useless factors at monthly frequencies (7" = 600)

S=0 2 4 6 8 10 12 14 16 18 20 22 24
Panel A: Rg =30%

Number of Factors = 5
10% 0.019 0.038 0.046 0.051 0.055 0.061 0.066 0.078 0.083 0.085 0.086 0.090 0.089
5% 0.006 0.013 0.017 0.024 0.029 0.033 0.035 0.035 0.046 0.048 0.049 0.053 0.049
1% 0.001 0.001 0.002 0.003 0.006 0.006 0.007 0.007 0.009 0.013 0.013 0.014 0.013
Number of Factors = 4
10% 0.015 0.032 0.044 0.054 0.059 0.065 0.076 0.082 0.086 0.088 0.093 0.094 0.089
5% 0.009 0.013 0.019 0.024 0.032 0.033 0.039 0.043 0.045 0.051 0.051 0.049 0.050
1% 0.000 0.002 0.003 0.006 0.009 0.011 0.013 0.011 0.010 0.011 0.015 0.013 0.013
Number of Factors = 7
10% 0.013 0.024 0.029 0.041 0.050 0.053 0.063 0.065 0.075 0.077 0.089 0.088 0.082
5% 0.005 0.014 0.016 0.022 0.025 0.026 0.029 0.034 0.038 0.043 0.043 0.043 0.044
1% 0.000 0.000 0.002 0.004 0.005 0.006 0.007 0.007 0.008 0.011 0.014 0.016 0.017

Panel B: Rg =20%

Number of Factors = 5
10% 0.017 0.035 0.040 0.056 0.060 0.060 0.073 0.072 0.070 0.076 0.073 0.076 0.073
5% 0.003 0.016 0.026 0.027 0.040 0.040 0.035 0.042 0.045 0.045 0.042 0.044 0.042
1% 0.001 0.005 0.007 0.006 0.012 0.010 0.009 0.008 0.011 0.013 0.015 0.014 0.014
Number of Factors = 4
10% 0.020 0.037 0.052 0.052 0.062 0.068 0.072 0.075 0.076 0.079 0.074 0.081 0.079
5% 0.007 0.013 0.026 0.030 0.034 0.039 0.035 0.039 0.037 0.042 0.040 0.044 0.042
1% 0.001 0.004 0.004 0.005 0.008 0.009 0.008 0.007 0.012 0.010 0.009 0.010 0.010
Number of Factors = 7
10% 0.009 0.026 0.034 0.036 0.046 0.045 0.063 0.057 0.053 0.054 0.058 0.058 0.063
5% 0.003 0.012 0.018 0.018 0.020 0.023 0.027 0.030 0.036 0.035 0.036 0.041 0.040
1% 0.000 0.003 0.003 0.004 0.006 0.007 0.007 0.008 0.006 0.009 0.010 0.007 0.008

Panel C: Rg = 10%

Number of Factors = 5
10% 0.011 0.021 0.024 0.032 0.038 0.040 0.044 0.042 0.043 0.043 0.045 0.046 0.046
5% 0.003 0.005 0.008 0.010 0.013 0.011 0.014 0.021 0.017 0.018 0.018 0.022 0.021
1% 0.000 0.000 0.001 0.001 0.001 0.001 0.003 0.002 0.003 0.002 0.003 0.008 0.006
Number of Factors = 4
10% 0.018 0.029 0.028 0.035 0.037 0.037 0.041 0.047 0.049 0.045 0.054 0.044 0.040
5% 0.005 0.010 0.006 0.015 0.015 0.013 0.015 0.019 0.022 0.021 0.018 0.019 0.020
1% 0.000 0.001 0.002 0.001 0.002 0.002 0.001 0.001 0.001 0.002 0.004 0.004 0.003
Number of Factors = 7
10% 0.007 0.010 0.015 0.018 0.023 0.028 0.032 0.032 0.035 0.031 0.034 0.037 0.039
5% 0.001 0.005 0.003 0.007 0.009 0.007 0.010 0.010 0.012 0.009 0.010 0.013 0.013
1% 0.000 0.000 0.001 0.001 0.001 0.002 0.001 0.000 0.002 0.002 0.002 0.002 0.002

Frequency of rejecting Hy : )\5 = 0 using 90%, 95%, and 99% credible intervals from Proposition A1, where )\5
is defined in equation (5). Useless factors with varying persistence: the persistent component in g; accounts for
10%, 20%, or 30% of time series variation. Simulations: monthly data, true model has 5 factors with T' = 600
and g; L r;; estimated models use 4, 5, or 7 factors with S = 24. 1,000 Monte Carlo simulations.
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Table OA.VIII: Bayesian estimates of Rg and corr( ft, fi) for strong and useless factors

Number of factors: K=4 K=5 K=17
True Rg = 10% 20% 30% 10% 20% 30% 10% 20% 30%

Panel A. Posterior distributions of R?

T = 200, strong factors

median 0.122 0.187 0.259 0.142 0.224 0.311 0.156 0.235 0.320

5th 0.065 0.109 0.155 0.081 0.142 0.206 0.094 0.152 0.217

95th 0.199 0.288 0.370 0.228 0.325 0.421 0.240 0.337 0.428
T = 600, strong factors

median 0.104 0.185 0.272 0.112 0.204 0.297 0.116 0.207 0.300

5th 0.064 0.130 0.201 0.073 0.148 0.227 0.074 0.151 0.231

95th 0.149 0.249 0.344 0.158 0.264 0.370 0.163 0.267 0.373
T = 200, useless factors

median 0.081 0.083 0.084 0.091 0.094 0.097 0.109 0.113 0.117

5th 0.045 0.046 0.045 0.054 0.055 0.054 0.069 0.072 0.073

95th 0.133 0.140 0.145 0.145 0.154 0.167 0.165 0.178 0.195
T = 600, useless factors

median 0.041 0.042 0.044 0.046 0.047 0.049 0.052 0.055 0.059

5th 0.027 0.026 0.026 0.030 0.031 0.030 0.035 0.037 0.037

95th 0.063 0.071 0.080 0.067 0.077 0.087 0.075 0.086 0.102

Panel B. Posterior distributions of corr( i, ft)

T = 200, strong factors

median 0.702 0.810 0.842 0.773 0.902 0.937 0.677 0.855 0.910

5th 0.324 0.605 0.736 0.386 0.745 0.860 0.294 0.665 0.809

95th 0.849 0.883 0.895 0.910 0.951 0.967 0.864 0.926 0.951
T = 600, strong factors

median 0.885 0.916 0.927 0.919 0.960 0.972 0.882 0.944 0.963

5th 0.760 0.873 0.893 0.812 0.925 0.953 0.747 0.901 0.940

95th 0.928 0.944 0.950 0.955 0.974 0.980 0.934 0.964 0.974

Bayesian estimates of R?] and corr( ft, f+) for strong and useless factors, where Rg measures the percentage of
g¢’s time series variation explained by latent factors and corr( ft, f+) is the correlation between true f; and its
estimate ft = ﬁ;—f)t. For useless factors, only RS is reported. Each cell shows median, 5th, and 95th percentiles
from 1,000 simulations. Strong and useless factors with varying persistence: the persistent component in g;
accounts for 10%, 20%, or 30% of time series variation. Simulations: true model has 5 factors; estimated models
use K € {4,5,7} factors with S = 12 for T = 200 or S = 24 for T = 600.
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Table OA.IX: Size and power of the Bayesian estimates and Giglio and Xiu (2021)

Bayesian Estimation Giglio and Xiu (2021)
Five factors Seven factors Five factors Seven factors

100% 5% 1% 10% 5% 1% 10% 5% 1% 100% 5% 1%
Panel A. Size

T =200
10% 0.066 0.030 0.012 0.068 0.026 0.009 0.072 0.033 0.012 0.075 0.029 0.012
20% 0.087 0.042 0.008 0.085 0.045 0.005 0.091 0.048 0.008 0.082 0.046 0.005
30% 0.095 0.058 0.008 0.089 0.053 0.008 0.096 0.059 0.009 0.093 0.055 0.008
T =600
10% 0.101 0.047 0.009 0.098 0.043 0.010 0.103 0.053 0.007 0.111 0.041 0.007
20% 0.100 0.050 0.011 0.097 0.048 0.008 0.099 0.051 0.009 0.100 0.056 0.008
30% 0.104 0.050 0.016 0.106 0.048 0.016 0.110 0.048 0.013 0.099 0.050 0.012

Panel B. Power

T =200
10% 0.278 0.190 0.051 0.267 0.160 0.046 0.286 0.188 0.045 0.288 0.189 0.040
20% 0.403 0.279 0.119 0.387 0.265 0.101 0.397 0.282 0.101 0.396 0.273 0.099
30% 0.484 0.371 0.169 0.466 0.358 0.154 0.478 0.359 0.151 0.480 0.370 0.155
T =600
10% 0.520 0.410 0.186 0.499 0.391 0.189 0.523 0.414 0.174 0.507 0.391 0.176
20% 0.658 0.545 0.307 0.659 0.530 0.298 0.652 0.540 0.295 0.649 0.530 0.287
30% 0.715 0.598 0.365 0.708 0.583 0.364 0.711 0.590 0.343 0.699 0.581 0.334

Panel A: frequency of rejecting Hy : A, = Aj using 90%, 95%, and 99% credible intervals from our Bayesian
estimates (Proposition A1) and frequentist test statistics (Giglio and Xiu (2021), Theorem 1), where A} is the
pseudo-true value. Panel B: frequency of rejecting Ho : Ay = 0. Strong factors with RZ € {10%, 20%, 30%}. We
simulate quarterly (T = 200) and monthly (7" = 600) observations of ¢; and 7; by assuming that i) the true
number of latent factors is five and ii) g; correlates with only the contemporaneous #; (S = 0). We estimate
several model configurations with different numbers of factors (5, 7). 1,000 Monte Carlo simulations.

Table OA.X: Bayesian estimates of R; and corr( ft, fi) of strong factors when factors command
time-varying risk premia in simulations

Panel A. R’ Panel B. corr(f;, f;)
Number of factors: K=5 K=7 K=5 K=7
True Rg = 10%  20% 30% 10% 20% 30% 10% 20% 30% 10% 20% 30%
Quarterly frequency (T = 200)
median 0.146 0.223 0.310 0.157 0.232 0.318 0.762 0.883 0.921 0.677 0.831 0.888
5th 0.081 0.139 0.208 0.097 0.144 0.219 0.343 0.724 0.846 0.283 0.635 0.795
95th 0.219 0.328 0.424 0.229 0.333 0.428 0.893 0.936 0.953 0.842 0.905 0.931
Monthly frequency (T = 600)
median 0.115 0.208 0.299 0.118 0.210 0.301 0.913 0.953 0.965 0.874 0.935 0.953
5th 0.069 0.148 0.227 0.074 0.151 0.229 0.794 0.916 0.942 0.717 0.888 0.928
95th 0.165 0.270 0.376 0.168 0.272 0.377 0.951 0.969 0.976 0.926 0.957 0.968

Bayesian estimates of Rg and corr( ft, fi) for strong factors, where R§ measures the percentage of g;’s time

series variation explained by €,; and corr( ft, f+) is the correlation between true f; and its estimate ft = ﬁ;—évt.
Each cell shows median, 5th, and 95th percentiles from 1,000 simulations. Varying persistence: the persistent
component in g; accounts for 10%, 20%, or 30% of time series variation. We simulate monthly or quarterly
observations of g; and r; assuming: true model has 5 factors; estimated models use K € {5,7} factors with
S =12 for T = 200 or S = 24 for T' = 600.
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Table OA.XI: Testing unconditional risk premia of strong factors when factors command
time-varying risk premia in simulations

S=0 1 2 3 4 5 6 7 8 9 10 11 12

Panel A: Rz = 30%
Number of Factors = 5
10% 0.088 0.099 0.102 0.111 0.115 0.115 0.111 0.114 0.113 0.115 0.111 0.113 0.112
5%  0.041 0.054 0.058 0.059 0.060 0.060 0.061 0.059 0.059 0.059 0.058 0.058 0.056
1%  0.010 0.013 0.017 0.015 0.015 0.016 0.016 0.017 0.019 0.017 0.017 0.018 0.019
Number of Factors = 7
10% 0.092 0.103 0.108 0.112 0.114 0.111 0.111 0.107 0.106 0.107 0.105 0.102 0.095
5%  0.048 0.050 0.056 0.056 0.053 0.055 0.057 0.055 0.057 0.053 0.054 0.054 0.055
1% 0.010 0.011 0.012 0.015 0.015 0.014 0.014 0.015 0.015 0.013 0.014 0.012 0.014
Panel B: k2 = 20%
Number of Factors = 5
10% 0.103 0.104 0.103 0.097 0.096 0.100 0.103 0.099 0.103 0.108 0.110 0.114 0.103
5% 0.054 0.048 0.052 0.047 0.048 0.049 0.045 0.049 0.050 0.053 0.050 0.055 0.052
0.008 0.013 0.014 0.011 0.008 0.008 0.011 0.013 0.013 0.012 0.013 0.012 0.013
Number of Factors = 7
10% 0.091 0.086 0.086 0.087 0.083 0.082 0.088 0.092 0.091 0.093 0.096 0.097 0.095
5%  0.048 0.045 0.046 0.048 0.045 0.044 0.044 0.043 0.047 0.050 0.054 0.051 0.051
1%  0.005 0.009 0.011 0.010 0.009 0.009 0.012 0.013 0.011 0.012 0.012 0.013 0.012
Panel C: R, = 10%
Number of Factors = 5
10% 0.084 0.118 0.121 0.127 0.127 0.132 0.124 0.133 0.132 0.127 0.122 0.124 0.125
5%  0.034 0.064 0.067 0.063 0.070 0.071 0.065 0.067 0.069 0.064 0.068 0.065 0.067
1%  0.007 0.015 0.016 0.015 0.018 0.015 0.012 0.014 0.014 0.014 0.012 0.012 0.012
Number of Factors = 7
10% 0.072 0.121 0.113 0.123 0.129 0.127 0.136 0.134 0.137 0.129 0.127 0.126 0.122
5%  0.027 0.066 0.069 0.069 0.072 0.072 0.071 0.064 0.069 0.071 0.069 0.066 0.065
1% 0.004 0.015 0.015 0.012 0.015 0.017 0.016 0.012 0.011 0.011 0.012 0.010 0.011

S=0 2 4 6 8 10 12 14 16 18 20 22 24

Panel D: R? = 30%
Number of Factors = 5
10% 0.080 0.107 0.127 0.117 0.121 0.121 0.121 0.117 0.119 0.118 0.119 0.115 0.116
5%  0.038 0.0564 0.068 0.062 0.063 0.062 0.062 0.065 0.056 0.058 0.056 0.056 0.059
1%  0.005 0.012 0.012 0.016 0.016 0.017 0.017 0.017 0.015 0.016 0.016 0.017 0.017
Number of Factors = 7
10% 0.077 0.110 0.123 0.115 0.117 0.115 0.120 0.113 0.118 0.115 0.121 0.120 0.114
5%  0.038 0.0564 0.062 0.065 0.062 0.058 0.056 0.058 0.053 0.053 0.054 0.052 0.049
1% 0.006 0.006 0.011 0.012 0.013 0.013 0.014 0.012 0.014 0.015 0.013 0.014 0.016
Panel E: R = 20%
Number of Factors = 5
10% 0.075 0.092 0.107 0.107 0.106 0.109 0.112 0.110 0.111 0.109 0.117 0.112 0.110
5%  0.035 0.050 0.059 0.060 0.062 0.063 0.059 0.065 0.063 0.059 0.058 0.059 0.055
0.004 0.011 0.013 0.011 0.011 0.011 0.012 0.012 0.013 0.013 0.012 0.013 0.013
Number of Factors = 7
10% 0.069 0.099 0.100 0.105 0.105 0.103 0.103 0.107 0.104 0.102 0.105 0.105 0.109
5%  0.027 0.050 0.054 0.054 0.059 0.057 0.058 0.061 0.060 0.056 0.057 0.057 0.053
1%  0.003 0.008 0.012 0.009 0.013 0.011 0.013 0.013 0.014 0.013 0.011 0.013 0.015
Panel F: Rz =10%
Number of Factors = 5
10% 0.045 0.104 0.102 0.111 0.117 0.116 0.117 0.116 0.116 0.119 0.118 0.110 0.114
5%  0.020 0.049 0.051 0.056 0.052 0.069 0.072 0.068 0.066 0.064 0.068 0.065 0.062
1%  0.004 0.003 0.018 0.014 0.012 0.012 0.017 0.017 0.016 0.017 0.014 0.013 0.011
Number of Factors = 7
10% 0.044 0.100 0.104 0.106 0.116 0.114 0.120 0.116 0.115 0.123 0.115 0.117 0.113
5%  0.022 0.057 0.052 0.061 0.057 0.060 0.063 0.061 0.060 0.060 0.059 0.064 0.061
1%  0.004 0.004 0.016 0.012 0.011 0.011 0.010 0.011 0.012 0.013 0.013 0.012 0.013

Quarterly frequency (7' = 200)
S

Monthly frequency (7 = 600)
<

Frequency of rejecting Ho : A = A>* (unconditional risk premia: A\ = Ef:o > o %) using 90%, 95%,
and 99% credible intervals from Proposition OA.3, where /\37* is the pseudo-true value. Strong factors with
R2 € {10%,20%,30%}. Simulations: true model has 5 VAR(1) factors with S = 8 and T' = 200 (quarterly,
Panels A-C) or S = 16 and T' = 600 (monthly, Panels D-F); estimated models use 5 or 7 factors with S = 12

(quarterly) or S = 24 (monthly). 1,000 Monte Carlo simulations.
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Table OA.XII: Factors’ risk premia: S = 0, Bayesian and Frequentist estimates

Bayesian estimates

Frequentist estimates (Giglio and Xiu, 2021)

B[S, [ D) DAY B[, [D) DAY
Number of factors: 5 6 7 5 6 7 5 6 7 5 6 7
Panel A. Original factors
Quarterly variables
AEM intermediary 0.141%%%  0.176%%*F  0.175%%* 10.4% 12.2% 12.4%  0.160%**  0.183***  0.184%** 11.7% 13.3% 13.5%
CPI growth -0.080** -0.044 -0.048  5.8% 6.0% 7.7% -0.068** -0.042 -0.043  32% 5.7%  6.0%
GDP growth 0.005 0.013 0.013  42% 4.3% 4.3% 0.007 0.010 0.009 42% 42% 4.3%
IP growth -0.028 0.004 0.003  2.9% 43% 4.3% -0.015 -0.001 -0.003  32% 4.0% 4.3%
Durable cons. growth -0.011 0.000 -0.002  7.7%  79% 8.2% -0.015 -0.002 -0.006 7.1% 7%  8.7%
Nondurable cons. growth 0.042 0.058 0.056 3.7% 41% 4.1% 0.045 0.058 0.057  38% 44% 4.5%
Service cons. growth 0.015 0.053 0.052 4.0% 64% 6.5% 0.036 0.048 0.047  5.0% 55% 5.7%
Nondurable + service 0.032 0.067* 0.066* 4.0% 59% 6.0% 0.049 0.063* 0.062*  4.9% 5.6% 5.8%
Labor income growth -0.006 0.035 0.028 1.5% 38% 87% 0.016 0.027 0.020 28% 33% 7.9%
Dividend growth of SP500  0.037 0.037 0.044 51% 54% 11.7% 0.045 0.035 0.043  43% 4.7% 10.8%
TFP growth 0.014 0.002 -0.003  6.9% 7.3% 82% 0.003 -0.001 -0.006 71% 72% 9.8%
TFP growth (util.-adj.) -0.016 -0.048 -0.054  2.9% 49% 6.7% -0.037 -0.047 -0.052  44%  47%  74%
Unemployment rate chg. -0.034 -0.040 -0.045  25%  2.7%  3.5% -0.039 -0.033 -0.035  23%  24% 2.8%
Hours worked growth 0.049 0.070* 0.072*  23% 34% 4.3% 0.062* 0.064* 0.067*  3.0% 3.0% 3.8%
Investment growth 0.000 0.014 0.015  22% 25% 31% 0.003 0.009 0.011  21% 22% 2.5%
Monthly variables
Nontraded HKM interm.  0.100%**  0.104***  0.104*** 60.3% 61.0% 61.1%  0.099%** 0.101*** 0.104*** 61.3% 61.8% 61.8%
Traded HKM interm. 0.112%%%  0.116%**  0.116%** 70.3% 71.0% 71.2%  0.110%**  0.112%%*  0.114*** 71.5% 72.1% 72.1%
PS liquidity 0.061*%%  0.059%**  0.062*** 11.9% 12.2% 12.9%  0.062***  0.060***  0.053*** 11.9% 12.3% 12.4%
Alog(VIX) -0.120%F*  -0.118%F*  -0.118%*%* 42.8% 43.0% 43.1%  -0.118%** -0.118*** -0.118*** 42.8% 42.9% 42.9%
Panel B. AR(1) shocks of quarterly macro factors

AEM intermediary 0.144%F% 0.182%**  (0.182*%** 10.8% 12.9% 13.3%  0.166***  0.189***  0.190*** 12.3% 14.0% 14.3%
CPI growth -0.094%**  _0.065* -0.071*  59% 5.8% 9.4% -0.081** -0.062* -0.066* 3.8% 5.0% 6.3%
GDP growth 0.005 0.012 0.012 42% 43% 4.3% 0.007 0.010 0.009 42% 42% 4.3%
IP growth -0.021 0.001 -0.002  3.6% 43% 4.9% -0.009 -0.003 -0.008  38% 39% 6.1%
Durable cons. growth -0.010 0.002 0.000 74% T7.6% 7.8% -0.013 0.000 -0.003  6.8% 74% 8.1%
Nondurable cons. growth 0.042 0.058 0.057  3.7% 41% 41% 0.045 0.058 0.057  3.8% 44% 44%
Service cons. growth 0.016 0.055 0.055 3.7%  6.3%  6.4% 0.037 0.051 0.050  4.9% 55% 5.6%
Nondurable + service 0.031 0.069* 0.069* 3.7% 6.0% 6.0% 0.049 0.065* 0.065% 4.7% 5.6% 5.6%
Labor income growth -0.007 0.033 0.027 14% 3.6% 8.3% 0.015 0.026 0.019 27% 31% 7.3%
Dividend growth of SP500  0.067* 0.068* 0.074*  3.3% 34%  9.5% 0.068** 0.066* 0.073*  2.9% 2.9% 8.0%
TFP growth 0.019 0.006 0.001  72% 7.7% 8.6% 0.007 0.003 -0.002  75% 7.6% 10.1%
TFP growth (util.-adj.) -0.012 -0.044 -0.050  3.1% 51% 6.9% -0.033 -0.043 -0.048  4.6% 5.0% 7.6%
Unemployment rate chg. -0.038 -0.041 -0.045  2.7% 28% 3.3% -0.042 -0.034 -0.035  23% 25% 2.7%
Hours worked growth 0.055 0.074** 0.075*  2.6% 3.7% 42% 0.067** 0.068* 0.070*  33% 3.3% 3.7%
Investment growth -0.005 0.007 0.006 22% 25% 25% -0.001 0.003 0.003  21% 22% 22%

Factors’ risk premia and time series fit RZ using Bayesian methods (left panel) and Giglio and Xiu (2021)
frequentist method (right panel). Panel A: original variables; Panel B: AR(1) shocks of macro factors. Bayesian
estimates from Proposition A1 with S = 0. Base assets: 275 Fama-French characteristic-sorted portfolios. Five-,
six-, and seven-factor models for returns. Significance: * (** ***) indicates 90% (95%, 99%) credible interval
excludes zero for Bayesian estimates or 10% (5%, 1%) significance for frequentist estimates. Data sources in
Online Appendix OA 4.
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Left panel: average correlation between true and estimated priced shock, corr( ft, fe) with ft = ﬁ;—i)t, across
1,000 simulations, for strong factors with Rg € {10%,20%,30%}. Right panel: frequency, in 1,000 simulations,
of rejecting Hy : )\5 = 0 based on the 90%, 95%, and 99% Bayesian credible intervals from Proposition A1, for
strong factors with Rg = 30%. Both panels use T' = 600. /\gg is defined in equation (5).
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Figure OA.4: Power of identifying strong factors

25

Frequency of rejecting Hg : )\5 = 0 using 90%, 95%, and 99% credible intervals from Proposition A1, where )\5
is defined in equation (5). Strong factors with R € {10%,20%,30%} and sample sizes T' € {200,600}. Each
simulation estimates multiple model configurations varying the number of factors and S. 1,000 simulations.
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Figure OA.5: Term structure of risk premia: Fama and French (1993) three factors

Term structure of risk premia (monthly Sharpe ratio units) using Proposition A1, where )\5 is defined in equation
(5). Base assets: 275 Fama-French characteristic-sorted portfolios. Five-factor model for returns. We estimate
risk premia for the Fama and French (1993) three factors using 24-month lags in ¢;’s equations. Grey dotted
lines show in-sample monthly Sharpe ratios. Shaded areas show 68% (pink) and 90% (blue) Bayesian credible
intervals. Data sources in Internet Appendix OA.4. Sample: July 1963-December 2019.
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Figure OA.6: Term structure of unconditional dividend risk premia

Term structure of dividend risk premia (not standardized, unlike Table 1). Base assets: 275 Fama-French
characteristic-sorted portfolios. Five-factor model for returns using 20-quarter lags in g;’s equations. Pink and
blue shaded areas show 68% and 90% Bayesian credible intervals, respectively. Green crosses: risk premia
estimates from Bansal et al. (2021), Table 4.
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