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1 Introduction

Financial markets in the United States and Europe are highly fragmented. The primary
stock exchanges in the US, NYSE and Nasdaq, which accounted for approximately 95%
of US equity trading in 2000, had their market share fall below 30% by 2016 (Haslag and
Ringgenberg 2023). This shift was driven in part by regulations designed to foster competi-
tion among trading venues, most notably Regulation National Market System (Reg NMS),
which was implemented in 2007. Fragmentation has also developed in Europe since 2007,
when the Markets in Financial Instruments Directive (MiFID) abolished the “concentra-
tion rule” that required domestically listed equities to be traded on the primary exchanges
(Gresse 2017).

This fragmentation raises a number of important questions. How does it affect market
quality? Are markets more or less liquid? Are prices more or less informative? Are traders
better or worse off? In order to answer these questions, we propose a model in which a risky
asset is traded on multiple exchanges.! Traders differ along two dimensions. A trader can be
either informed or uninformed about the asset payoff, and she can be either a local trader,
restricted to operating on a single exchange, or a global player able to access all exchanges.

We study the effects of market fragmentation, i.e. an increase in the number of exchanges,
on the balance between informed and uninformed trade on the one hand, and between the
local and global components of uninformed trade on the other. The first drives adverse selec-
tion and liquidity. The second governs the correlation between prices on different exchanges,
and thereby the overall informativeness of prices. We abstract from other considerations,
such as competition between exchanges, transaction fees, high frequency trading, and trad-
ing on dark pools or over-the-counter venues. All traders have a well-defined objective, so
we can assess who gains and who loses from fragmentation.

Our paper makes two main contributions. First, we characterize the impact of fragmen-
tation on market outcomes when agents are asymmetrically informed and adverse selection
plays a key role, in contrast to most existing theoretical work, which assumes symmetric
information. Within this framework, we identify a wedge between two natural notions of
optimal fragmentation: the number of exchanges that maximizes overall liquidity is lower
than the number that maximizes overall price informativeness, so that fragmentation can
continue to improve price discovery even after it has begun to reduce liquidity. Second, our

results provide a theoretical underpinning for previously unexplained empirical regularities,

I'Throughout the paper, we use “exchange” to refer to a lit trading venue, i.e. a platform with pre-
trade transparency. In Europe, these include both traditional exchanges and Multilateral Trading Facilities
(MTFs).



in particular the inverted U-shaped relationship between overall liquidity and the degree of
fragmentation (Degryse et al. 2015; Ibikunle et al. 2020), and the finding that fragmentation
enhances overall liquidity for large-cap stocks but reduces it for small-cap stocks (Gresse
2017; Lausen et al. 2022; Haslag and Ringgenberg 2023).

The details of the model are as follows. The investor population consists of speculators
and liquidity traders. Speculators are privately informed about the asset payoff. Each
liquidity trader has a random endowment of the asset. She privately observes the realization
of her endowment shock but has no information about the asset payoff. Speculators can
operate on all exchanges. Some liquidity traders are also unrestricted and can trade on
every exchange, while others are restricted and can trade on only one exchange. Each trader
submits a market order on each exchange on which she is active, taking into account the
price impact of her order. A competitive risk-neutral market-making sector sets the price on
each exchange equal to the expected payoff of the asset, conditional on the aggregate order
flow on that exchange. Thus our model is a multi-exchange extension of Kyle (1985), with
noise traders replaced by optimizing liquidity traders.

We characterize the equilibrium in terms of local and global liquidity. Local liquidity
is the inverse of “Kyle’s lambda” on a single exchange, and measures the ease of trading
on that exchange. In our symmetric model, it does not depend on the exchange under
consideration. We define global (or overall) liquidity as local liquidity multiplied by the
number of exchanges. It captures the ease of trading on all exchanges simultaneously. Market
fragmentation impacts the welfare of a trader through local liquidity if this trader is local,
i.e. tied to a single exchange, and through global liquidity if she is a global player and can
trade across all exchanges. We find that market fragmentation always lowers local liquidity
on any given exchange, making local traders worse off. If liquidity is relatively low on a
single integrated exchange, market fragmentation lowers global liquidity as well, making all
agents worse off. In this case, full consolidation is optimal. However, if liquidity is high on
a centralized exchange, fragmentation increases global liquidity up to a threshold number of
exchanges E*, after which it declines. The welfare of global traders is maximized at E*. The
key takeaway is that the impact of fragmentation on an agent’s welfare does not depend on
whether she is informed or uninformed, but on whether she is a local or global player.?

With regard to price discovery, it is also instructive to think in terms of local and global
magnitudes. Local price informativeness measures the information conveyed by the price

on any given exchange, while global (or overall) price informativeness measures the infor-

2This holds for our baseline model with a fixed number of speculators. In Section A5 of the Online
Appendix, we show that with endogenous information acquisition, fragmentation can lead to a Pareto im-
provement.



mativeness of prices on all exchanges taken together. In our model, market fragmentation
leaves local price informativeness unchanged. But it does affect global price informativeness.
Each exchange has its own set of local agents who cannot trade on other exchanges, and
hence prices across exchanges are not perfectly correlated. Since multiple prices are more
informative than a single price, global price informativeness is always higher when markets
are fragmented compared to when they are not. However, beyond a threshold level of frag-
mentation, local trades taper off faster than trades by globally active agents. Consequently,
prices become more correlated across exchanges and convey less information. We show that
global price informativeness is increasing until the number of exchanges reaches E, after
which it declines.

The threshold level E is higher than £*, the number of exchanges at which global liquidity
and the welfare of global traders are maximal. Thus any fragmentation beyond E not only
reduces global price informativeness, but also lowers global liquidity and makes all agents
worse off.

Both E* and E depend on the model’s primitives only through two composite parameters
that separate a scale effect from a composition effect. The scale parameter, which we call
the fragmentation potential of the asset and denote by ®, is increasing in the strength of
liquidity needs and the intensity of speculator competition, and decreasing in the degree of
asymmetric information about the asset payoff. A higher fragmentation potential raises both
E* and E, widening the scope for fragmentation to improve market quality, whether it is
measured by global liquidity, global price informativeness, or the welfare of global traders.?
The composition parameter, denoted by ¢, is the share of liquidity traders with multi-venue
access, and pulls in the opposite direction: a higher share lowers both thresholds.

In an illustrative quantitative exercise, we use the available empirical evidence to infer
the composite parameters (p,®) for large- and small-cap stocks in the US and Europe,
and compute the model-implied price-informativeness-maximizing thresholds E. Observed
fragmentation lies below Ein essentially all segments, including those where it has reduced
global liquidity.

The rest of the paper is organized as follows. We review the literature in Section 2, de-
scribe the model in Section 3, and provide conditions for equilibrium existence and uniqueness
in Section 4. Sections 5, 6, and 7 are devoted in turn to liquidity, welfare, and price informa-
tiveness. We discuss the quantitative implications of the model in Section 8, and extensions

in Section 9. Section 10 concludes. All proofs are in the Appendix.

3We use phrases such as “improvement in market quality” or “beneficial fragmentation” as shorthand for
an increase in any of these three metrics. Local traders are always hurt by fragmentation in our model.



2 Literature Review

Since the work of Hamilton (1979), the theoretical and empirical literature has largely framed
market fragmentation in terms of a tradeoff between the benefits of inter-exchange com-
petition and the loss of positive liquidity externalities. We abstract from inter-exchange
competition and focus instead on the interaction between liquidity externalities and adverse
selection. We begin with a discussion of the theoretical literature, and then review the

relevant empirical research.

2.1 Theoretical literature

Recent theoretical work on the effects of fragmentation has focused on two main themes:
risk sharing and competition between exchanges, both under the assumption of symmetric
information. This literature does not address the adverse selection and price discovery issues
that we study. The set of papers that allow for asymmetric information about asset values,
the focus of our paper, remains small. We discuss these papers first, since they are most
directly related to ours, and then turn to the larger symmetric information literature.

The paper that is most closely related to ours is Chowdhry and Nanda (1991), who study
a multimarket version of the Kyle (1985) model of insider trading. Their model features one
informed speculator; one large liquidity trader who splits an exogenously given random order
across exchanges to minimize the total expected cost of trading; and small liquidity traders
who are restricted to a single exchange. The aggregate order of the small liquidity traders on
any exchange is given by an exogenous random variable. The authors claim that an increase
in the number of exchanges improves global price informativeness and the welfare of the
speculator. However, the price informativeness claim is not clearly established,” and there
is no formal welfare analysis in the paper.

Unlike Chowdhry and Nanda (1991), we model liquidity traders as strategic utility-
maximizing agents with random endowments of the asset. We find that, on any given
exchange, a liquidity trader trades more if liquidity is higher on that exchange. Moreover,
even for a given level of liquidity on each exchange, the aggregate trade of an unrestricted

liquidity trader is increasing in the number of exchanges. Our results on liquidity and

4We only survey papers where the markets can be interpreted as exchanges (as opposed to dark pools or
over-the-counter markets).

5Chowdhry and Nanda (1991) define their measure of price informativeness v as the ratio of the condi-
tional variance of the asset payoff, given all prices, to its unconditional variance. This is inversely related
to price informativeness as conventionally defined. The formula derived in their Proposition 2 in fact cor-
responds to the standard informativeness measure 1 — ¢ rather than to ¥. The comparative static in the
number of markets N implicitly assumes that Zf\il o; does not depend on N, where o; is the standard
deviation of small liquidity trade on market .



welfare are intimately tied to the effect of market fragmentation on the relative magnitude
of speculative to liquidity trade. Similarly, our price discovery results bear a close connection
to the effect of fragmentation on the relative size of unrestricted to restricted liquidity trade.
Endogenizing liquidity trade thus yields qualitatively new results on liquidity, welfare, and
price informativeness, none of which can be derived in the Chowdhry-Nanda setting with
exogenous liquidity trade.

There are some other asymmetric information models of market fragmentation, but in
settings that differ in significant ways from ours. Madhavan (1995) finds that fragmentation
improves the welfare of large traders, but has an ambiguous effect on bid-ask spreads. Biais
et al. (2015) study the interaction of fast and slow traders when exchanges differ in the
liquidity that they offer. They show that more fragmentation can result in wider spreads.
In Kawakami (2017), higher price informativeness negatively impacts risk sharing due to
the Hirshleifer effect. Splitting a centralized market into smaller informationally separate
markets can then lead to higher welfare by reducing the informativeness of prices in each
market.

Most of the research that studies the impact of market fragmentation assumes that agents
have symmetric information about asset payoffs. One strand of the literature focuses on risk
sharing or gains from trade. Mendelson (1987) compares a consolidated market to multiple
submarkets, with each trader restricted to a single submarket. He finds that fragmentation
reduces expected trading volume and expected gains from trade. Pagano (1989) shows that
fragmenting a single market into two, with each trader choosing one market in which to
participate, is welfare-reducing. Malamud and Rostek (2017), Chen and Duffie (2021) and
Rostek and Yoon (2021) show that inefficiencies in risk sharing due to imperfect competition
can be ameliorated by market fragmentation under certain conditions.® In a similar setup,
Wittwer (2021) evaluates the welfare consequences of connecting disconnected markets.

A separate strand of the symmetric information literature studies competition among
exchanges, focusing on issues such as fee competition, order routing, speed, and sniping by
high frequency traders (Parlour and Seppi 2003; Foucault and Menkveld 2008; Colliard and
Foucault 2012; Pagnotta and Philippon 2018; Baldauf and Mollner 2021).

6The payoff of a liquidity trader in our model is the same as that of a strategic trader in Chen and Duffie
(2021). Unlike Chen and Duffie (2021), however, we also have informed speculators, and prices convey
information about the asset payoff. In their model, prices are informative about traders’ endowments but
not about the asset payoff.



2.2 Empirical literature

We now review the empirical evidence on the impact of fragmentation on global liquidity,
local liquidity, and price informativeness. Global liquidity measures (consolidated spreads or
consolidated depth) refer to liquidity across all market centers, while local liquidity measures

7 Our own notions of global and local liquidity, formally

refer to a single market center.
defined at the beginning of Section 5, are closer to the empirical global and local depth
measures.

On global liquidity, early studies report mixed findings, with some documenting an im-
provement (Boehmer and Boehmer 2003 and O’Hara and Ye 2011 for the US; Foucault and
Menkveld 2008 and Spankowski et al. 2012 for Europe) and others a deterioration (Bennett
and Wei 2006 and Chung and Chuwonganant 2012 for the US). A more nuanced picture
emerges when stocks are differentiated by size or initial liquidity: fragmentation enhances
global liquidity for large-cap stocks but reduces it for small-cap or relatively illiquid stocks
(Haslag and Ringgenberg 2023 for the US; Gresse 2017 and Lausen et al. 2022 for Europe).®
The conflicting earlier studies can be partially reconciled along these lines: the sample in
Chung and Chuwonganant (2012) weights small-cap stocks more heavily than that in O’Hara
and Ye (2011), as noted by Haslag and Ringgenberg (2023); and Bennett and Wei (2006)
themselves report stronger negative effects within the less liquid stocks in their sample.
Large-cap stocks naturally have a larger investor base, of both liquidity traders and spec-
ulators, and less information asymmetry about the asset payoff. Both of these raise the
composite parameter ® in our model, which we call the fragmentation potential of the asset.
The differential effect of fragmentation across stock size segments therefore aligns with our
result that fragmentation improves global liquidity if and only if ® exceeds a cutoff level
(Proposition 5.2 (ii), (iii)).

Going beyond the sign of the fragmentation effect, two studies investigate its shape. De-
gryse et al. (2015), analyzing Dutch stocks in the 2007-2009 period, document an inverted
U-shaped relationship between visible fragmentation and global depth, with the peak occur-
ring at a higher level of fragmentation for large-cap stocks (see their Figure 4); and Ibikunle

et al. (2020) identify a U-shaped relationship between fragmentation and aggregate adverse

"These measures relate only to venues with a visible order book. We survey the headline results, and
do not focus on the details of the precise spread measure (i.e. quoted, effective, or realized spread), or the
precise depth measure (at the best price or deeper in the order book).

8This has been acknowledged by regulators in the US: “In the equity markets, the current “one-size-
fits-all” market structure is not working well for smaller companies that are currently experiencing limited
liquidity for their shares. While the largest and most actively traded companies benefit from a diversity
of trading venues, for the least liquid (and often smallest) companies, fragmentation of liquidity across 12
equity exchanges and 40 alternative trading systems (ATSs) may inhibit effective liquidity provision.” (U.S.
Department of the Treasury 2017, pp. 7-8).



selection risk for FTSE 100 stocks (see their Figure 3). Both match our theoretical results
on global liquidity, which has an inverted U-shape (Proposition 5.2 (iii); Figure 1), and is
maximized at a level E* that is increasing in the fragmentation potential ® (Proposition 5.2
(iv)).

Turning to local liquidity, Degryse et al. (2015) report a negative effect of fragmentation
on the liquidity of the primary exchange; Gresse (2017) reports a similar effect for small-
cap stocks; and Guo and Jain (2023) find that the entry of MEMX in the US in 2020
reduced local liquidity on the existing lit venues. All three are in line with our result that
local liquidity falls with fragmentation, thereby hurting local traders (Proposition 5.1 (ii),
Proposition 6.3 (i)). Other studies, however, link fragmentation to higher liquidity on the
primary exchange (Boehmer and Boehmer 2003 for the US; Foucault and Menkveld 2008,
Hengelbrock and Theissen 2009, Gentile and Fioravanti 2011, and Spankowski et al. 2012 for
Europe), possibly reflecting increased inter-exchange competition, which we abstract from.’

The evidence on price informativeness is mixed. On global price informativeness, O’Hara
and Ye (2011) find an increase with fragmentation, while Bennett and Wei (2006) and Chung
and Chuwonganant (2012) find a decrease; Haslag and Ringgenberg (2023) report an increase
for large- and mid-cap stocks and a decrease for small-cap stocks. Ibikunle et al. (2020)
interpret their evidence as an inverted U-shaped relationship between fragmentation and
global price efficiency, in line with our results (Proposition 7.3; Figure 2). On local price
informativeness, Gentile and Fioravanti (2011) report a reduction on primary exchanges,
while Boehmer and Boehmer (2003) find little effect. The latter is consistent with our result

that local price informativeness is unaffected by fragmentation (Proposition 7.2 (i)).

3 The Economy

We consider a two-date economy in which all trades occur at the initial date, and payoffs
are realized at the final date. There is a single risky asset with payoff v, and E exchanges on
which this asset is traded. There are three groups of traders: S speculators, LY unrestricted
liquidity traders, and L restricted liquidity traders. Speculators and unrestricted liquidity
traders can trade on all exchanges, while a restricted liquidity trader can only trade on a
single exchange, which is exogenously specified for each such trader. The number of restricted
liquidity traders on exchange i is L. With some abuse of notation, we use £, LY, L, and LF
to also denote the index set of exchanges, unrestricted liquidity traders, restricted liquidity

traders, and restricted liquidity traders assigned to exchange i, respectively. Thus ¢ € E is

9This is consistent with our model if we allow for endogenous information acquisition; see Proposition
A5.3 (ii) in the Online Appendix.



exchange i, £ € LY is an unrestricted liquidity trader, and ¢ € L is a restricted liquidity
trader assigned to exchange i. The symbol ¢ serves only as an index; any given liquidity
trader is either unrestricted or restricted. We assume that £ > 1, S > 1, LY + L > 1, and
LE = L% := [/E. Thus there is an equal number of restricted liquidity traders on each
exchange. While both LY and L can be positive, we also consider special cases where either
LY or L is equal to zero. For simplicity of exposition, we ignore integer constraints. All the
results can be restated in a form that respects these constraints.

Speculators have no endowment and observe the asset payoff v prior to trade. Liquidity
trader ¢ has a stochastic endowment of the asset, which we denote by —y, (the negative
sign is for expositional convenience and entails no loss of generality). She does not know
the realization of v but privately observes y,. The random variables (v, {y¢},crvuz) are joint
normal with mean zero, and mutually independent. We assume that Var(y,) = 02 for all 7,
and denote the variance of v by o2.

Trades take the form of market orders. For exchange i, we denote the price by p;, and
the trade of a speculator, unrestricted liquidity trader ¢ € LY, and restricted liquidity trader
(€ LE by ¢, q5, and ¢}, respectively. Note that it is implicit in this notation that, on any

given exchange, all speculators trade the same amount. Payoffs for these agents are:

W =>"(v—-p)g (1)

el
2
2
W= (v=pdaig —yew -5 (Z a - ye) : (2)
=y 1€ER
k 2
WE = (v —pi)gh — yev — 5 (aff —we)”, (3)

where k is a positive parameter. Thus each liquidity trader faces a holding cost, which is
quadratic in her net position in the asset. The agents solve maxgs E(W*5|v), max,y EW y),
and maxr E(WE|y,), respectively, taking into account the price formation mechanism which
we will describe shortly. We will continue to use the superscripts S, U, and R in the anal-
ysis below to identify variables for speculators, unrestricted liquidity traders, and restricted
liquidity traders, respectively.

On each exchange, a competitive market-making sector sets the price equal to the ex-
pected payoff of the asset conditional on the aggregate order flow on that exchange. Let g;

denote the aggregate order flow on exchange i:

G =S¢+ a,+ > af (4)

LeLv teLE



Equilibrium prices are determined by the condition
pi = E(vlg), e k. (5)

We say that markets are fragmented if £ > 1, and measure the degree or level of market
fragmentation by E. We also use the term “market fragmentation” to refer to an increase

in E. The usage is intuitive and should be clear from the context.

3.1 Discussion of the assumptions

Most of the assumptions are natural for what is essentially an extension of the Kyle (1985)
model to allow for multiple exchanges, with the noise traders in Kyle’s model replaced by
optimizing liquidity traders. As we shall see, all agents respond to the endogenous level of
liquidity, affecting it in turn. Also, explicitly modeling the objectives of all agents allows us
to determine who gains and who loses from market fragmentation.

In our model some traders are local while others are global players. In European markets,
we can interpret global traders as those who use smart order routing technology (SORT) to
enable them to trade wherever the best price is available. In the US, the order protection
rule in Reg NMS renders the fragmented market for equities as effectively consolidated for
small trades. However, this is not the case for large trades, as trade-through protection only
applies to the top of the book at each market center. Thus the market remains fragmented
with varying access for different investors.

Traders in our model are imperfectly competitive, taking the price impact of their orders
into account. Speculators and unrestricted liquidity traders can naturally be interpreted
as large institutional players—hedge funds, proprietary trading desks, and asset managers
with multi-venue access—for whom execution costs are a first-order consideration. Restricted
liquidity traders are similarly institutional in nature, but lack the technology or relationships
to access multiple venues. In the European context, this category includes asset managers
and brokers without SORT, and mid-tier intermediaries whose execution is tied to a single
venue determined by client relationships or operational arrangements. In the US, it includes
traders of large blocks and liquidity providers using resting limit orders. Even though these
traders are local, they are sufficiently large for price impact to enter into their trading
decisions.

We assume that restricted liquidity traders are evenly distributed across venues. This
implies that total order flow is evenly distributed as well. In actual markets, order flow tends
to be concentrated on a small number of venues rather than being equally dispersed. We

interpret the symmetric structure of the model as representing a market with an effective

10



number of equal-sized venues, rather than a raw count of trading platforms; the precise
mapping to observed market shares is given in Section 8.1. The mechanisms underlying our
results do not require perfect symmetry; the symmetric structure is a tractable modeling
choice rather than a substantive claim about the spatial distribution of order flow.

Under the pricing rule p; = E(v|g;), the price on each exchange depends only on its local
order flow. This is the polar case in which information across venues is fully segmented. The
opposite polar case, in which market makers on each exchange condition on order flow from
all venues, is degenerate: prices on different exchanges are perfectly correlated, and frag-
mentation collapses to a single integrated market with no effect on liquidity, welfare, or price
informativeness. The empirical evidence on fragmentation points to substantial deviation
from perfect integration.'® Our pricing rule is best read as a tractable approximation of this
empirically pervasive friction. A model with partially integrated cross-venue information
would dampen, but not eliminate, the channels operating in our framework.

For simplicity we assume that speculators, who observe the true value of the asset prior
to trade, are risk-neutral. Liquidity traders face a quadratic cost on their net position in the
asset, which can be interpreted as a cost of bearing risk or some other cost associated with
holding inventory. This specification is increasingly common in the literature.!!

The assumption that liquidity traders incur a holding cost while speculators do not
simplifies the analysis. It can be justified on the grounds that speculators are often sophis-
ticated traders with short horizons, while liquidity traders have longer holding periods. The
assumption that the endowment shocks of liquidity traders are mutually independent is also
for analytical tractability.

We relax some of these assumptions in extensions of the baseline model that we present
in the Online Appendix. In the first extension, all agents, speculators as well as liquidity
traders, pay the same holding costs. In the second extension, holding costs are not paid by
any agent; instead, we assume that liquidity traders have constant absolute risk aversion.
In the third extension, we allow for correlation between the endowment shocks of liquidity
traders. In the fourth extension, we endogenize information acquisition by speculators.

In the first three extensions, most of the results of our baseline model on liquidity, welfare,
and price informativeness continue to hold. However, endogenizing information acquisition

leads to results that are qualitatively different.

OFEvidence of imperfect integration includes better-priced quotes on individual exchanges that are not
reflected in the publicly disseminated consolidated quote (Bartlett et al. 2025); economically significant
price discovery on individual venues during periods when other venues are closed (Eaton et al. 2025); and
the failure of cross-venue substitution during exchange outages (Degryse et al. 2025).

HSee, for example, Vives (2011), Rostek and Weretka (2012, 2015), Du and Zhu (2017), Chen and Duffie
(2021), Glebkin and Kuong (2023), and Lou and Rahi (2023).

11



4 Equilibrium

In this section, we describe the equilibrium notion in our model. We calculate agents’ optimal
strategies and provide conditions for equilibrium existence.
We look for a linear equilibrium, by which we mean an equilibrium at which p; = \g;, for

some A > 0, and

qf = 6’07 q% = OéUZ/@? C]z]} = aRyEa (6)

for some scalars 3, ¥, and af'. At a linear equilibrium, the price on exchange i is propor-
tional to the aggregate order flow on that exchange, ¢;. The price impact parameter A is the
same for all exchanges. Agents’ strategies are also symmetric—the parameters 3, oV, and
aft are the same for all speculators, unrestricted liquidity traders, and restricted liquidity
traders, respectively, and do not depend on the exchange under consideration.

From (4) and (6), the aggregate order flow is
¢ = SPv+ a’QY 4 o QF, (7)
where QY := > e Ye and QF = ZzeLf‘ ye, and the price on exchange 7 is
pi = Ag; = N(SPv + a”Q + a"Qf). (8)

We begin by calculating agents’ optimal strategies for given .

Lemma 4.1 (Optimal strategies) Suppose prices are given by p; = A\g;, i € E, for some
S

A > 0. Then the following strategies are optimal for agents: ¢ = Bv, ¢5, = a%y,, and

qif = alty,, where

1
k

= iEron (10)
k

Mty (11)

As one would expect, all agents trade less aggressively when facing a higher price impact
parameter A. It is instructive, however, to see how their trades vary for given A. Each
speculator trades less when there are more speculators. This is due to greater competition.
In contrast, the position of a liquidity trader does not directly depend on the number of
speculators or of other liquidity traders, since her value for the asset is uncorrelated with

that of other traders. An increase in F induces an unrestricted liquidity trader to trade

12



less per exchange, which reflects order-splitting to reduce total price-impact costs, though
her aggregate trade across all exchanges is increasing in FE, as the lower global execution
cost A/E allows her to move her total position closer to her endowment, thereby reducing
holding costs. A speculator, who does not incur any holding cost, trades the same amount
on each exchange regardless of the degree of fragmentation. Thus her aggregate trade across
all exchanges increases linearly with E. A restricted liquidity trader operates on only one
exchange, so for given A\, which reflects the liquidity of any single exchange, her trade is
unaffected by the number of exchanges.

Before turning to equilibrium existence, we introduce two composite parameters that will
appear throughout the analysis. While our model has six primitives (S, LY, L, k, 02 ,

2

o7), we will show in the following sections that the key equilibrium quantities depend on

and

these primitives only through (¢, ®), defined as follows:

LU
Q:

B 2_(1+S)2_1
LU+ L

=Kk (LY + L)o? - — - —. (12)

Y S o2

The parameter ¢ is the fraction of liquidity traders who are unrestricted. The parameter &
decomposes multiplicatively into three terms, each tied to a distinct feature of the trading
environment. The first term, k’Q(LU—f—E)US, measures the strength of liquidity needs; stronger
liquidity needs reduce adverse selection (we introduce an explicit measure of adverse selection
in the next section). The second term, (1 + S)?/9, is increasing in S, and captures the
intensity of speculator competition. While an increase in S also raises adverse selection, it is
the competition effect that dominates, as in Admati and Pfleiderer (1988). The third term,
1/02, is the inverse of the degree of asymmetric information; less information asymmetry
reduces adverse selection. Framing the results in terms of (p, ®) allows us to separate a
scale effect captured by ®, which is increasing in the number of traders of any type, from a
composition effect represented by ¢, which is the share of liquidity traders with multi-venue
access.

Lemma 4.1 specifies agents’ optimal trades in terms of A, which is endogenous. Thus a
linear equilibrium is completely determined by A. It exists if and only if there is a A > 0
such that p; = E(v|g;) = Agi, i € E. A necessary and sufficient condition is provided by the

next result.

Proposition 4.2 (Equilibrium existence and uniqueness) For any given E, a linear

equilibrium exists if and only if

(13)
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or equivalently,

o {g@ + 1_791 > 4. (14)

Furthermore, if a linear equilibrium exists, it is unique (in the class of linear equilibria).

Proposition 4.2 says that a linear equilibrium exists if ® is large enough relative to the
level of fragmentation E. In terms of the three components of ®, existence relies on adverse
selection being sufficiently low (through strong liquidity needs or a low degree of asymmetric
information) or on sufficiently intense speculator competition.

Note that, if LY = 0 (or equivalently ¢ = 0), the existence condition (14) becomes
®/FE > 4, which cannot hold for arbitrarily large E. We therefore need to impose an upper
bound on E. Letting

_ KL+ 8)? o
B =" .Y
45 o2

we define an upper bound for F as follows:

_ E,, if LV =0,
FE = (15)
oo, if LY >0.

For the rest of the paper we assume that E € [1, E)) and that condition (13), or equivalently
(14), holds for all E in this interval.'?

5 Price Impact and Liquidity

In this section, we analyze price impact or its inverse, liquidity, which is the key parameter
that describes an equilibrium. With multiple exchanges, there are two notions of liquidity,
local and global, which apply respectively to trading on a single exchange and to trading on all
exchanges simultaneously. We show that local liquidity is decreasing in the degree of market
fragmentation. In contrast, if liquidity on a single centralized exchange is sufficiently high,
global liquidity displays an inverted U-shaped pattern, initially rising with fragmentation,
and then declining.

As noted in Section 4, a linear equilibrium is completely specified by the parameter \.
We can think of A as the local price impact parameter that an agent faces when trading on
a single exchange. For an agent who trades across multiple exchanges, it is convenient to

consider the global price impact parameter v := A/E, which measures the price impact of a

21f LY > 0, condition (14) holds for all E € [1,00) if and only if ®¢ > 4. If LY = 0, this condition is in
fact equivalent to E < E;. We can make F; as large as desired by choosing a sufficiently large L.
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unit trade split up equally across all exchanges. We define liquidity as the reciprocal of price
impact; thus local liquidity is measured by A\~!, and global liquidity by v~ *.

The next result summarizes the properties of the price impact parameters A and v. We
say that A o« B if A and B have the same sign (A = 7B, for some 7 > 0).

Proposition 5.1 (Price impact) We have the following results on price impact:

i. A\ satisfies
¥ l—¢ -1
=o .
(kEX~! + 2)? + E(kX1+2)2

Hence A = N(E, k, o, ®) and v =~v(E, k, ¢, P).

(16)

ii. ONJOE > 0, and limp_ 5 \ = oc.
ii. If L =0, v is independent of E.
w. If L >0, 0v/0E o 2\ — k.

v. ON/OP < 0, and 0v/0P < 0.

The comparative statics results (ii)—(v) can be interpreted in terms of adverse selection.
Recall that the aggregate order flow on exchange i is ¢;, given by (7). We define the degree
of adverse selection on exchange ¢ as the ratio of the variance of speculative trade to the

variance of liquidity trade in the order flow ¢;:

A Var(SBv) B 5232 oy
" Var(@VQU 4 afQF)  LU(aV)? + LE(af)? o2

Since A; does not depend on ¢ we drop the subscript 7. Using Lemma 4.1, we obtain

8 2

A= (1+5)2x2 Oy
T k2LU L RLE g2
(RE+2X0)2 7 (k+2X)2 Y

Dividing the numerator and denominator by LY + L, and using the definitions of ¢ and ®

in (12), we can rewrite this as

SPp-1
@ n I—o
(EEA"14+2)2  E(kA~! 4 2)2

AN E ko, @) =

, (17)

where we have made explicit the dependence of A on the relevant variables. This formulation

allows us to separate the effects of A on the one hand and (E, k, ¢, ®) on the other. Note that
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0A/ON < 0, in accordance with the intuition that market makers protect themselves from
adverse selection by raising A. In equilibrium, A is pinned down by equation (16), which is

equivalent to A = S:

Equilibrium adverse selection. The equilibrium price impact A adjusts so that adverse

selection on each exchange is exactly equal to the number of speculators.

If adverse selection is high for a given A, i.e. A > S, A rises until adverse selection goes down
to the equilibrium level A = S. Likewise, low adverse selection leads to a reduction in .
The comparative statics in Proposition 5.1 can be read off (17) by tracing how A at fixed A
responds to a change in the underlying parameter, and then noting that equilibrium A must
adjust to restore the balance between informed and uninformed trade, as expressed by the
condition A = S.

Consider the effect of fragmentation on local price impact A\. From (17), 0.A/0E > 0.
Thus fragmentation leads to higher adverse selection. The reason is that, for given A, liquidity
trading is lower on any given exchange when the number of exchanges is higher, while
speculative trading is unaffected (Lemma 4.1). In particular, unrestricted liquidity traders
trade less, and while the amount traded by each restricted liquidity trader does not vary
with the number of exchanges, the number of these traders on each exchange, L/FE, goes
down with F. Equilibrium X must therefore rise to bring A back down to S. This is part
(ii) of Proposition 5.1.

Next, we examine the effect of fragmentation on global price impact v := A/E. We can
rewrite (17) in terms of 7 as follows:

- St
-’4 7E7k7 7(D =

(kv 4+2)2  (ky~! +2E)?

(18)

First suppose there are no restricted liquidity traders (L = 0, or equivalently ¢ = 1). Then
A does not depend on F. For fixed v, an increase in E reduces both speculative and liquidity
trade in the same proportion on any given exchange (Lemma 4.1). Fragmentation does not
affect the degree of adverse selection, and hence 7 is not affected either. This is part (iii) of
Proposition 5.1.

Now suppose some liquidity traders are restricted (L > 0, or equivalently ¢ < 1). From
(18), DA/OE o 2\ — k. Since v must adjust to a change in E to restore A = S, we
have 0v/0F « 2\ — k, as stated in part (iv) of Proposition 5.1. This result is driven by
changes in restricted liquidity trade as markets become increasingly fragmented. From (18),

the relative variance of liquidity trade to speculative trade depends on E through the term
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E/(ky~'+2F)? which is increasing in F when A < k/2 and decreasing in F when \ > k/2.
As X increases with F, adverse selection at fixed « falls and then rises, and equilibrium -~y
follows the same pattern.

Finally, consider the effect of ®. From (17), 0.4/0® < 0. Since this derivative holds S
fixed, and the second component of ® depends only on S, the variation in ® runs only through
its first and third components: stronger liquidity needs raise the variance of liquidity trade,
while less information asymmetry reduces the variance of speculative trade. Intuitively, both
of these lower adverse selection. Equilibrium A\ must therefore fall in order to push A back
up to S. This is part (v) of Proposition 5.1.13

We now characterize the level of market fragmentation at which global liquidity is maxi-
mal. Tt is useful to make explicit the dependence of A and v on E by writing A(E) and v(FE),
E > 1, while suppressing the dependence on (k, ¢, ®). In particular A(1) is the value of A

when there is only one exchange.

Proposition 5.2 (Maximal global liquidity) Suppose L > 0. Then we have the follow-

ing results on the number of exchanges E* at which global liquidity is maximal:
i. There exists E* € [1, E) such that v(E) is minimized at E*.

ii. E* =1 if and only if N(1) > k/2, or equivalently ® < 16. Furthermore, if E* = 1,
then 0y/OE > 0 for E > 1.

iii. E* > 1 if and only if (1) < k/2, or equivalently ® > 16. Furthermore, if E* > 1,
then 0v/OE < 0 for E < E*, and 0v/0FE > 0 for E > E*.

w. Suppose E* > 1. Then
¥ -y —1
=0o .
4(E* +1)? + 16 E*

Furthermore, E* = E*(¢,®), OE*/0p < 0, and OE*/0® > 0.1

(19)

If A\(1) > k/2, i.e. liquidity on a single centralized exchange is lower than the threshold
level 2/k, market fragmentation always lowers global liquidity. However, if A\(1) < k/2, i.e.

liquidity in a centralized market exceeds 2/k, fragmentation can improve global liquidity.

13 Since )\ and « are strictly decreasing in ®, it follows from the definition of ® that A and v are strictly
decreasing in S and 05, and strictly increasing in o2. Liquidity (local or global) depends on S only through
®, which is increasing in S via the competition effect term (1 + S)2/S. Hence liquidity is increasing in S,
even though adverse selection is increasing in S (through the term S®~1). It can be shown that A and v are
also strictly decreasing in LY, L, and k. See the proof of Proposition 5.1 in the Appendix.

14 Using the definition of ®, this result implies that E* is strictly increasing in S, L, k, and 05, and strictly
decreasing in o2. It can be shown that E* is also strictly increasing in LY. See the proof of Proposition 5.2
in the Appendix.
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Global liquidity is maximized at E* > 1, which is the number of exchanges such that
ANE*) =k/2.

We call ® the fragmentation potential of the asset since the range of beneficial fragmen-
tation is increasing in ®: fragmentation can improve global liquidity if and only if & > 16,
and the level E* at which global liquidity is maximized is increasing in ® (Proposition 5.2,
parts (iii) and (iv)). The comparative static dE* /0P > 0 operates through local liquidity.
By Proposition 5.1 (iv), E* is the level at which local liquidity has fallen to the threshold
2/k; beyond E*, fragmentation lowers global liquidity rather than raising it. An increase in
® improves local liquidity at every E, so the threshold 2/k is reached at a higher level of
fragmentation.

The comparative static 0E*/0p < 0 in Proposition 5.2 (iv) reflects the differential re-
sponse of restricted and unrestricted liquidity trade to fragmentation. At fixed A, fragmenta-
tion reduces unrestricted liquidity trade on any given exchange through order-splitting, while
restricted liquidity trade on a given exchange thins only through the falling count L/E. A
higher ¢ shifts the composition of liquidity trade toward the unrestricted component, which
contracts more sharply with E. Adverse selection therefore rises faster, and the threshold
2/k is reached at a lower level of fragmentation.

1

Figure 1 shows global liquidity =" as a function of the number of exchanges E for two

different values of the fragmentation potential ®.!5

6 Welfare

In this section, we show that the welfare of a trader depends on market fragmentation only
through its effect on liquidity—Tlocal liquidity for a local trader and global liquidity for a
global trader. Combining this with our liquidity results from Section 5, we characterize the
welfare impact of fragmentation on each trader type. We begin by calculating equilibrium

utilities for given F.
Lemma 6.1 (Equilibrium utilities) Equilibrium utilities for given E are

1 2

S . Sy
U .—E(W )— (1+S)270”’

(20)

15Tt is interesting to compare our results on liquidity to those in the symmetric information models of
Foucault and Menkveld (2008) and Chen and Duffie (2021). In Foucault and Menkveld (2008), entry of a
competing trading venue lowers liquidity in the incumbent market and increases global liquidity. In Chen
and Duffie (2021), an increase in the degree of fragmentation lowers local liquidity and raises global liquidity.
While the relationship of fragmentation to local liquidity in our model is the same as in these papers, this is
not the case for global liquidity, where we find a non-monotonic relationship.
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Figure 1: The figure plots global liquidity y~! as a function of the number of exchanges F, for
¢ =1/3 and ® € {52,115}. The maximum value of y~! is marked by a dot, and the corresponding
value of E* is shown.
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Lemma 6.1 shows that the utility of a restricted liquidity trader, who trades on a single
exchange, depends on F only through the local price impact parameter A\, and it is strictly
decreasing in A\. An unrestricted trader, whether she is a speculator or an unrestricted
liquidity trader, operates on all exchanges. Her utility depends on E only through the global
price impact parameter v := A/E, and it is strictly decreasing in 7. As one would expect,
if there is more than one exchange, an unrestricted liquidity trader is better off than a
restricted liquidity trader.

Combining Lemma 6.1 with our results on price impact in Section 5, we can characterize
the effect of market fragmentation on welfare. Consider first the case where L = 0, i.e. there
are no restricted liquidity traders. Then, from Proposition 5.1 (iii), v is independent of E,
and hence so is the equilibrium utility of any agent (from (20) and (21)). In other words,

market fragmentation is welfare-neutral if all agents can trade on all exchanges:

Corollary 6.2 Suppose all agents are unrestricted (L = 0). Then the welfare of any agent

1s the same for any degree of fragmentation.
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If some liquidity traders are restricted, market fragmentation does have welfare conse-
quences. Recall that E* is the number of exchanges at which global liquidity is maximal

(Proposition 5.2).

Proposition 6.3 (Welfare: General case) Suppose L > 0. Then market fragmentation

impacts welfare as follows:
1. The welfare of restricted liquidity traders is strictly decreasing in E.
1. The welfare of unrestricted traders is maximized at E*.

iii. If X(1) > k/2, or equivalently ® < 16, then E* = 1, and an increase in E makes all

agents worse off.

. If X(1) < k/2, or equivalently ® > 16, then E* > 1. Furthermore, the welfare of
unrestricted traders is strictly increasing in E for E < E*, and strictly decreasing in
E for E > E*.

Part (i) is immediate from Proposition 5.1 (ii) and (22), and parts (ii)—(iv) follow from
Proposition 5.2, (20), and (21). Market fragmentation always hurts restricted liquidity
traders since it lowers local liquidity. If liquidity on a single centralized exchange is below
the threshold level 2/k, market fragmentation lowers both local and global liquidity, hurting
all traders. If liquidity on a centralized exchange is higher than 2/k, multiple exchanges lead
to higher global liquidity, benefiting unrestricted traders who trade globally. The optimal

number of exchanges for unrestricted traders is £*, at which global liquidity is maximal.

7 Price Informativeness

In this section, we study the impact of market fragmentation on price informativeness.
We show that fragmentation does not affect the information conveyed by the price on any
given exchange. But the informativeness of the set of all prices across exchanges, which we
call global price informativeness, does depend on the degree of fragmentation. If there are
no unrestricted liquidity traders, global price informativeness is increasing in the number
of exchanges. If there are both restricted and unrestricted liquidity traders, on the other
hand, global price informativeness is increasing up to a cutoff level of fragmentation, after
which it declines. Any fragmentation beyond this cutoff level not only reduces global price

informativeness, but also lowers global liquidity and makes all agents worse off.
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Formally, we define local price informativeness on exchange i by

Vi(E) = \/aur(v)vgrz/;;r(v|pz-)7

(23)

and global price informativeness by

_ Var(v) — Var(v|pr, p2, . .., DE)

VIE): Var(v)

(24)
In this notation we have made explicit the dependence of price informativeness on the number
of exchanges E. However, as we shall see later, V; does not depend on FE. Local price
informativeness measures the information about the asset payoff that is conveyed by the
price on a single exchange, while global price informativeness is a metric of overall price
informativeness in the economy, using all available prices.

In order to understand the effect of market fragmentation on price informativeness, we

begin with the following result.

Lemma 7.1 The equilibrium price on exchange i is given by

i (v+n" +n), (25)

T 1+s

where nV := aVQY /(SB), and nf :== aQF/(SB). Furthermore,

)

Var(y” +nf)) = Var(n") + Var(nf") = . (26)
and ol 2 LU g2 ~ 2 kQLU(l + 5)202
vy _ [ y _ y

Var(n”) = < 5 ) o (k: n 27) & ) (27)

Recall that QU := 3", ;v ye and QF := >, , r Y. From (7), we can interpret n¥ as the
relative magnitude of unrestricted liquidity trade Ito speculative trade on any exchange, and
nk as the relative magnitude of restricted liquidity trade to speculative trade on exchange
i. The random variables v, nV, and {n7},cp are mutually independent. Equation (25) tells
us that the price p; is informationally equivalent to the “price signal”, v +nY + nf, which
is equal to the asset payoff v plus a noise term. The noise term in turn is the sum of a
common component 7Y, common across prices on different exchanges, and an idiosyncratic
component 7~

From (27), Var(nV) depends on E only through the global price impact parameter 7.
An increase in 7 lowers both 8 and oV (from (9) and (10)), but the effect on 3 is more
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pronounced; the ratio a¥/#3 is increasing in v, and hence so is Var(nV). In other words,
the variance of the common noise component in the price signal is increasing in 7 because
an increase in v lowers speculative trade by more than it suppresses the trades of liquidity
traders who operate across all exchanges.

A number of conclusions follow from Lemma 7.1. First, since the variance of the noise in
the price signal, Var(nV + %), does not depend on the exchange under consideration or on
E it follows that local price informativeness is the same across all exchanges and does not
depend on the degree of market fragmentation. An increase in F leads to higher local price
impact A (Proposition 5.1 (ii)), and a lower number of restricted liquidity traders L/E on
each exchange. Combining this observation with Lemma 4.1, we see that an increase in F
lowers speculative as well as liquidity trade on any given exchange. The net effect on price
informativeness is zero.

Second, if there are no restricted liquidity traders (L = 0), then nf = 0 for all 4, and the
price is the same on every exchange. Hence, global price informativeness is equal to local
price informativeness, both of which are independent of E.

Third, if there are some restricted liquidity traders (L > 0), prices on different exchanges
are not perfectly correlated. Combining this with the observation that the informativeness of
any one price is unaffected by market fragmentation, we see that global price informativeness
is higher when markets are fragmented, compared to the case of a single centralized exchange,
and this is true regardless of the degree of fragmentation.

Fourth, if there are no unrestricted liquidity traders (LY = 0), then Y = 0, and the price
signals, {v + n}icp, are conditionally independent signals about v. Moreover, from (26),
the variance of the “error term” n¥ is the same for all E' (and for all 7). Hence global price
informativeness is strictly increasing in the degree of fragmentation.

We summarize these observations in the following proposition. We also derive some

simple formulas for price informativeness.
Proposition 7.2 (Price informativeness)
i. Vi(E)=V(1)=[1+ S, foralli € E and for all E € [1, E).
i. IfL=0,V(E)=V,(E)=V(1)=[1+ S}, foralli € E and for all E € [1,E).
iii. If L >0, V(E)>V(1)=[1+ S, forall E€[2,F).
w. If LY =0, V(E) = [1 + (ES)™Y|7Y, which is strictly increasing in E.

Thus market fragmentation leaves local price informativeness unchanged, while the effect on

global price informativeness depends on the composition of liquidity trade.
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We now further investigate the impact of fragmentation on global price informativeness
when both L and LY are positive. Proposition 7.2 (iii) implies that global price informa-
tiveness is higher when markets are fragmented than when they are not, but it does not say
anything about the effect on price informativeness of an increase in the degree of fragmen-
tation. In order to determine the shape of V(E), it is useful to separate the direct effect of
an increase in E, which simply increases the number of signals, {v + nV + n7}ic, from the
indirect effect that operates through a change in Var(nY). Due to (26), there is no indepen-
dent effect arising from a change in Var(n?). Accordingly, we write V(F) := v(E, Var(nY)),

so that
v ov ov  OVar(nV)  ov v dVar(nV) oy

v _w _ o . 2
0E ~ 0E " ovar(yV) OE _ 9E  ovar(') 0y OE (28)
>0 20 0

Clearly, Ov/OFE > 0, since a higher number of price signals, that have the same variance and
pairwise correlation, convey more information (see (26)). Also, dv/dVar(nY) < 0, because an
increase in Var(nY) implies that a higher proportion of the noise in price signals, as measured
by Var(nV +nf), is common across all price signals. Finally, 9Var(n")/dy > 0, from (27).
Recall that E* is the number of exchanges at which v(E) is minimized. Moreover, if
E* > 1, we have 0v/0E < 0 for E < E*, and 0y/0E > 0 for E > E* (Proposition 5.2
(iii)). In this case, we can conclude from (28) that 0V/OFE is positive for E < E*, but is
ambiguous in sign for £ > E*. The following proposition sharpens this result, and shows
that the direct effect of an increase in F is eventually outweighed by the impact of a higher

7, which is accompanied by a higher Var(nY).

Proposition 7.3 (Maximal price informativeness) Suppose L > 0 and LY > 0. Then,

we have the following results on global price informativeness V(FE):
i. There exists E € (2, E) such that V(E) is mazimized at E.
ii. 9V/OE >0 for E < E, and dV/OE < 0 for E > E.
iii. £ > E*.
w. E is determined jointly with A by solving equation (16) together with

P(1—48)+ (1—p)(1 -2 =0, 6:= % (29)

Furthermore, E = E(p,®), 0F /8¢ < 0, and OE/8® > .16

16 Using the definitions of ¢ and ®, this result implies that Eis strictly increasing in S, L, k, and 05, and
strictly decreasing in o2

e
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Thus there is a level of market fragmentation at which global price informativeness is
maximal. This level is higher than the number of exchanges at which global liquidity, and
hence the welfare of speculators and unrestricted liquidity traders, is maximal. In particular,
as long as market fragmentation increases the welfare of unrestricted traders, it also improves
global price informativeness. The converse is not true, however. For example, suppose there
is only one exchange and A(1) > k/2. Then any level of fragmentation improves global price
informativeness (Proposition 7.2 (iii)) but makes all agents worse off (Proposition 6.3 (iii)).

The comparative statics of Ein Proposition 7.3 (iv) operate through the composition of
noise in prices, just as those for E* operate through global liquidity. From (28), E is the level
at which the direct positive effect of an additional price signal is balanced by the negative
indirect effect of higher Var(n") on cross-exchange price correlation. An increase in ® lowers
v at every E (Proposition 5.1 (v)), and hence Var(n"). Less common noise means less price
correlation across exchanges, so the direct effect of fragmentation continues to dominate up
to a higher level of fragmentation. Hence Eis increasing in ®.

The comparative static 0E/dp < 0 in Proposition 7.3 (iv) reflects the role of unrestricted
liquidity trade in determining cross-exchange price correlation. A higher ¢ shifts the compo-
sition of liquidity trade toward unrestricted traders, whose orders contribute to the common
noise component ¥ rather than to the idiosyncratic component . The resulting increase
in price correlation reduces the marginal informational gain from a new exchange, lowering
the level of fragmentation at which global price informativeness is maximized.

Our next result is immediate from Propositions 5.2, 6.3 and 7.3:

Corollary 7.4 (Excessive fragmentation) Suppose L > 0, LY > 0, and E > E. Then
the following metrics of market quality are strictly decreasing in E: global price informative-

ness, global liquidity, and the welfare of all agents.

Any increase in the number of exchanges beyond E (the level at which global price informa-
tiveness is maximal) reduces market quality, whether it is measured in terms of global price
informativeness or liquidity, or the welfare of any agent.

Finally, we summarize the comparative statics for the two composite parameters, ¢ and
¢, on which the entire analysis rests. Every equilibrium object considered in the paper—
local and global liquidity, the welfare of each agent type, the boundary between regimes in
which fragmentation can or cannot be beneficial for unrestricted traders, and the threshold
levels E* and E—depends on the primitives of the model only through ® and ¢. The two
parameters pull in opposite directions: ® widens the range of beneficial fragmentation, while
(» narrows it.

The fragmentation potential ® determines whether fragmentation can be beneficial for

any agent: ® < 16 implies that full consolidation is optimal for every trader, and & > 16
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is necessary for fragmentation to benefit unrestricted traders. An increase in ® raises both
local and global liquidity at every E/, and pushes the thresholds £* and E outward. We refer
to ® as a scale effect since it is increasing in the size of the investor base; it is also decreasing
in the degree of asymmetric information. Cross-sectional variation in ® provides the channel
through which our results connect to the differential impact of fragmentation on large- and
small-cap stocks (see Section 8).

The composition parameter ¢ plays a complementary role. In the polar case ¢ = 1, where
all liquidity traders have multi-venue access, fragmentation has no effect on global liquid-
ity, welfare, or global price informativeness; the multi-exchange economy is observationally
equivalent to a single integrated market. For ¢ < 1, an increase in ¢ raises cross-exchange
price correlation, and lowers the thresholds E* and E.

Figure 2 shows 7~ and V as functions of E, for the same values of ¢ and ® as in Figure
1 (thus the left panel of Figure 2 is the same as Figure 1). The higher value of ® yields a
higher number of exchanges E* at which v~! is maximized, as well as a higher number E at

which V is maximized. For both values of ®, we have E* < E.

E*=~6 0.94 -
124
0.92 A
10 T 0'90 -
0.88 A
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Global Liquidity (y1)
[e=)

0.82 A

Global Price Informativeness (V)
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Figure 2: The figure shows global liquidity v~! and global price informativeness V as functions

of the number of exchanges F, for ¢ = 1/3 and ® € {52,115} (the same values as in Figure 1).
The maximum value of v~! is marked by a dot and the maximum value of V by a square; the
corresponding values of E* and E are shown.

8 Quantitative Implications

In this section, we relate the model’s thresholds E* and E to empirical evidence on fragmen-

tation in US and European equity markets. Several primitives of the model-—most notably
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this is not a calibration in the strict sense. However, the model’s predictions for E* and

the holding cost parameter k and the variances 02 and o2—are not directly observable, so
E depend on the underlying primitives only through the two composite parameters ¢ and
®. We pin down ¢ from data on multi-venue access, and ® from empirical evidence on the
location of peak global liquidity, using the characterization of E* in Proposition 5.2. The
predicted values of E are then genuine out-of-sample implications of the model, and the

substantive content of the exercise lies in the comparison of E to observed fragmentation.

8.1 Mapping observed fragmentation to the model

Empirical studies typically measure fragmentation using the Herfindahl-Hirschman Index
(HHI), defined as HHI := ", s?, where s; is the market share of venue i, or the associated
fragmentation index FI := 1 — HHI, which ranges from 0 (a single venue) to 1 (maximal
fragmentation). In our model, there are E' symmetric exchanges, each with a market share
of 1/E, so FI =1 —1/E. Hence the effective number of exchanges implied by an observed
Flis E.s = 1/(1 — FI). This represents the number of equal-sized venues that generate a
given level of fragmentation. It is the natural empirical counterpart of the model parameter
E.

In practice, market shares are concentrated in a small number of venues, so F.g is lower
than the actual number of active venues. We compute E.g from market share data for lit
exchanges as follows. For US stocks, we use the venue market shares reported in Foucault
et al. (2023), Table 7.1, renormalized to lit volume only (i.e. excluding off-exchange volume),
which yields E.x ~ 6 for the aggregate market. Since large-cap stocks are more evenly
distributed across venues than small-cap stocks (Haslag and Ringgenberg 2023), and the
entry of MEMX in 2020 has further increased fragmentation, we posit E.g ~ 7-8 for US large-
cap stocks and E.g ~ 4-5 for US small-cap stocks. For European stocks, we use the lit venue
market shares for CAC40 and FTSE100 stocks in Foucault et al. (2023), Table 7.2, obtaining
Eeg =~ 2-2.5 for large-cap stocks. European small-cap stocks are far more concentrated on

the primary exchange (Gresse 2017; Lausen et al. 2022), so we set Eog ~ 1.2-1.5.

8.2 Parameter values

8.2.1 Fraction of unrestricted liquidity traders ¢

The parameter ¢ is the fraction of liquidity traders who have multi-venue access. In Eu-
ropean markets, smart order routing technology (SORT) provides a proxy for multi-venue

access. Foucault and Menkveld (2008), using a pre-MiFID Dutch sample, find that approxi-
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mately 25% of trades involved SORT. Two offsetting adjustments are needed to translate this
figure into a current headcount estimate of . First, the estimate predates MiFID and the
subsequent growth of multilateral trading facilities (MTF's), which would raise current SORT
use above the 25% figure. Second, the figure is volume-based and includes both speculators
and unrestricted liquidity traders. Since more active traders contribute disproportionately
to volume, the headcount fraction of unrestricted liquidity traders is likely smaller than the
volume share of multi-venue trading. We propose the range ¢ € [0.05,0.30] for European
large-cap stocks. For European small-cap stocks, SORT adoption is lower and MTF activity
is thinner, so we use a lower range of ¢ € [0.02,0.10].

For US markets, the order protection rule in Reg NMS automatically routes marketable
orders to the venue displaying the best price. This applies to all NMS stocks regardless of
market capitalization. A liquidity trader whose order flow consists primarily of marketable
orders is therefore effectively unrestricted. Since retail and other small liquidity traders—who
dominate the investor population by headcount—submit marketable orders in most cases,
the fraction of unrestricted liquidity traders in US markets is relatively high. The main
exceptions are liquidity traders whose flow consists mostly of resting limit orders, or whose
individual orders exceed top-of-book depth across venues (O'Hara and Ye 2011). Given the
broad reach of order protection, we posit ¢ € [0.50,0.75] for US stocks, with the same range
applying to both large-cap and small-cap stocks.!”

8.2.2 Fragmentation potential ¢

For each market segment, we use equation (19) to translate empirical evidence on E* into
a corresponding statement about ®. For European large-cap stocks, the empirical evidence
pins down E* at a specific value; since ® is increasing in ¢ for a given E*, we report ® at
both endpoints of the ¢ interval. For the other three segments, the empirical evidence yields
only a one-sided bound on E*. Since the implied bound on ® varies with ¢, we use the most

restrictive bound for which the constraint on E* holds across the full calibrated ¢ interval.

European large-cap stocks. Degryse et al. (2015), analyzing 51 Dutch stocks over the
period from November 2007 to December 2009, document an inverted U-shaped relationship
between visible fragmentation and consolidated depth (see their Figure 4). The fragmenta-

tion level at which consolidated depth is maximal corresponds to E* in our model. Using

I"Marketable orders (market orders and marketable limit orders) correspond to the unconditional market
orders in our model; order protection routes them to the best-priced venue. Resting limit orders, and orders
exceeding displayed depth at the best bid or offer, remain tied to a single venue. The ¢ range reflects
uncertainty about the relative magnitude of these two categories.
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their fragmentation index, the peak occurs at FI ~ 0.5 for large-cap stocks, corresponding
to £ = 2. Hence the value of ® ranges from 32 (at ¢ = 0.05) to 33 (at ¢ = 0.30).

US large-cap stocks. For US large-cap stocks, no comparable inverted U-shape has been
documented in the data. Fragmentation appears to have been beneficial for large-cap stocks
throughout the sample periods studied (O’Hara and Ye 2011; Haslag and Ringgenberg 2023).
This means that the US market has not yet reached E*, even for the most fragmented stocks
with E.g ~ 8. So we take E* > 8. At ¢ = 0.75 (the binding value of ¢, which determines
the most restrictive bound), the implied lower bound on ® is 234.'® This is about 7 times

the value of ® for European large-cap stocks, consistent with the larger investor base in the
UsS.

European small-cap stocks. The empirical evidence shows that fragmentation reduces
global liquidity for European small-cap stocks (Gresse 2017; Lausen et al. 2022). In terms
of our model, this implies that either E* = 1 (so that any fragmentation reduces global
liquidity, which requires ® < 16), or £* > 1 but actual fragmentation exceeds E*. The
full-sample peak in Degryse et al. (2015) occurs at FI ~ 0.4 (E* ~ 1.7), which is below the
large-cap peak. Since the full sample is a mix of large- and small-cap stocks, the small-cap
peak would be lower still. Taking E* < 1.2 and applying the constraint at ¢ = 0.02 (the
binding value of ¢), the implied upper bound on & is 19.

US small-cap stocks. For US small-cap stocks, Haslag and Ringgenberg (2023) find that
fragmentation reduced global liquidity over the 2003-2016 period, when fragmentation rose
from FEeg ~ 1.5 to Eeg ~ 4-5. Taking E* < 4 and applying the constraint at ¢ = 0.50 (the
binding value of ¢), the implied upper bound on & is 78.

8.3 Results

Figure 3 displays the theoretical relationship between E*, E , and ® for Europe and the US
separately, reflecting the different ranges of ¢ for the two regions. In each panel, the blue and
red bands show the set of values of E* and E as  varies over the interval indicated in the
top-left corner, with the midline corresponding to the midpoint of that interval. The gray
rectangles mark the observed effective number of exchanges F.g for each market segment,

spanning the calibrated values of ® on the horizontal axis and F.g on the vertical axis.

BFrom (19), E* =8 at ¢ = 0.75 and ® = 234. Since E* is strictly decreasing in ¢ and strictly increasing
in @ (Proposition 5.2 (iv)), we have E* > 8 for all ¢ € [0.50,0.75] and ® > 234.
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Figure 3: The thresholds E* (solid blue) and E (dashed red) as functions of the fragmentation
potential ®. Note the different axis scales in the two panels.

The figure illustrates the main features of the theoretical relationship described in Propo-
sitions 5.2 and 7.3: E* and F are strictly increasing in ® and strictly decreasing in ¢, and
E > E* for any given (i, @). Table 1 summarizes the results and compares the model-implied

values of E to the estimates of E.q and E* inferred from the empirical evidence.

Table 1: Summary of Results

Market segment % d E* E Eog Assessment

Large-cap (EUR) 0.05-0.30 32-33 2 56 225 E<Eg<FE
Large-cap (US) 050075 >234 >8 >11 78 FEg<E'<FE
Small-cap (EUR) 0.02-0.10 <19 <12 <5 1215 E*<Eg<ZFE
Small-cap (US)  0.50-0.75 <78 <4 <7 45 E<EgsE

Note: E* > 1 and E > 2 for all (¢, ®) (Proposition 7.3 (i)).

Three of the four segments—FEuropean large-caps, US large-caps, and European small-
caps—have E.g below the calibrated E. Fragmentation has therefore continued to enhance
global price informativeness in these segments, including those where it has reduced global
liquidity. For US small-caps, the position of E.g relative to E depends on where in the cali-
brated ® range one looks: at the lower end, E ~ 3 and E. is in the excessive-fragmentation
regime; at the upper end, E =~ 6-7 and F4 remains below it.

A common thread runs through these results. The thresholds E* and E differ across
stock types primarily because of differences in ®. Large-cap stocks have a larger investor
base, of both liquidity traders and speculators, and less information asymmetry, each of which
raises ¢ and shifts the thresholds upward (Propositions 5.2 and 7.3). The calibrated ® values
inherit this ordering, with US large-caps highest and European small-caps lowest. The model
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thus offers a unified theoretical interpretation of the differential effects of fragmentation

across the four market segments.

9 Extensions

In the Online Appendix, we extend the baseline model in several directions:

i. Uniform holding costs: Speculators incur the same holding cost as that borne by

liquidity traders. Thus all agents have the same holding cost parameter k.

ii. CARA utility: Liquidity traders have constant absolute risk aversion. There is no

holding cost for any agent.

iii. Correlated endowment shocks: The endowment shocks of liquidity traders are corre-
lated.

iv. Endogenous information acquisition: The number of speculators is endogenous, with

each speculator paying a fixed cost in order to learn the realization of the asset payoft.

In (ii), (iii), and (iv), we assume that there are no unrestricted liquidity traders, i.e. LY = 0,
in order to achieve tractability. In the first three extensions, we show that our main results
on liquidity and welfare still hold. Market fragmentation reduces local liquidity A~!. Under

suitable conditions, global liquidity ~~!

increases until the number of exchanges reaches some
level E*, and then falls, just as in Figure 1. Restricted liquidity traders are always hurt by
fragmentation, while the welfare of unrestricted traders is maximized at E*, the same level
at which global liquidity is highest.

In the second and third extensions, our results on price informativeness, for the case
where LYV = 0, also carry over. Fragmentation increases global price informativeness, while
leaving local price informativeness unchanged. Since E = oo in these extensions, the wedge
E > E* identified in Proposition 7.3 holds trivially. In the first extension, however, we
find that global price informativeness may not have the inverted U-shape depicted in Figure
2; the wedge is therefore tied to our baseline assumption that only liquidity traders bear
holding costs.

In our fourth extension, we show that when information acquisition is endogenous, frag-
mentation can induce speculator entry or exit, depending on the parameters. Entry of
speculators can intensify speculator competition, raise local liquidity, and lead to a Pareto
improvement. Exit of speculators can cause global price informativeness to fall as £ in-
creases. These results suggest that the long-run and short-run effects of fragmentation can

differ substantially.
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10 Conclusion

In this paper, we analyze the impact of financial market fragmentation on the balance be-
tween the trades of different categories of agents, who differ in terms of information and
market access, and thereby on adverse selection and price discovery. Our model, despite its
simplicity, generates results that match observed empirical regularities that have remained
unexplained to date.

Three key insights emerge from our analysis. First, the implications of fragmentation
for global liquidity and welfare depend critically on initial market conditions. If initial lig-
uidity is sufficiently high, moderate fragmentation increases global liquidity and benefits
unrestricted traders. This occurs when there is a large investor base, or when the asym-
metry in information is limited. Our model provides an explanation for why the effect of
fragmentation on global liquidity is positive for large-cap stocks but negative for small-cap
stocks—a pattern documented empirically but not previously explained theoretically.

Second, our results provide the first theoretical rationale for the inverted U-shaped rela-
tionship between global liquidity and the degree of fragmentation documented in the empiri-
cal literature. We find that the relationship of global price informativeness to fragmentation
also displays an inverted U-shape, but with a higher peak. Beyond the price informativeness
peak, further fragmentation lowers both global liquidity and global price informativeness,
and makes all traders worse off.

Third, fragmentation creates winners and losers. The welfare impact on an agent depends
on her market access, rather than on her information, and it is tightly linked to liquidity.
Local traders always suffer from reduced local liquidity, while global traders benefit from
any improvement in global liquidity. This distributional impact has been neglected in the
literature.

Our model provides theoretical support for regulatory concerns about excessive mar-
ket fragmentation, while identifying specific thresholds beyond which intervention may be
warranted. Our analysis suggests that, when evaluating proposals about market design, reg-
ulators should consider market-specific factors including existing liquidity levels, the size of
the investor population, and the degree of asymmetric information. Markets with a small
number of traders, or those with substantial informational asymmetry, can be negatively im-
pacted by fragmentation. Our quantitative exercise indicates that observed fragmentation
remains below the price-informativeness-maximizing threshold E in most market segments.

Our model abstracts from intermarket competition and dark trading. Both of these would
be substantive extensions rather than refinements, and we leave them to future research. The

wedge between liquidity-maximizing and informativeness-maximizing fragmentation, and the
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small set of parameters that governs it, are what we hope future work on market design can

build on.

Appendix: Proofs

Proof of Lemma 4.1 The price on exchange i is given by (8). Let QY, := dverv vz Yo
and QF_, == ,cin o ¢ Yo From the perspective of an individual trader, the price function

1S

P = A5 = DBu+a’Q +a"Qf + 47,
vl = A[SBo+a" QY + o Qf + ¢if]
Pl = A[SBu+aQY + Q. +qff],

for speculators, unrestricted liquidity traders, and restricted liquidity traders, respectively.
From (1)—(3), we have

E(WSJo) = Y [[1 = (S = DAGlvgf = A (¢)’]

el
2
k
BV Jy) = -2 (d7)" - 3 (Z G — yz) ,
i€E i€eE

k
]E(Wiﬂye) =—A (qg)z D) (C]f} - yz)Q-

Hence, the optimal trades are

s 1—(S—1))B

v k(ye — D jen quf) 1
Qiz - 2)\ ) (3 )
k
R _
From (30), L (§— 1A
p= X :

which yields (9). From (31),

U k(ye - ECVUZ/@)
iy 2\
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Hence,
v k(1 —EaY)

=T
which gives us (10). Equation (11) follows from (32). O
Proof of Proposition 4.2 From (5),
COV(”? ql)
i = Bl = —— =6
pi = E[vlq] Var(q)

Since p; = A\g;, we have

)= COV(U7 ql)

-~ Var(q)
From (7),
COV(Uu ql) = 55012)7
Var(q;) = S?p%0% + [LY (aV)* + LR(ozR)z]aj.
Therefore,
N 560’
© S2B202 + [LY(aV)? 4 LE(a)?]o2’

Using (9),

ALY (V) + L (a™)?] o7 = (1 — SAB)SBo,

S S
1+5] @+

_ S 2
TSN
so that, using (10) and (11),
0,_5 _ [LU(O_/U)2 +LR(aR)2] (1 +S)2)\2
os S
B Lv N L% k(1 + S)Q)\2
CL(RE 4202 (k+2)0)2 S
B LY N LE K31+ S)?
CL(REATT+2)2 0 (kA +2)2 S '
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Thus A solves f(\; E) = 0, where

L E 1R(149)? o
A (5 ) N {5 e )] I (38)

We have limy_,o f(A\; E) < 0. Also, 0f(\; E)/ON > 0. Hence, if there is a solution to
f(A; E) =0, it must be unique. A solution exists if and only if

, K> (LY + L) (1 + 8)? o2
A S E) = 15 A

which gives us condition (13), which is easily seen to be equivalent to (14). If LY = 0, (13)
is equivalent to E < E. U

Proof of Proposition 5.1 Proof of (1): From (38), A solves f(\; E) = 0, where

v I R(1+S5)? o
TE) = e T2 TR 128§ o (39)

Dividing through by LY + L, and using the definitions of ¢ and ® in (12), gives us (16).

Proof of (ii): From (16), A solves f(X; E, k,p,®) = 0, where

£ ._ b l—¢ -1
T E ko ®) = oo Y B o~ 2 (40)

We have 8f /0 > 0, and 9f /OE < 0. Hence, from
of ox of
oxoE " oB

we conclude that ON/OE > 0.

Now we consider the limit of A as E approaches its upper bound E, given by (15). If
LY > 0, then E = oco. Since ON/OE > 0, and limp f()\;E, k,p,®) < 0, we must have
limpg o0 A(E) = 00. If LV = 0, we have E = E;. Furthermore, ¢ = 0 and ® = 4}, so that

R 1 1
NE ko, @)= - —.
f( Y Y 7(107 ) E(k)\fl + 2)2 4E1

Let A := limg_, 5 A(E). Since f(M(E); E, k,¢,®) =0 for all E € [1, E;), we have

N A< = 1 1
li ME), E ko, ®) = f(\ELEk o, @) = =——= ——=0
El)HEl'lf( ( )7 Y 7()07 ) f( I 1, 7%07 ) El(lf)\_1+2)2 4E1 b
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implying that A = oco.

Proof of (ii1): From (40), v solves g(v; E, k, ¢, ®) = 0, where

g(v; B k, 0, @) = B
9(77 y V5 ) (]{37—1"’_2)2 + (]{;’y_1+2E)2

(41)

If L =0, then ¢ = 1. It follows that ¢ is independent of E, and hence so is 7.
Proof of (iv): 1f L > 0, then from (41) we have 93/9v > 0, and

@K
oF
x ky! —2F
x k— 2\

(ky™' +2E)? —4B(ky™' +2E)

Hence, from
oi0n  0i
oyoE  OE 7

we see that 3 50
T A _
55 < o 2\ — k.

Proof of (v): From (40), 8f /OX > 0, and 8f/8® > 0. Hence, from
af o aof
oo "ae "
we conclude that OA/0® < 0. Furthermore, 0v/0® = (97/0N)(ON/0P) x ON/0P < 0.

Comparative statics in footnote 13: From (39), f(\; E) is strictly increasing in A. It is also
strictly increasing in LY, L, and k. It follows that ) is strictly decreasing in these parameters.
Clearly the same is true of v := \/E. O

Proof of Proposition 5.2 Proof of (i)-(iii): From (16), A(1) < k/2 if and only if & > 16.

The results now follow from parts (ii) and (iv) of Proposition 5.1.

Proof of (iv): Suppose E* > 1. Then M\(E*) = k/2, and (19) follows from (16). From
(19), it is clear that E* is a function of (¢, ®). Implicitly differentiating (19), we obtain the

desired comparative statics results.

Comparative statics in footnote 1j: 1f E* > 1, then E* solves f(k/2; E) = 0, where f is
given by (39). The function f(k/2; F) is strictly decreasing in E. It is also strictly increasing
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in LY. Tt follows that £* is strictly increasing in LY. O

Proof of Lemma 6.1 To calculate equilibrium utilities, we use (1)—(3), (8), and Lemma
4.1. For speculators,

W= (v—p)g’ =>_ {v — A(SBv + QY + a"Qf)| Av,

el i€ER

so that

E (W?) = (1 — SAB)Efo?
= [1 — HLS] Eﬁog
E 2
1+ 52\
1 2
1+

For unrestricted liquidity traders,

i€l i€EE

2
k
W= (v=pdag —yew -5 (Z g — ye)

= Z [v —A(SBv + v QY + ozRQf)} Yy — ypw — g (EOéUye — ye)Q )
icE

so that

k
E (W) = =\E(a")?0) — 5(Eo/f —1)%0)

CARE + §(4A2)02
(kE+2))2 Y
B kX,
T RE+ 2
ky o2
k+2vy Y

For restricted liquidity traders,

k 2
Wi’f =(v— pi)Qﬁ — YU — 5 (sz - ye)
k
= [U — AM(Spv+"QY + OZRQZR)] a'yy — yw — 3 (aty, — y£)2 :
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so that

o

E (W5) = =Ma™)?o — Z(a" = 1)%0)
AR+ §(4A2)U2

(k4212 Y

kA

= — o

2
k+2XY

[\)

This completes the proof. 0]

Proof of Lemma 7.1 From (8) and (9),

QY +a"QI
Sp T 1+5

pi=ASE |v+ (v+n" +nf).

Using (9) and (37), we have

S
v, ory_ L@+ LR o) mrsmeor ol
Var(ﬁ +1; ) = (Sﬂ)2 = 52 = F
(145)2)2

Note that n¥ and nf are independent. The relations in (27) follow from the definition of Y,

and from (9) and (10). O

Proof of Proposition 7.2 All the results follow from the observations in the text preceding

the statement of the proposition, except for the formulas for price informativeness. We now

derive these formulas.

Using (23), (33), (34), and (9), in that order, price informativeness on exchange i is given

by

() = Al
B Var(v) — (Var(v) — _[Cov:(ﬁ;‘f)W)
B Var(v)
[Cov(v, ¢;)]?
Var(q;)o?
Cov(v, ¢;)

=A

2
Oy

= \S@
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Since V;(FE), does not depend on i or on F, we have V;(E) = V;(1) = V(1).
Next, we derive the formula for V(E) in part (iv) of the proposition. Given the form
taken by p; (equation (8)), we see that the average price across exchanges is a sufficient

statistic for the set of all prices. Thus we have
E
i=1

r F
_ vou L & R
= Var (U SPv+a” Q" + ;:1 Q; )

_ e S22
v 202 £ [LV(aV)? + B LE(aR)?o?’

Var(v|p1, pa, - .., pp) = Var <U

so that, using (24) and (35),
5?3202
S23262 + [LV(aV )2 + B LR(aF)?]o?
[ 526%02 + [LV (aV)? + LE(a®)0? (1 - El)L%R)%j] -

1%

523202 523202
: 9 = o -1
_ | (oY E-Dloy (42)
Si \ B ) E2S%0? |

This formula for V is valid for LY > 0, and we have not yet used the optimal strategies of

agents. Using these strategies (equations (9) and (11)), we obtain

V:

2 T ~2 -1
1+S  (k(1+95)\" (E—-1)Lo,
S kA1 42 E25202

Setting LY = 0 in (39), and noting that ) is is a zero of f(\; E), we have

1 E S o2

kANT+22 L K(1+8)? o2
Substituting this expression into (43) gives us

—1
1
s ES] 1+ (ES)7V

1+5 FE-1
v= |
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as desired. O

Proof of Proposition 7.3 Proof of (1)-(iii): From (43), we can write V as follows:

V:

L+8 o (1+5\*kLoj B 5. VE-1
S S 02 ’ Bk +2)

From (38), ¢ solves h(d; E') = 0, where

U T 2 2 1 2 2
h(6; E) = L 2+§]{51 ul ;S) —%. (44)
(VE(;l (B - 1)) y

We have
Oh(d; E) 06 N Oh(0; E) 0
06 OF oE

Furthermore, 0V /0§ > 0, and 0h(d; E)/05 > 0. Therefore,

oV _ovo O E)
OE ~ 950E = OF )
2LV ( 1 2) L L
i o)y L
( E(S—I_Q(E_l)> 25\/E—1 (E—1)2

X

2L&° E—1 ’
U JR— —_— — —
o« 2LY(1 —46VE — 1) + CEVE ( 5 2(E 1))
o« LY(1 —46VE — 1)+ L(1 — 20V E — 1)3. (45)
Letting
. E—-1
=0WE—-1=——""—— 4
0:=0 BEiAT12) (46)

and dividing (45) by LY + L > 0, we have 9V/0FE 5(5; ©), where
E(8;0) 1= (1 —40) + (1 — p)(1 — 26)*.

The function £( - ;) is strictly decreasing, with £(1/4;0) = (1 — ¢)/8 > 0 and &£(1/2;¢) =
—p < 0. Hence £(-; ) has a unique zero, which lies in (1/4,1/2).
From (44), é solves h(d; E) = 0, where

o U s2 T 52 2(1 2 2
M) L LB | B(1+8) o
(E—1)2(1—20)2 (E—1) S ay
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We have o . o
Oh(d; E) 96 N Oh(6; E) 0
96 OF orE

Since Ah/dé > 0, and Oh/OE < 0, we get 95 /OF > 0.
Given the equilibrium mapping A\ = A(E), we can write 6 = 6(E), from (46). We have

(1) = 0. Since limp_, 5 A = oo (Proposition 5.1 (ii)) and E = co in the current setting with
LY > 0, we have limp_,o, & = 1/2. Hence 0(-) is a strictly increasing bijection from [1,00)
onto [0,1/2), and there is a unique E at which 0(E) equals the zero of £( - ;). Since &(-;¢)
is strictly decreasing in 6 and §(-) is strictly increasing in E, 9V/0E > 0 for E < E and
V/OE < 0 for E > E.

Finally, (£) > 1/4 from the bound on the zero of £(-;¢). From (46), §(E) < (E —
1)/(2E), so 6(E) > 1/4 implies E > 2. Moreover, if E* > 1, then A\(E*) = k/2 and
0(E*) = (E* —1)/(4E*) < 1/4; if E* = 1, then §(E*) = 0. Either way, 0(E*) < 1/4 < §(E),
so &/ > E*.

A A

Proof of (iv): From the proof of parts (i)—(iii), 6(£) is the unique zero of £( - ;) in (1/4,1/2),
i.e. (29) holds; together with the equilibrium condition (16) on A, this establishes the first
statement of part (iv). Using (46), we can write (16) as

042 [(L +(1-p)E| =(E-1)> (47)

1 —24)2

Since §(E) depends only on ¢, equation (47) determines E as a function of ¢ and ®.
Differentiating (47) with respect to ® at fixed ¢ (and hence fixed ), we obtain

OE R oE

i P Y 52(1 — )22 — 9(B — N2
(5[( +(1—p)E| 4+ ®6°(1 gp)aq) 2(FE 1)(?@’

1—20)?

i.e.

> ) aE_AQ 14 r
[2(E—1)— @ (1—@]6—@_6 [m+(1—¢)E

Using (47) to substitute ®62(1 — p)E = (E — 1)% — ®62%p/(1 — 26)2, the coefficient on the
LHS is

. . - 1] - D62y
20E 1) -0 (1—p)=2(F 1) — = |[(E—-1) - —L—
( ) (=) =2( ) E( ) (1_25)2]
C2B(E 1) — (E—1)2+ ®0%p/(1 — 25)?
E
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~

(B —1)(F + 1) + ®6%p/(1 — 25)2
E

> 0,

so OE/0® > 0.

We turn to dE/dp. Let u := 1 — 24, so u € (0,1/2). In terms of u, equation (29) is
©(2u — 1) + (1 — p)u® = 0, which gives us

u? u?

R Rl p—e (48)

¥

It is straightforward to check that dy/du > 0 on (0,1/2), so u is a strictly increasing function
of .

Substituting (48) into (47), and using & = (1 —u)/2, (1 —26)® = w2, and 1 — ¢ =
(1 —2u)/(1 — 2u + u?), equation (47) becomes

1—u

— 7 — 5 — 2 [
Pb(u)[u+ (1—-2u)E] =(EF—1)*  blu): T > 0. (49)
Implicitly differentiating (49) with respect to u at fixed ® yields
. OF ) . .
[2(E — 1) — ®b(u)(1 — 2u)] B0 = OV (u) [u+ (1 —2u)E] + ®b(u)(1 —2E).  (50)

We show that the coefficient on the LHS of (50) is positive. Using (49),

2E —1) — ®b(u)(1 — 2u) = 2(E — 1) — (il (11) _(12;)25)

o 2[u+ (1 —2u)E] — (E — 1)(1 — 2u)
= 2u+ (1 —2u)(E+1) > 0.

Therefore, using (50), and the identity o'(u)/b(u) = u(2 — u)/(1 — 2u + u?),

oL

S o B (w)u+ (1 2u)E] + Bb(u) (1 - 28)
%[w (1-2u)E] + (1 - 2E)

o u(2 —u)u+ (1 —2u)E] + (1 — 2E)(1 — 2u + u®)
= (1—2u+2u?) — (2—6u+5u>)E

< (1 —=2u+ 2u®) — 2(2 — 6u + 5u?)

= —(3 — 10u + 8u?)
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=—(4u—3)(2u—1) <0,

where the first inequality in the above chain follows from the observation that 2—6u+5u? > 0
everywhere (the discriminant is negative), and E > 2 from part (i) of the proposition, and
the second inequality is due to the fact that u € (0,1/2). Combining F/du < 0 with
du/dp > 0, we conclude that OE /9y < 0. O
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A1l Introduction

In this Online Appendix, we present extensions of the model outlined in Section 9 of the
paper. These extensions do not admit a parsimonious description of the equilibrium in
terms of composite parameters analogous to (¢, ®). Nevertheless, the main results of the
paper continue to hold in all except the last extension, where we endogenize information
acquisition.

For ease of exposition, we state all the results even when they significantly overlap with
those in the baseline model. The numbers for equations, lemmas, and propositions corre-
spond to those in the paper, unless they are specific to the Online Appendix, in which case

the numbers are prefixed by an “A”. All proofs are in Section AG.

A2 Uniform Holding Costs

In this section, we study the case where speculators incur the same holding cost as liquidity
traders. We show that our main results carry over to this setting. Local liquidity A™(F) is
strictly decreasing in E. Under suitable conditions, global liquidity v~'(E) has an inverted
U-shape, and is maximized at some level E*, as in Figure 1. The welfare of restricted and
unrestricted traders is monotonically increasing in local and global liquidity, respectively.
However, it is possible that global price informativeness does not have the inverted U-shape
depicted in Figure 2.
The payoff of a speculator is given by

2
k
WS=3 (v—p)a} -5 ( qf) :
i€R i

instead of (1). The payoffs of liquidity traders are the same as in the main model, given by
(2) and (3). We begin with the analog of Lemma 4.1:

Lemma A2.1 (Optimal strategies) Suppose prices are given by p; = \g;, i € E, for

some X\ > 0. Then the following strategies are optimal for agents: ¢° = Pv, ¢4 = a%y,, and
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gt = alty,, where

1
- Al
p kE + (1+S)\’ (A1)
2
U _
Y T RE+ 2N (A2)
Rk
k+ 2\

Unsurprisingly, speculators trade less when they incur holding costs. They also trade less
on each exchange as the number of exchanges goes up. The optimal strategies of liquidity
traders are the same as in the main model.

We have the following analog of Proposition 4.2:

Proposition A2.2 (Equilibrium existence and uniqueness) For any given E, a linear

equilibrium exists if
FLY+LH(1+85) o,

== > 1. A
45 o2 ~ (A3)

Furthermore, if a linear equilibrium exists, it is unique (in the class of linear equilibria) if

U
p<3 (Ad)
3
. 1495
E< +2 . (A5)

The condition for existence is the same as in the main model ((A3) is the same as (13)).
Uniqueness, on the other hand, can only be assured if the level of fragmentation is below an

upper bound given by (A4) or (A5). Letting

- L1+ 9)* o

El . 45 * 0-_12]7 <A6)

_ 1498

EQ = + y (A?)

2
we define an upper bound for E as follows:
min{E, By}, if LV =0,
_ | min{Fr Fa) (A8)

EQ, if LU > 0.

For the rest of this section we assume that E € [1, E), and that condition (A3) holds. If
LY = 0, condition (A3) is, in fact, equivalent to E < E;. The restriction E € [1, E) also
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implies that £ < E, i.e. condition (A5) holds, ensuring that equilibrium is unique. We do
not invoke condition (A4) in the results that follow.

The analog of Proposition 5.1 is:

Proposition A2.3 (Price impact) We have the following results on price impact:
i. ONJOE > 0.
. If L =0, v is independent of E.

iii. If L >0, 0v/0F o 2\ — k.

iv. Both A and v are strictly decreasing in LYV, L, and 02, and strictly increasing in o>.
Comparing Proposition A2.3 to Proposition 5.1, we see that essentially all the results
go through. The only difference is that the comparative statics in S and k£ are no longer
unambiguous (cf. footnote 13), and A does not satisfy the condition limy_, 5 A = oco.
For our next result, we define
A K2(LY + L)(3+5)? o,
b 488 o2’
4LY L E*(1+ 59)? 05

Ay = )
2= 191 +35)7 " 2(1+99)] S@+95) o2

Proposition A2.4 (Maximal global liquidity) Suppose L > 0, and Ay < 1. Then we

have the following results on the number of exchanges E* at which global liquidity is mazimal:
i. There exists E* € [1, E) such that y(E) is minimized at E*.

it. E* =1 if and only if N(1) > k/2, or equivalently Ay < 1. Furthermore, if E* = 1, then
0v/OE > 0 for E > 1.

iti. E* > 1 if and only if N(1) < k/2, or equivalently Ay > 1. Furthermore, if E* > 1, then
0v/OFE <0 for E < E*, and 0v/0E > 0 for E > E*.

w. If B* > 1, it is strictly increasing in LY, L, and 05, and strictly decreasing in o?.
Proposition A2.4 is the same as Proposition 5.2 except for the following differences.
First, the inequality A(1) < k/2 is equivalent to A; > 1 instead of ® > 16 in the main paper.
Second, we impose an additional condition, Ay < 1. The role of this condition is to ensure
that \ exceeds k/2 before E reaches its upper bound E; without it, v(E) is strictly decreasing

on the entire interval [1, E), and there is no interior E* at which global liquidity is maximal.

A4



Since A, is strictly decreasing in S and converges to zero as S goes to infinity, we have
Ay < 1 for sufficiently large S. More generally, A; < 1 when the number of speculators, and
the degree of asymmetric information as measured by o2, are large relative to the number
of liquidity traders and the size of the liquidity shock crg. Third, we do not have the result
that E* is increasing in S or in k (cf. footnote 14).

Equilibrium utilities are the same as in the main model, as stated in Lemma 6.1, except

for speculators:

Lemma A2.5 (Equilibrium utilities) FEquilibrium utilities for given E are

Us :=F (WS) = b+ 2y 2‘712;;
2[k+ (14 9)7]
U._ Uy _ ky
U .—E(WZ)— k‘+27%’
kX
L{R::E(I/I/i?):—k_f_”\a;.

While the expression for ¢ differs from that in the main model, it has the same key
properties: U depends on E only through 7 and it is strictly decreasing in 7. It is easy
to check that Corollary 6.2 holds with no modification, and Proposition 6.3 holds with the

conditions on ® replaced by the corresponding conditions on Aj;.

Corollary A2.6 Suppose all agents are unrestricted (L = 0). Then the welfare of any agent

1s the same for any degree of fragmentation.

Proposition A2.7 (Welfare: General case) Suppose L > 0. Then market fragmenta-

tion impacts welfare as follows:
i. The welfare of restricted liquidity traders is strictly decreasing in E.
it. The welfare of unrestricted traders is mazximized at E*.

iii. If X(1) > k/2, or equivalently Ay < 1, then E* = 1, and an increase in E makes all

agents worse off.

. If X(1) < k/2, or equivalently Ay > 1, then E* > 1. Furthermore, the welfare of
unrestricted traders is strictly increasing in E for E < E*, and strictly decreasing in
E for E > E*.

Finally, we turn to price informativeness. We have the following analog of Lemma 7.1:
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Lemma A2.8 The equilibrium price on exchange i is given by

Sy
bi = 7(U+77U+77zR)a

k+(145)
where nV := aVQY /(SB), and nf .= a"QF/(SB). Furthermore,

E+v ,

Var(n” +n}) = Var(n”) + Var(n}*) = 55 v (A9)
and aU\2 LUo? k4 (14 S)y 221U 52
Uy _ v _ y

Var(n™) = ( 5 ) 5 { P ] S (A10)

Comparing Lemma A2.8 to Lemma 7.1, the main difference is that the variance of the
noise in the price signal, Var(nV + nft), is not independent of E. It depends on E through
v, and it is strictly decreasing in . The variance of the common noise component of the
price signal, Var(nY), is still strictly increasing in v, unless S = 1, in which case it does not
depend on v and hence is independent of F.

Since Var(nY + nft) is strictly decreasing in v, local price informativeness on any ex-
change is strictly increasing in . This is in contrast to the main model, where local price
informativeness does not depend on liquidity, local or global.

If L =0, then nf = 0 for all 4, and the price is the same on every exchange. Hence,
global price informativeness is equal to local price informativeness. Moreover, since 7 is
independent of E when L = 0 (Proposition A2.3 (ii)), local and global price informativeness
are also independent of E.

If L > 0, prices on different exchanges are not perfectly correlated, as in the main model.
However, unlike the main model, fragmentation can lower local price informativeness, so
that Proposition 7.2 (i) does not carry over.

If LY = 0, then ¥ = 0, and the price signals, {v + nf}icp, are conditionally indepen-
dent and identically distributed signals about v. We will show below that V(F) is strictly
increasing, even though Var(nf) is not invariant with respect to £ as in the main model (it
is, in fact, non-monotonic in F; see (A9)).

We can now state the analog of Proposition 7.2. Parts (i) and (ii) follow from the above
observations. Part (iii) follows from part (i) combined with our previous results on the
number of exchanges E* at which v is minimized (Proposition A2.4). A proof of part (iv) is
in Section AG.

Proposition A2.9 (Price informativeness)

1. V; s strictly increasing in 7.
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ii. If L =0, V(E)=V,(E)=V(1) for alli € E, and for all E € [1, ).

ii. If L > 0, V; is minimized at E*. If E* > 1, V; is strictly decreasing for E < E* and
strictly increasing for £ > E*.

. If LY =0, V(E) is strictly increasing in E.

As in the main model, local price informativeness V; is the same for all i € E when
L = 0. However, unlike the main model, it varies with £ when L > 0. In fact, it is inversely
related to global liquidity. Local price informativeness is minimized when global liquidity is
maximized.

The results for global price informativeness in Proposition A2.9 are the same as in the
main model, except for Proposition 7.2 (iii). If there are no restricted liquidity traders,
global price informativeness is the same as local price informativeness and does not depend
on the degree of market fragmentation. If all liquidity traders are restricted, on the other
hand, global price informativeness is increasing in the level of fragmentation.

For the case where some liquidity traders are restricted, it is difficult to fully characterize
the shape of V(F) as we did in Proposition 7.3 for the main model. However, we can show
that if there is only one speculator, V(FE) is strictly increasing for £ > E*, which contrasts

with the result in Proposition 7.3 that V(E) attains a maximum at F.

Proposition A2.10 (Global price informativeness) Suppose S = 1 and L > 0. Then
OV/OE >0 for E > E*.

The result follows from two observations. First, the variance of the noise in the price
signal on any exchange, Var(nY + nft), is strictly decreasing in « (equation (A9)), and hence
strictly decreasing in E for £ > E*. Second, with regard to the common component of the
noise, either LY = 0 and hence Y = 0, or LY > 0, in which case Var(n”) does not depend
on F when S =1 (equation (A10)).

A3 CARA Utility

In this section, we assume that liquidity traders have constant absolute risk aversion, with
the same coefficient . There is no holding cost for any agent. For tractability we assume
that there are no unrestricted liquidity traders (LY = 0).

Our main results, for the case where LY = 0, continue to hold in this setting. Local
liquidity A~ is strictly decreasing in E. Under suitable conditions, global liquidity v~ 1(E)

has an inverted U-shape, and is maximized at some level £*, as in Figure 1. The welfare of

AT



restricted liquidity traders is strictly decreasing in £, while that of unrestricted traders (spec-
ulators) is maximized at E*. Market fragmentation increases global price informativeness,
but has no effect on local price informativeness.

A restricted liquidity trader ¢ operating on exchange i solves

Hl%XE[— exp(—r W)y, (A11)

Qg

where
Wilg = (v— pﬁ)QiIz — Yev.

We assume throughout this section that L® > 1, which is a natural assumption, but one

that we did not need to invoke in the main model. We begin with the analog of Lemma 4.1.

Lemma A3.1 (Optimal strategies) Suppose prices are given by p; = Ag;, i € E, for
some X\ > 0. Then the following strategies are optimal for agents: ¢° = v, and ¢ = afy,,

where

1
b= (14 SN
R rLR(1 + S)o?

T LR+ (LE—1)S]o2 + 2LR(1 + S)2\’ (A13)

(A12)

The optimal strategy of a speculator is the same as in the main model, but that of a
restricted liquidity trader is different. Unlike the main model, the coefficient o® depends on
E through ) as well as through L. It is decreasing in both A and L¥. The dependence on
L% is due to the variance term in the denominator of the optimal asset position, given by
(A39) in the proof of Lemma A3.1 in Section A6. In particular, for a given value of A, an
increase in F lowers L, thereby reducing Var[v — pZ|y,], and hence increasing .

For existence of equilibrium, we need to impose an upper bound on E, given by

_ L
E -

=15 (A14)

Note that this is not the same upper bound as the one given by (15) but, as in the main
model, we can make it as large as desired with an appropriate choice of L. We have the

following analog of Proposition 4.2:

Proposition A3.2 (Equilibrium existence and uniqueness) For any E € [1,E), a

linear equilibrium exists if and only if

2 <royoy < Z, (A15)
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where

7= 2 (ETS> : (A16)

A e . (A17)

We have 0z/0FE > 0, 0Z/0F < 0, and img_,5 z = img_,5 Z = 1. Furthermore, if a linear

equilibrium exists, it is unique (in the class of linear equilibria).

We can interpret ro,0, as a measure of the hedging need of a restricted liquidity trader.
Existence of equilibrium requires this hedging need to be sufficiently high (ro,0, > z). This
is analogous to the existence condition in the main model which is satisfied if liquidity needs
are strong enough. Unlike the main model, however, we also need an upper bound on the
hedging need (ro,0, < Z) to ensure that the expected utility of a restricted liquidity trader
is well-defined. The proof shows that z < Z for all E € [1, E). The interval (z, Z) collapses
to a singleton as E — E. Henceforth, we assume that the existence condition (A15) is
satisfied.

Let ~ .
_ 4A(LES)2(1+S)

UE) =TT m)s - (A18)

Then we can state the analog of Proposition 5.1 as follows:

Proposition A3.3 (Price impact) We have the following results on price impact:
i. ONJOE >0, and limg_, 5\ = oco.
ii. 0v/0E x Q(E) — ro,oy.
iii. 0Q/OE >0, 0Q/0L < 0, 0Q/dS > 0, lim;_,.. Q = 0, and limg_,5 Q > ro,0,.
w. Both X\ and ~y are strictly decreasing in L, v, and JZ.

Proposition A3.3 is broadly similar to Proposition 5.1 (recall that we are assuming here
that LY = 0). The main difference is that the effect of fragmentation on global price impact
7 is pinned down by the relationship 0v/0E x Q(E) — ro,o,, instead of 0y/0E o 2\ — k.
Like A, @ is a strictly increasing function of E. This implies that the function «(E) has the

same shape as in the main model, as can be seen in the next proposition.

Proposition A3.4 (Maximal global liquidity) We have the following results on the num-

ber of exchanges E* at which global liquidity is maximal:

A9



i. There exists E* € [1, E) such that v(E) is minimized at E*.

i. E* =1 if and only if Q(1) > ro,o,. Furthermore, if E* = 1, then 0y/OE > 0 for
E>1.

iii. E* > 1 if and only if Q(1) < ro,o,. Furthermore, if E* > 1, then 0y/OE < 0 for
E < E*, and 0v/OF > 0 for E > E*.

w. Q(1) < ro,o,, and hence E* > 1, for sufficiently large L.

v. If E* > 1, it is strictly decreasing in S, and strictly increasing in L and ro,o,.

This result is analogous to Proposition 5.2, with Q(1) — ro,0, replacing A(1) — k/2.
However, it differs in two respects. First, E* is increasing in S in the main model (see
footnote 14), while here it is decreasing in S. As discussed in the paper, an increase in
S leads to higher adverse selection as well as more competition among speculators. The
competition effect dominates in the main model, but that is not the case here. Second, the
comparative static of E* with respect to o, is reversed. In the current setting, o, measures
not only the degree of asymmetric information, but also scales the hedging need ro,0,. The
latter effect is stronger.

Next, we calculate equilibrium utilities and analyze the welfare consequences of fragmen-

tation.
Lemma A3.5 (Equilibrium utilities) FEquilibrium utilities for given E are

L
(1+5)%7
U" ;= E[— exp(—rWi)] = —(1 - 20%)72, (A20)

U =E (W*) = (A19)

where

52 . T9u0y ravay(lz — E_)S +2(LES)z
2 L+(L-E)S

The equilibrium utility of a speculator is the same as in the main model. The calculations
for U™ are in the proof of Proposition A3.2 (see (A47) and (A48) in Section A6).

The following result is almost exactly as in the main model (Proposition 6.3), for the
case where LY = 0, with Q(1) — ro,0, replacing A\(1) — k/2.

Proposition A3.6 (Welfare) Market fragmentation impacts welfare as follows:

i. The welfare of restricted liquidity traders is strictly decreasing in E.

A10



1. The welfare of speculators is maximized at E*.
iii. If Q(1) > ro,0y, then E* =1, and an increase in E makes all agents worse off.

. If Q(1) < ro,oy, then E* > 1. Furthermore, the welfare of speculators is strictly
increasing in E for E < E*, and strictly decreasing in E for £ > E*.

Finally, we turn to price informativeness. We have the following analog of Proposition
7.2:

Proposition A3.7 (Price informativeness)
i. Vi(E)=V(1)=[1+ S, foralli € E, and for all E € 1, E).
iw. V(E) = [1+4 (ES)" Y, which is strictly increasing in E.

This result is exactly the same as Proposition 7.2 for the case where LV = 0. Also, since we

have set LY = 0, there are no analogs of Proposition 7.3 and Corollary 7.4.

A4 Correlated Endowment Shocks

In this section, we consider the case where the endowment shocks of liquidity traders are

correlated, with
corr(yp, yor) = p, WA (A21)

where p € [0,1). As in the main model, corr(v,y,) = 0 for all £. For tractability we assume
that there are no unrestricted liquidity traders (LY = 0).

The results of the main model, for the case where LY = 0, carry over to this setting.
Local liquidity A=! is strictly decreasing in E. Under suitable conditions, global liquidity
7~ }(E) has an inverted U-shape, and is maximized at some level E*, as in Figure 1. The
welfare of restricted liquidity traders is strictly decreasing in E, while that of unrestricted
traders (speculators) is maximized at E*. Market fragmentation increases global price in-
formativeness, while leaving local price informativeness unchanged.

As in Section A3, we assume throughout this section that L# > 1. We begin with the

analog of Lemma 4.1.

Lemma A4.1 (Optimal strategies) Suppose prices are given by p; = \g;, i € E, for

some X\ > 0. Then the following strategies are optimal for agents: ¢° = v, and ¢ = afy,,

All



where

1
b= (14 S)N
R k
k+2X+ Ap(LE = 1)

(A22)

«

(A23)

The optimal strategy of a speculator is the same as in the main model, but that of a
restricted liquidity trader is different. As in the main model, o is decreasing in A. But for
given ), it is also decreasing in the correlation coefficient p. The reason is that any given
liquidity trader expects other liquidity traders to trade in the same direction as her, since
their endowments are positively correlated with hers. For example, if the realized value of
ye is positive, she buys and expects other liquidity traders to buy as well, increasing the
expected price. This leads her to buy less, with the amount decreasing in p. An analogous
argument applies if y, < 0.

When p > 0, the coefficient o is also increasing in £. An increase in E lowers the
number of liquidity traders L¥ who compete with each other on any given exchange. This
competition effect is missing when p = 0 since in that case the trading motives of liquidity
traders are mutually independent.

We have the following analog of Proposition 4.2:

Proposition A4.2 (Equilibrium existence and uniqueness) For any given E, a linear
equilibrium exists if and only if
k(1= p+pL®)LR(1 4 5)* oy

H = PR -U—§>1. (A24)

Furthermore, if a linear equilibrium exists, it is unique (in the class of linear equilibria).

It is easy to check that H, as defined in condition (A24), is strictly increasing in L.
As in the main model, a linear equilibrium exists if liquidity needs (as measured by k, L,
or 02) are relatively high, if competition among speculators (as measured by (1 + S)?/S)
is sufficiently intense, or if the degree of asymmetric information (as measured by ¢2) is
sufficiently low. We assume that H > 1 for some E > 1.

Since H is strictly increasing in L?, and L® = L/E, it follows that H is strictly increasing
in L and strictly decreasing in E. Therefore, there exists £ > 1 such that H(E) = 1. The
existence condition H > 1 is equivalent to £ < E. Accordingly, we assume for the rest of
this section that E € [1, E). We can make E as high as we like by choosing a sufficiently

high value of L.
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Let
w(B) = (2= pAE)+ LB 1y, (A25)

The analog of Proposition 5.1 is:

Proposition A4.3 (Price impact) We have the following results on price impact:
i. ONJOE >0, and limp_, 5 A = 0.

ii. 0v/OF x w(E) — k.

2

v

i. Both X and v are strictly decreasing in S, L, k, and 02, and strictly increasing in o

This result is broadly similar to Proposition 5.1, under the assumption that LYV = 0.
The main difference is that the effect of market fragmentation on global price impact 7 is
pinned down by the relationship 0v/0F « w — k, instead of 7/0FE o« 2\ — k. Note that
w = 2\ when p = 0. For any p € [0,1), w shares a key property with 2\: once w exceeds k
for some level of fragmentation, it remains greater than k at higher levels of fragmentation.
Consequently, the function v(F) exhibits the same qualitative shape as in the main model,

as shown in the next proposition.

Proposition A4.4 (Maximal global liquidity) We have the following results on the num-

ber of exchanges E* at which global liquidity is maximal:
i. There exists E* € [1, E) such that v(E) is minimized at E*.
it. E* =1 1if and only if w(1) > k. Furthermore, if E* = 1, then 0v/OE > 0 for E > 1.

iii. E* > 1 if and only if w(1) < k. Furthermore, if E* > 1, then 0y/0E < 0 for E < E*,
and 0y/OE > 0 for E > E*.

iv. w(l) <k, and hence E* > 1, if either S or OZ are sufficiently large, or o2 is sufficiently

small.

2

v

v. If E* > 1, it is strictly increasing in S, k, and 03, and strictly decreasing in o

This result is analogous to Proposition 5.2, with w replacing 2\. The only part that is
materially different is that E* may not be increasing in L (cf. footnote 14).
Next, we calculate equilibrium utilities and analyze the welfare consequences of fragmen-

tation.
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Lemma A4.5 (Equilibrium utilities) FEquilibrium utilities for given E are

1
S=E(W*%) = ———02 A2
Z/{ (W ) (1+S)2"}/0—U’ ( 6)

k k(k + 2)\)E?
E_EWE =—=11- _ 2, A2
u (Wid) = =5 [(k+ 2\ — M) E + L2 | ¥ (A27)

The equilibrium utility of a speculator is the same as in the main model. The equilibrium
utility of a restricted liquidity trader is decreasing A, as in the main model, but it is also
increasing in F when p > 0. This is due to the competition effect alluded to earlier (see the
discussion of aff that follows Lemma A4.1). Thus an increase in £ has two opposing effects
on the utility of a restricted liquidity trader, a direct positive effect and an indirect negative
effect through \. The net effect is negative, just as in the main model, as we show in the
next result.

The following result is the same as Proposition 6.3, for the case where LY = 0, except

that w replaces 2\.
Proposition A4.6 (Welfare) Market fragmentation impacts welfare as follows:
i. The welfare of restricted liquidity traders is strictly decreasing in E.
1. The welfare of speculators is maximized at E*.
iin. If w(1) >k, then E* =1, and an increase in E makes all agents worse off.

w. Ifw(l) < k, then E* > 1. Furthermore, the welfare of speculators is strictly increasing
i E for E < E*, and strictly decreasing in E for E > E*.

Finally, we turn to price informativeness. The following result is the analog of Proposition
7.2.

Proposition A4.7 (Price informativeness)
i. Vi(E)=V(1)=[1+ S, foralli € E and for all E € [1, E).
ii. V(E) is strictly increasing in E, and strictly decreasing in p.

The effect of market fragmentation on price informativeness is the same as in the main
model, for the case where LY = 0. Local price informativeness does not depend on E, while
global price informativeness is strictly increasing in £. Global price informativeness is also
strictly decreasing in p. This is because a higher p makes prices more correlated across
exchanges. Since we assume here that LY = 0, there are no analogs of Proposition 7.3 and
Corollary 7.4.
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A5 Endogenous Information Acquisition

In the paper, as well as in the preceding extensions, the number of speculators is exogenous
and each speculator observes the fundamental v at no cost. In this section, we endogenize
information acquisition by speculators. For analytical tractability, we set LY = 0, so that all
liquidity traders are restricted. As we shall see, endogenizing private information leads to
results on liquidity, welfare, and price informativeness that differ markedly from those that
we derived in the paper. This is because market fragmentation can lead to entry or exit of
speculators, depending on the parameters and on the equilibrium under consideration.

First, we consider welfare. With exogenous information, fragmentation leads to lower
local liquidity (higher A\). Hence restricted liquidity traders are always worse off. When
information is endogenous, on the other hand, fragmentation can result in more speculators
entering the market. Greater competition among a higher number of speculators can in turn
raise liquidity on each exchange, which is Pareto improving.

Next, we look at price informativeness. When private information is exogenous, and all
liquidity traders are restricted, market fragmentation always increases global price informa-
tiveness. In contrast, when information is endogenous, market fragmentation can lower price
informativeness, due to exit of speculators from the market. This happens when liquidity is

relatively low to begin with, and fragmentation reduces it further.

A5.1 Equilibrium

We assume that each speculator must incur a cost ¢ > 0 in order to learn the realization of
the fundamental v. The number of speculators S is determined by the zero-profit condition
U¥ = ¢, where U? is the utility that a speculator derives from trading, given by (20). Thus
we have B2
m =c. (A28)
We define equilibrium as in Section 4, with the additional condition that S > 1, where S is
determined by (A28).
A key feature of this setup is that there may be multiple equilibria with different com-
parative statics properties. Existence and multiplicity of equilibrium can be characterized in
terms of the magnitude of liquidity needs, as measured by L := k2I_/a§; this is the same as

the first of component of the parameter ® in the paper, for the special case where LY = 0.
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Let

Lo 4ck(ck + Ec?)
1- EO'/?] Y
_ (2¢k + Ed2)?
“T T
_ (2¢k + Eo?)(6ck + Eo?)
Ly := T2 :

Note that £; < Ly < L3. By “generic subset of (a,b)” we mean “subset of (a,b) of full

Lebesgue measure”.

Proposition A5.1 (Equilibrium: Existence) There exists E such that there is no equi-
librium if E > E. For given E € [1, E], we have the following results:

i. For L < Ly, there is no equilibrium.

ii. For L in a generic subset of (L1, Ls), either there is no equilibrium, or there are two

equilibria.

iii. For L in a generic subset of [La, L3), either there are three equilibria, or there is a

unique equilibrium.
w. For L > L3, there is a unique equilibrium.

Thus there is no equilibrium if the magnitude of liquidity needs is low and a unique
equilibrium if it is high, while for intermediate values there are multiple equilibria. In
contrast, in the exogenous information case, equilibrium is always unique when it exists
(Proposition 4.2).

We identify an equilibrium by the price impact parameter A\ associated with it. If there
is a unique equilibrium, we denote it by A,. If there are two equilibria, we denote them by
A¢ and A, and if there are three equilibria, by Ag, A, and Ay, (0 < Ay < A\y < Ap). The
subscripts ¢, m, and h denote low, medium, and high price impact, respectively.

It turns out that a A\, equilibrium has the same comparative statics properties regardless
of whether the number of equilibria is 2 or 3. The same is true of a \,, equilibrium. When
we say that a certain property applies to a Ay, Ay, or A, equilibrium, it should be kept in
mind that these three types of equilibrium arise for different sets of parameters. Thus, if
there are two equilibria, there is no A\, or A\, equilibrium, and if the equilibrium is unique,
there is no A\s, A,,, or A\, equilibrium.

Of particular interest is the case where there are multiple equilibria. We already know

from Proposition A5.1 that a necessary condition for there to be multiple equilibria is that
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the magnitude of liquidity needs, as measured by L, is neither too low nor too high. In the

next result, we strengthen this condition to ensure that equilibrium is not unique.

Proposition A5.2 (Equilibrium: Multiplicity) Sufficient conditions for there to be mul-

tiple equilibria are as follows:
i. There are two equilibria if (a) c is sufficiently small, and (b) L1 < L < Ls.

ii. There are three equilibria if (a) ¢ is sufficiently small, and (b) Lo < L < Lo+ €, for

sufficiently small €.

Relative to the necessary conditions for multiplicity provided in Proposition A5.1, the suf-
ficient conditions in Proposition A5.2 further restrict the values of £, and specify that the

cost of acquiring information, ¢, is low.

A5.2 Liquidity and welfare

We now turn to the consequences of fragmentation for liquidity and welfare.

Proposition A5.3 (Liquidity and welfare) The effect of market fragmentation on lig-

widity and welfare is as follows:

i. At a N, A, or A, equilibrium, an increase in E lowers local liquidity. Market frag-

mentation is Pareto worsening.

it. At a Ny, equilibrium, an increase in E raises local liquidity. Market fragmentation is

Pareto improving.

Figure A1 illustrates equilibria for increasing levels of £ (see Proposition A5.2). We show
in Lemma A6.1 in Section AG that an equilibrium value of A solves f(\; E) = 0, where the
function f is defined by
k%L (1+S5)* o2

v

E(kA1+22 S o

Y

fONE) =

From (A28), for given F, the number of speculators is inversely related to A. The maximum
level of A corresponds to S = 1, and is given by Ayax = Fo2/(4c). In the proof of Proposition
A5.3, we show that 0f(\; F)/OF < 0. In Figure A1, this corresponds to a downward shift
in the graph of f when there is an increase in E. We can see from the figure that a higher
FE leads to an increase in A at a Ay, A\, or A\, equilibrium, and a decrease in A at a A,

equilibrium, as stated in Proposition A5.3.
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Recall that, when private information is exogenous, market fragmentation always lowers
local liquidity (Proposition 5.1 (ii)), making restricted liquidity traders worse off (Proposition
6.3 (i)). With endogenous information acquisition, market fragmentation can lead to entry
of more speculators accompanied by higher liquidity, both local and global. This is what
happens at a A, equilibrium. As a result, restricted liquidity traders are better off (from
(22)). Speculators break even due to the zero-profit condition (A28). Therefore, market

fragmentation is Pareto improving.

A5.3 Price informativeness

Finally, we turn to the effect of market fragmentation on price informativeness. From
Proposition 7.2, parts (i) and (iv), local and global price informativeness are given by
Vi=[1+ S and V = [1 + (ES)!]7!, respectively. Hence an increase in the num-
ber of exchanges E leads to higher local price informativeness V; if and only if the number of
speculators S goes up, and higher global price informativeness V if and only if the product
ES goes up. When information is exogenous, S is fixed, and hence an increase in E leads
to a higher V, while leaving V; unchanged, as we noted in our discussion of Proposition
7.2. But when speculators acquire information at a cost, S can increase or decrease when
E goes up. From Proposition A5.3 (ii), we see that, at a A, equilibrium, an increase in £
results in lower price impact A, attracting a higher number of speculators. Therefore, at a
Am equilibrium, market fragmentation leads to higher local and global price informativeness.
However, Proposition A5.3 (i) shows that \ is increasing in F at an equilibrium of any other
type. This gives rise to the possibility of a fall in the number of speculators as E increases,
to such an extent that E.S, and hence V), falls. If global price informativeness is lower, local

price informativeness must be lower as well (the converse is not true, however).

Proposition A5.4 (Price informativeness) Suppose Lo < L < Lo + €, for sufficiently
small €, and 6¢ck < Ec?. Then there exists an equilibrium such that market fragmentation

reduces both local and global price informativeness.

An equilibrium at which global (and hence also local) price informativeness is decreasing
in E is one where liquidity is relatively low, as is the number of speculators (this can be seen

from the proof in Section A6).! An increase in E lowers liquidity further.

'The proof also shows that this equilibrium is either a A, equilibrium or a \j, equilibrium.
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A6 Proofs

Proof of Lemma A2.1 We calculate $ as in the proof of Lemma 4.1. A speculator

maximizes

E(WSf) =3 [[1 = (5 = VA8 vl = A (¢)°] - g (Z qf) .

Using the first-order condition with respect to ¢, we get

1—(S—1A5]v— ijeEq]S

S pu—
o 2
= (S=1)N3lv—EkEBv
= 2 .
Hence
= 1—(S—1)A\3—kEfS
B 2 ’
which yields (A1). The optimal trades for liquidity traders are unaffected. O

Proof of Proposition A2.2 Substituting (A1) into (36), we have

U/ UN\2 R, w2 o (KE+X)So}
M + L% oy = g T e

so that, using (10) and (11),

o [LY(aY)? + LE(a®)?] [kE + (1 + S)A]?

v _ A
o2 S(kE + )
B LY . LT ] KKE + (14 AP
T L(KE+20)2 T (k+2))? S(kE + ) '
Thus A is a solution to f(A; E') = 0, where
L LY L RPEE+(1+S)\? . o2

fsB) = [(l{:E T onE T B+ 2A)2] S(kE + \) A~ o2 (A29)
AR [LYE(k +2X)? + L(KE + 2)0)?] [kE + (1+ S)AP? o2 A30
- ES(KE + N (KE + 20)2(k + 2))? o2 (A30)
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Since limy_,o f(A; E) < 0, a solution exists if

K2(LY + LM)(1+8)* oy
S E) = 15 T

which is equivalent to (A3).
Provided a solution exists, it must be unique if Of(A\; E)/OX > 0. We will show that this
is indeed the case under either of the two conditions (A4) or (A5). We have

of(\ E)
1))

o< (KE + A)(kE 4+ 20)*(k + 2))?
()\ [KE + (14 S)AP[ALVE(k + 2)) + 4L(kE + 2))]
+ [[RE+ (1+ S)A2 4+ 2(1 + S)AKE + (1 + S)N|] [LYE(k + 2))° + L(KE + 2A)2})
— AN [LVE(k +2)\)? + L(KE + 20)?] [KkE + (1 4+ S)A]?
- ((k;E +2N2(k + 202 + A(kE + ) (KE + 2)\)(k + 2))?
FA(RE + N (KE + 202 (k + 2)\))
o (kE + \)(KE + 2\) (k + 2))
(AARE + (1+ )X [LYE(k +2)) + L(KE +2))]
+ [KE + (14 S)A+2(1 + S)A| [LYE(k + 2))? + L(kE + 2A)2})
— A[LYE(k +20\)* 4+ L(KE + 2)\)?] [kE + (1 + 5)A]
: ((kE +20)(k + 2)) + 4(KE + \)(k + 2)) + 4(kE + \)(kE + 2)\))
= LYE(k +2)\)? [zu[k:E + (1 + S)A|(KE + A)(KE + 2))
+ [kE+ (14 S)A+2(1 + S)A|(KE + X)(KE + 2X)(k + 2))
— AKE + (14 5)A]

((RE +2X)(k +20) + 4(kE + A)(k + 2)) + 4(KE + \)(kE + 2)\)>]

+ L(kE + 2)\)? {4/\[kE + (1 4+ S)N(KE + X)(k + 2))

+ [kE + (14 S)A+2(1 + S)A|(KE + X)(KE + 2X)(k + 2))
— AKE + (14 9)A]

- ((sz F oM (k4 20) + 4(kE + N (k 4+ 2)\) + 4(kE + A\ (KE + 2>\)>]
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= LYE(k +2)\)? {[kE + (L4 S)A+2(1 + S)A[(KE + X)(KE + 2X)(k + 2))
~ A[RE + (1+ 8)A] ((k:E +2N) (ke + 20) + A(KE + \)(k + 2)\))}
+ L(KE + 2))? {[k:E (L4 A+ 2(1 + S)A] (kE + A)(kE + 2)) (k + 2))
—A[KE + (1 + S)A] ((kE + 20 (k + 2)) + 4(kE + \)(KE + 2A))}
= LYE(k +2))? {2(1 + S)ANKE + \)(kE + 2))
+ [kE + (1+ S)A] <(kE FANKE +20) — AKE + 2)) — AN(kE + A))}
+ L(kE +2)\)? {2(1 + SIAMEE + M) (k + 2))
+ [kE+ (14 S)A] ((kE F Ak + 20) — Ak + 2X) — AN(KE + )\))}
= LYE(k+2)\)? [2(1 + S)AKE + \)(kE + 2))
+ [KE + (1+ S)A] (k;E(k;E +20) — ANKE + )\))}
+ L(kE +2)\)? {2(1 + SYANKE 4+ X)(k + 2X)
+ [kE + (1+ S)A] <kE(k: 4 20) — ANKE + A))}
— LYB(k + 20 2ARE + ) [(1 + S)(kE +2) = 2/KE + (1 + )]
+[kE+ (1+ S)NEE(KE + 2)\)]
+ L(KE + 2))° [m(kE + N[0+ S)(k+2)) = 2[kE + (1 + S)A]]

+[KE + (1+ S)NEE(k + 2>\)]
— kA,

where

A= LVE(k + 2))° [ZA(kE F NS = 1) + [RE+ (1+ SN(KE + 2)\)]

+ L(KE + 2))? [QA(kE F N1+ S —2B) + [RkE+ (1+ S)A (k + 2A>E} . (A31)
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Since A is increasing in S, it is greater than or equal to its value at S = 1. Thus we have

A > LYE*(k 4+ 20)*(kE 4 20)* + L(KkE + 2X)*[ANKE + \)(1 — E) + (kE + 2X\)(k + 2)\) E|
oc LYE?(k +2)\)? + L(KE + 2)\)(K*E? + 4)\* + 6kAE — 2k\E?)
> LYE?(k 4+ 2)0)% — 2LEAE?(KE + 2))
oc LY(K® + 6k% X + 12kA% 4 8)%) — L(2K*\E + 4k\?)
> LY(6K*\ + 12k\%) — LE(2k*\ + 4k)?)
= (3LY — LE)(2K>\ + 4k)?).

If condition (A4) is satisfied, i.e. £ < 3LY/L, we have A > 0, and hence df()\; E)/O\ > 0.

Going back to (A31), we see that A > 0 for all LY > 0 if the term multiplying L is

positive, i.e. if B > 0, where

B:=2XNkE+XN)(1+S—-2E)+ [kE+ (1+ 95\ (k+2\E
=21+ S+ (S—1)EJN+kE[3(1+8S) —2E]\ + k*E%.

This is a quadratic in A, which is positive for all A\ if and only if the discriminant A is

negative. We have

A=FKE*3(1+8)—2E)? —8[1+ S5+ (S —1)E]k*E?
o [3(1+8) —2E)? —8[1+ S+ (S —1)E]
=95? +10(1 — 2E)S + (2F — 1)?,
which is negative if and only if (2E —1)/9 < S < 2E — 1. Moreover, if S >2E -1, B >0

for all A > 0. Therefore, if condition (A5) is satisfied so that S > (2E — 1)/9, then B > 0
for all A > 0, and hence 0f(\; E)/OX > 0. We conclude that, under either (A4) or (A5),

Af(\ E)

. A32
I >0 (A32)

This completes the proof. O

Proof of Proposition A2.3 Proof of (1): Differentiating (A30) with respect to E, we get

If(\ E)

B E(kE +2)\)?*(kE + ) ([LU(k: +20)2 4+ 2kL(KE + 2\)] [kE + (1 + S)A]”

+ 2k [LVE(k + 2)\)% + L(kE + 20)?] [kE + (1 + S))\])
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— [LYE(k +2)\)? + L(kE + 2)\)?] [KkE + (1 + S)A”
- <2kE(l<;E +ON(KE + X) + (kE + 2)\)2(2kE + )\))
o B(kE + 2)\)(kE + \) ( (LY (k + 2)\)2 + 2kL(KE + 2))] [KE + (1 + S)A]
+ 2k [LYB(k + 20)? + L(KE + 2))?] )
— [LYE(k +2X)> + L(kE + 20)*] [kE + (1 4+ S)A]
(RE(KE +2) + (KE + 2))(2KE + ) )
— LUB(k +2))° |(KE + 20)(kE + A) [kE + (1 + )X + 2kE]
— KB + (1+ )X (2KE(RE + 2) + (KE + 20)(2kE + )|

)
+ L(KE + 2))? [2/<:E(/<:E + A [RE + (1+ S)A+ (kE + 2))]
)

— [kE + (1 + S)A] <2k:E(kE +A) + (kE + 2)\)(2kE + /\)>

= —LYKE*(k 4 2)\)*[(kE + 2))* + (S — 1)ABBKE + 4))]
— L(KE + 2X)?[SA(KE + 2X)(2kE 4+ A) + A(kE + X)(KE + 2))]
< 0.
Furthermore, f(\; E)/OX > 0, from (A32). Hence, from

Of(NE) ON  Of (N E)
o 0E  0OF

— 0,
we conclude that OA/OE > 0.
Proof of (ii): From (A30), v := A/E solves g(~; E) = 0, where

k2 [LY (k +29E)* + LE(k +27)2] [k + (1 + S)]° o2

s E) = Sk )k + 200k + 1B o

It L =0,
kLY [k+(1+ 5)7}2 o>

A (| R

Since g is independent of E, so is 7.

Proof of (iii): Suppose L > 0. Then, we have

E
99(v: E) o~ O Graymy
OF OF
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x k—2vE
=k — 2\

Furthermore, using (A32),

09(v: E) _ Of(AE)ON  Of(A\ E)

oy N Oy a0

Hence, from
d9(v; E) 9y | 99(1; E)
oy OF oF

=0,

we see that 5 d9(: E)
§ g\
o35 & on = 2\ — k.
Proof of (iv): From (A32), f(\; E) is strictly increasing in A. From (A29), it is strictly

2
Yo

creasing in LY, L, and O'Z, and strictly increasing in o2, Clearly the same is true of v := \/E.
O

and strictly decreasing in o2. It follows that \ is strictly de-

v*

increasing in LY, L, and o

Proof of Proposition A2.4 The proof is analogous to that of Proposition 5.2, except
that here we do not have the result that limp_,5 A = oo, which ensured that A > k/2 for
sufficiently large E. Instead, we use condition that Ay < 1 to show that limp_,z\ > k/2.
Since (AD) is satisfied, we have 0f(\; E)/OX > 0, from (A32). Therefore, limg_ 5 A > k/2 if
and only if limp_, 5 f(k/2; E) < 0.

First, suppose LY > 0. Then, from (A8), E = E,. Using (A29), (A7), and the condition
Ay < 1, we have

. LY L K2kEy + (1+ S)k/22k o2
1 k/2: F) = — _ _ T _ v
v N L 1KF2E+(1+95)) o
N _(EQ + 1)2 4E2 48(2E_|2 + 1) 0'5
[oarv N L k(1455 o;

91 +39)2 T 2(1495)] S(2+95) o2
X A2 —1

< 0.
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We also require condition (A3) for all E € [1, Ey), i.e.

2 (LU + E%) (1+8)> 2
45 o2’

or

LV L 21+ 8)? o2
~+ > 2L
4 " 2(1+99) S o2

In order for this inequality to be consistent with Ay < 1, we need to ensure that

4LY N L k*(1+5S5)? _ LY N L k*(1+ 9)?
9(14+35)2  2(1495)] S(2+99) 4 2(1499) S ’
which holds since m <1 ar_ld (1 :1— 55)% < (2+99)(1 + S)? for any S > 1.

Next, suppose LY = 0. If E = E,, the above calculations for limp_ 5, f(k/2; E) still
apply, so that this limit is negative. If £ = E;, we can show directly that A := limp_, A >
k/2. From (A30) and (A6),

MELRE + (14 SN o?
ES(KE + \)(k+2A)? o2
ANE, [kE + (14 S)A]? o2 o2

fINE) =

T E(Q+S2RE+N(k+20)?2 o2 o2
B AE,(EA"'E + 1+ )2 ot a2
 EQ+S2(RANTE+ 1) (kA1 +2)2 02 o2

Since f(A(E); E) =0 for all E € [1, E}), we have

: < = 4(kATIE + 14 9)? o2 o2
lim fNE); E) = f(\Ey) = it . T vy
g JESE) =T ED) = G5B, + 1 (T 1 2)° 02 o2

Moreover, since Of(\; E)/OX > 0, f()\; E}) is non-decreasing in A, so the above equation has

a unique solution. The equation is satisfied if ™' = 0. Hence A = oo. O

Proof of Lemma A2.5 We proceed as in the proof of Lemma 6.1. We have

WS => (v-p)g - g (Z qf)

i€E 1€E
= Z [v )\ [SBU +a’QY + ocRQlRHﬁU — g (Eﬁv)Q ;

el
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so that, using (A1),

E(W¥) = {1 — SAB — gEﬁ] Epo?
(kE 4 2)\)Eo?

T 2kE+ (14 8)A]
k4 2y 9

Ve

2[k+ (1+ 9]

The calculations for the utilities of the liquidity traders are identical to those in the proof of
Lemma 6.1. 0

Proof of Lemma A2.8 From (8) and (A1),

a’QV + afQR

b= ASB v+ 3
o Sy U R
_k+(1+5)7(v+n 7).

Using (36) and (A1), we have

[LU(OzU)Q —I—LR(OéR)Q] U;
(56)?
(1—SAB)oy
SA\G
E+v ,

5 o,

Var(n” + nft) =

The relations in (A10) follow from the definition of n¥, and from (A1) and (A2). O

Proof of Proposition A2.9 Proof of (1)-(iii): See the paragraph immediately preceding

the statement of the proposition.

Proof of (iv): If LY = 0, the price signals, {v+n/};cg, are conditionally i.i.d. signals about

v. Hence,

1
Var(v|py,...,pr) = Var (v‘v + 5 an) :

S
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Using (A9),

which is strictly decreasing in E, since OA/OFE > 0 (Proposition A2.3 (i)). Therefore, from
(24), V(E) is strictly increasing in E. O

Proof of Lemma A3.1 The optimization problem of a speculator is the same as in the
main model, leading to the same coefficient 8 ((A12) is the same as (9)).

Consider liquidity trader ¢ on exchange ¢. The price function from the perspective of this
trader is the same as in the proof of Lemma 4.1, with the order flow coming from unrestricted

liquidity traders set equal to zero:
pis = A [SPv + QT +qff] | (A33)

where foe = pe LR, 020 Ve Her optimization problem (A11) is equivalent to maximizing

the following mean-variance objective:

,
MG =B [Willye] — 5 Var [Wiflu] (A34)
r
= E [0 = pfilye] off — 5 ((af})?Var [v— plye] + yfVar(v) — 2peafiCov [v — plf,olu] ).
We have
v=pj = (1= SAB)v = Aa"Qi, — A,
so that

E [v— plilyd] = —Xai}, (A35)
Var [v — plilye] = (1 — SAB)* 0 + N (a™)* (L7 — 1)o7, (A36)
Cov ['U - pf}, v]yg] = (1 - SAB)o2. (A37)

Therefore, using (A35),

r

MG = —Nai})? - 5

((afh2Var [v = plye] + y2Var(v) - 2yealiCov [v — pli,oly] ). (A38)
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From the first-order condition with respect to ¢, we see that

rCov [v — i, v|yg}

R
4 o = plllyd + 22" (A39)
From (A12),
S 1
1-S\8=1— - .
94D 145 1+S
From (37),
S
2 R\2 2 2
A (™) o, LR(l—i—S)QU”' (A40)
Hence, from (A36) and (A37),
Var ['U — pﬁ]yg] =(1+9)?[1+ (LR)’l(LR —1)5)o2,
Cov [v—pi, vlye] = (14 8) 'or. (A41)

Substituting into (A39), we obtain

R r(1+8) 'o}
B 1+ )21+ (LB N(LE - 1)S] o2 + 22
B rLf(1+4 S)o?
T r[LE+ (LR —1)S]o? + 20R(1 + S)2A Y8
Therefore, o’ is given by (A13). O

Proof of Proposition A3.2 Step 1: We first derive a necessary and sufficient condition
for existence of a positive \. Substituting the expression for o given by (A13) into (A40),

we obtain .
ArLE(1 + S)o?o, S3
= Oy,

r[LR 4+ (L7 —1)S]o2 4+ 2LR(1 4+ S)2X  (LR)3(1 + S)

which gives us

rS[LR + (LR —1)5) 02 (a12)

(A43)
Thus there exists a positive A (in which case it is also unique) if and only if
T‘I_/%(ES)_%UUU?J —-2>0,
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which gives us the first inequality in (A15).

Step 2: Next, we consider the ex ante expected utility of a restricted liquidity trader:

Ut = E[—exp(—rW;)] = —E[E(exp(—rW;i)|y,)]
— —Efexp(—rME)], (A44)

where M is the mean-variance objective given by (A34). Substituting (A42) into (A13),

we obtain: . b
o — L1+ 9)[r(L S)2av0y1—25]. (A45)
[LE+ (LR —1)S|r(LES)20,0,

From (A38), (A39), (A41), and (A45),

1 r
ME = ——(¢F)? (r\/ar [v — piilye] + 2)\> — §Var(v)y§ + rgfiCov [v — pif, v|ye] ye

2
T T
= —§qf§COV (v — plt, vlye] ye — EVar(v)y? + rqfiCov [v — pif, v|ye] ye
T T
= 561500" [v — pit. v|ye] ye — §Var(v)y§
T T
= 50" (L+9)  opy; — Souy;

L LR[T(LRS)%Uva — 25] 2,2
2| T LRt (LR — )SIr(LRS) sy, |

o 'mvay<LR_1)s+2(LRS)é] y
- 5 vl

2| ro,o LR+ (LR —-1)5]

" 20, LE+ (LF - 1)S ve- (Ad6)

o [rayay(LR —1)S + 2(LRS)§] 5

We now invoke the fact that if z ~ N (0, 02), then E(e”*) = (1 — 202)~ 2, provided o2 < 1/2.
Using (A44) and (A46),
UL = —(1-20%)z, (A47)

where

y  TO.0y [ravay(LR —1)S + 2(LRS)21>]

7T LE+ (LE—1)S
_ royoy |ro,o,(L—E)S + 2(LES)2 (A48)
2 L+(L-E)S

For any given E, a necessary and sufficient condition for the expected utility of a restricted
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liquidity trader to be well-defined is o

condition as x(z) < 0, where
x(z) == (L® = 1)82® + 2(LRS) 2z — [L® + (LR — 1)S].
The quadratic x has a unique positive zero, given by

1
2

“(LRS) + <4LR5 A(LF — 1)S[LR + (LR — 1)5])

2L~ )

[(LF)? + )
(LR - 1)5%

< 1/2. Letting = := ro,0,, we can write this

(A49)

(A50)

which is equal to Z, defined by (A17). Since the parabola defined by x opens upwards,

x(z) <0 if and only if z < z*, or ro,0, < Z, which is the second inequality in (A15).

Step 3: We need to ensure that the interval (z, Z) is non-degenerate. We have

] = [LF+2(L% —1)S]?

) —
= (L7 = (L®)? 4+ LY(L® — 1)28 — ALR(L" — 1)S — 4(L% -
(L7~ 1)25 — ALR(L® — 1)5 — 4(L" —
LR)2 4+ LR(LR — 1)§ — ALRS — 4(L" — 1)$?
L4 S)(L7)? = 5(5 4 45)L" + 45

which is a quadratic in L. The discriminant is

A = S*(5+48)* —16(1 + 5)S?
= 5%(9 + 248 +165?)
= 5%(3445)?,

and the zeros are

S(5+45) + S(3 + 45)

Lt =
2(14+9) ’
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i.e. S(1+5)~! and 4S. Since the parabola opens upward, Z — z > 0 when L < S(1+ 9)~!
or L® > 4S. Given that L > 1, the only feasible restriction is L > 4S. From (A14),

IH
IH

LR = = 48.

E E

Thus the restriction LT > 48 is satisfied for all E € [1, E).

Step 4: Finally, we check the properties of the bounds, z and Z. From (A16), it is obvious

that 0z/0FE > 0, and the limits are easy to verify. Using the expression for Z given by (A50),

LE—1. 5, R 201307 R R
5IE & 5 [(L7)? + (L™ —1)2S] 2 [2L" 4+ 2(L" - 1)9]
- [ (- 28] (L
o (LR (LR — 1) [zLR + 2(LR —1)8] = (LF = 1)[(LF)? + (LE - 1)25]*
—2(LR)3 [(LR —1)2S] +2LR[(LP) + (L* — 1)%5]?
— —2(L™)} 4+ (L" >[< Ry (LR - 1)2]
oc (L7 4+ 1)°[(L")? + (L7 — 1)%5] — 4(L")?
0,
and, therefore, 0Z/0F < 0. O

Proof of Proposition A3.3 Proof of (i): Differentiating (A43) with respect to F, we

have

3_2‘ x S[TL (ES)_%O'UO'?J —2] + %rLés_éE_gavay [L+ (L—E)S]
x —2E5[ 20,0, — 2(ES)2] + rL2a,0,[L + (L — E)S]

L
— 4(ES)? +r % o,[L+ (L —3E)S],

which is positive, given our assumption that L > 4S5, which is required for existence of

equilibrium (see the proof of Proposition A3.2).

From Proposition A3.2, limg_, 5 2z = limy_,z Z = 1. Therefore, for the existence condition
(A15) to be satisfied for E arbitrarily close to £, we must have ro,o, = 1. From (A14) and
(A43), it follows that limg_,5 A = co.
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Proof of (ii): From (A43),

=

Differentiating, we get

OF
ox —2ES[

kel x —S[TE%S_%E%UUUy —2E] - [L+(L-E)S] ETL (ES)~ %avay - 2]

w\»—A

(BS) 30,0, — 2] - [L+ (L - B)S] [rL3(ES) 400, — 4]
= 4L(1+8) — rL%(ES) 2avay[L +(L+E)S

A(LES)%(1 + S)
L+ (L+E)S

=@ —ro,oy,

— ro,0y

where

4(LES)2 (1 + 5)
L+(L+E)S
 4(LRS)3(1 4 8)
LR 4 (LR 4 1)S

Q:=

(A51)

Proof of (iii): Differentiating (A51), we have

8@ 1 _1
orE & 5L 2L+ (L +1)S] = (1)

N

(1+.95)
o LR+ (LR +1)S —2L%(1 + 9)
xS — L1+ 9)

< 0.

Since L® = L/E, we conclude that 0Q/0F > 0, 0Q/0L < 0. Furthermore,

3

99 (LR + (L7 4+ 1)8) [%S§+555}—<LR+1>55(1+5)

as
oc [LE+ (LR +1)S)(1+35) — 2(LF+1)S(1 + S)
=LR14+39)+ (L +1)S(S —1)

> 0.
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It is easy to check that lim;_, . @ = 0. From (Al14) and (A18),

[SL)?
lim O 4(7LS457) (1+5) 8(1+5)
E—E L+(L+£)s 5448

Since ro,0, < Z, and limp_,5 Z = 1 (Proposition A3.2), it follows that limp ,5Q > ro,0,.

Proof of (iv): From (A43), we can easily see that both A and 7 are strictly decreasing in r
and 7. Differentiating (A43) with respect to L, and using (A14), we have

x (1+ S)L[rL %(ES) %O'UO'y —2] - [L+(L-E)S] grl_/é(ES)_éovay -2

[3ES — L(1 + S)] rL3(ES) 30,0, — 2ES

[3ES — 4SE(1 + S)] rL3(ES) 20,0, — 2ES

as desired. O

Proof of Proposition A3.4 Proof of (i)-(iv): These results are immediate from parts
(i) and (iii) of Proposition A3.3.

Proof of (v): 1If E* > 1, then E* solves Q(E) := Q(E) — ro,0, = 0. Using Proposition
A3.3, we have dQ/OFE > 0, 0Q/0L < 0, and 8Q/dS > 0. Furthermore, 8Q/a(ravay) < 0.
The result follows. U

Proof of Proposition A3.6 Proof of (i): Differentiating (A48), and using (A15), we

obtain
o? [
—
or
= —TavayES +
+[L+

L+ (L-E)S][-ro,0,5+ (ES)%E_%} + S[ro,o,(L — E)S + Z(EES)%}
L+ (L—E)S|(LS)*E"% + 2S(LES)?
(L — E)S](LES)"% + 2ES(LES) "2
+ (L
+ )S] — Z. (A52)

From the proof of Proposition A3.2, in particular (A49), we see that Z is a zero of the
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quadratic x(x), where

Moreover,

X((EES)*%[E +(L+ E)S]) > 9[L+ (L+ BE)S] —[L+(L—E)S] > 0.

Therefore, (LES) 2L+ (L + E)S] > Z, so that 8062 /0E > 0, from (A52). Using (A20), we
conclude that OUT/OE o« —00? JOFE < 0.

Proof of (ii): This is immediate from Proposition A3.4 (i) and (A19).

Proof of (i1i) and (iv): These results are immediate from parts (ii) and (iii) of Proposition
A3.4. U

Proof of Proposition A3.7 Proof of (i): It easy to check that the proof of this result
in the proof of Proposition 7.2 is still valid in the current setting. In particular, we use the

fact that 3 is the same as in the main model.

Proof of (ii): From (A12), (A42), and (A45),

ot | LR+ SP[r(L"S)0u0, — 28]

B [LR + (LR —1)S]r(LRS)z 0,0,
So?

(LRS)%avay
(ES)z0,

1

(L)zoy

Substituting this expression into (42), and using (A12), we obtain

1 . —1
Vo +S E-1
S ES
B 1
14+ (BES)V

as desired. O

Proof of Lemma A4.1 The optimization problem of a speculator is the same as in the

main model, leading to same coefficient 8 ((A22) is the same as (9)).
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Consider liquidity trader ¢ on exchange ¢. The price function from the perspective of this
trader, pf, is given by (A33). Using (A21),

Cov(ye, yer)
E(yelye) = T‘W = PYe-
Yy

Therefore, from (3),

2
E(Wilye) = —E [pfilve] aff — 3 (4% — v)’

2
= —A[(L" = D" pye + qif] aff — 3 (g — ).

Maximizing this objective with respect to ¢}, we obtain the optimal portfolio:

k— Ap(LE — 1)af

R pr—
Hence
of k— )\p(LR — 1)aR
k+ 2\ ’

which gives us (A23). O
Proof of Proposition A4.2 The aggregate order flow on exchange 7 is
¢ = Spv+a” Zyz
teLE

=4,

where 07 := (v, (yo)gerr), ¢T == (58,a%1), and 1 is a row vector of ones with L elements.

We have
2 .0
0 o2 .. po?
Var(q;) = CTVar(H)C < Y p.y ¢
0 po; o)
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SBa?
[1+4 p(LF —1)]ao;

=T

1+ p(LE '— D]afo?

= S*FPor + [1+ p(L" — 1)]L7 ()02 (A53)
Also,
Cov(v,g;) = SBo.
Therefore,
, 2
)\ — COV(U7 qz) — Sﬂo—v . (A54)
Var(g;) S23202 + [1 4 p(LE — 1)|LE(af)?0?
Using (A22),
AL+ p(LT = 1)L (a")?02 = (1 — SAB)SBo,
S S 9
- {1_ 1+S] 1+ S5
_ S 2
BN
so that, using (A23),
oy _ LA p(L7 = DILR(@")*(1 + 5)° 1
o2 B S
2 R _ R 2
_ KL+ p(LT - 1)L+ S) 32 (A55)

[k + 2\ + Ap(LE — 1)]28
K21 - p+ pLR)LE(1 + S)?
kAT +2— p+ pLF2S

Thus A is a solution to f(A; £/) = 0, where

K*(1—p+pL")L(1+5)* a7
FNE) = 12— 4 gL o (A56)

We have limy_,o f(A\; E) < 0. Also, 0f(\; E)/ON > 0. Hence, if there is a solution to
f(A; E) =0, it must be unique. A solution exists if and only if

K21 —p+ pL®)LE(1 +8)? o2
li NE) = — =2
Jim f(X; E) OV ETIES G§>O,

A37



which gives us condition (A24). d

Proof of Proposition A4.3 Proof of (i): From (A56), A solves f(A; E) =0, where

. KA =p)E+pL]L(1+S)* o}
T E) = T s = B+ pI2s o2 (A57)

Clearly, 0f(X\; E)/OX > 0. Also,

UL o (" 2= ) + L1~ p)
—2[(1 = p)E + pL][(kA"' 4+ 2 — p)E + pL] (kA" +2 — p)
o [(RAT" +2 = p)E + pL)(1 = p) = 2[(1 = p)E + pL)(kA™ +2 — p)
=—(1—=p) (kA" +2—p)E — pL(2kA™' +3 - p)

< 0.

Hence, from

Of(NE) OX  OFNE) _
o\ OE oK 7

we conclude that OA/OE > 0.

Now we consider the limit of A\ as E approaches its upper bound FE, which satisfies

H(E) =1, where H is given by (A24), i.e.

k*[(1 = p)E + pLIL(1 + S)*

(2 = p)E + pL]*S -t

cqw |tdqto

Let A := limp_,z A(E). Since f(\(E); E) =0 for all E € [1, E), we have, from (A57),

~ o ey @=pE+pl? o2 o2
s JME)E) = JXN B) = 5 s ~ B+ I o 2=V

Y

It follows that A = co.
Proof of (i1): From (A57), v := \/E solves g(v; E) = 0, where

). PO =pE+pl L0+ S? o}
g(v; E) = [ky=1 + (2 — p)E + pL]2S o2

Y
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It is easy to see that dg(vy; E)/dy > 0. We also have

d9(v; E)
OF

o [ky™' + (2= p)E + pL]*(1 = p)
—2[(1 = p)E + pLl[ky™ + (2 = p)E + pL|(2 = p)
o By 4+ (2= p) B+ pL|(1 = p) = 2[(1 = p)E + pL](2 — p)
=1 =p)ky™ = (2= p)E]+pL[1 — p—2(2 - p)]
o (1= p)[k — (2= p)A] = pL(3 = p)7-
Hence, from

d9(v; E) 9y | 99(1; E)
oy OF oF

=0,

we see that
Oy 99 E)
OF oF

w(E):=2-pA+

Proof of (ii1): As noted above, f(\; E) is strictly increasing in A. From (A57),

%E;E) o [(kA™"+2 = p)E + pL*[(1 — p)E + 2pL]
—2pL[(1 = p)E + pL)[(KA™" +2 — p)E + pL]
o [(RA™" +2 = p)E + pL|[(1 = p) E + 2pL] — 2pL[(1 — p)E + pL]
=[(kAT" +2 = p)E+ pL)(1 — p)E + 2pL(kA™' + 1)E
> 0.

2
Yo

It follows that A is strictly decreasing in S, L, k, and 05, and strictly

Moreover, it is easy to see that f(\; E) is strictly increasing in S, k, and o7, and strictly

2

v

decreasing in o

increasing in o2. Clearly the same is true of v := \/FE. U

Proof of Proposition A4.4 Proof of (i)-(iii): These results follow from parts (i) and (ii)
of Proposition A4.3. In particular, since limg_, 5 A = 00, it follows from (A25) that w(E) > k
for sufficiently large E. Moreover, since ON\/OE > 0, and 0v/0F «x w(FE) — k, we see that if
w(E) > k for some E, then w(E) > k for all E > E.

Proof of (iv): Let x denote either S or o7 /07. From (A57), we have lim, ,, A = 0, and

therefore, from (A25), lim,_,o, w = 0. The result follows.

Proof of (v): 1f E* > 1, then E* solves Q(F) := w(E)—k = 0, where w(FE) is given by (A25).

While Q(F) is not necessarily monotone in F, it is strictly increasing in E for E > E*  and
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the graph of © must cut the F-axis (at E*) from below. From Proposition A4.3 (iii) and
(A25), Q is strictly decreasing in S, k, and af,, and strictly increasing in 2. Therefore, E*
is strictly increasing S, k, and 02, and strictly decreasing in o2 0

v*

Proof of Lemma A4.5 The calculations for the utility of a speculator are identical to

those in the proof of Lemma 6.1. For a restricted liquidity trader, we have

k 2
Wi = (v—pi)ay —yev — = (aff — ye)

2
k
= |v = A(SBv + aRQlR)} oftye —yev — 5 (aye — ),
so that, using (A23),
k
E (Wf}) = M1+ p(L - 1)](0zR)20§ — §(ozR — 1)203
_ _)\k’z[l + p(LE — )]+ E2X + Ap(LF — 1)]2(72
[k 4+ 2\ 4+ A\p(LE — 1)]? Y
_ k2RAL+ p(LR — D) + [k +2X + M\p(LR — 1) — k]202
2 [k 42X+ A\p(LE — 1)]? Y
_ k2EA1+ p(LE — D]+ [k +2X + Mp(LE — 1)]2 + k% — 2k[k + 2) + M\p(LE — 1)] 2
2 [k + 2\ + Ap(LE —1))2 v
Kk - k(k +2X) 5
2 [k +2X+ Mp(LE = 1)]2] Y
k 1 k(k +2X\)E*? )
=—=1|1- — | o
2 [(k+2X\— A\p)E + \pL]2| ¥
as desired. O

Proof of Proposition A4.6 Proof of (i): We have f(A(E); E) = 0 for all £, where f is
given by (A57). Calculating the total derivative of f with respect to E, and setting it equal

to zero, we obtain

0=[(kA"'+2=p)E+ pL]*(1 - p)
—2[(1 = p)E + pL)[(kA™' + 2 — p)E + pL][kA™' + EE(=A"2X) +2 — pl,

where X' := O\/OE. Therefore,

0=[(kX""+2—p)E+ pL)(1 — p) — 2[(1 = p)E + pL][EX"" + EE(=XA"2X) 4+ 2 — p]
=p(1—=p)L— (kA" +2—=p)[(1 = p)E + 2pL] + 2kEX2N[(1 — p)E + pL],
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which gives us

k42X — Ap)(1 — p)E + (2k + 3\ — Ap)pL

N
A=A 2kE[(1 — p)E + pL]

Differentiating (A27), and using the above expression for X',

R

dE

oc [(k 42X = Ap)E + MpL*[2(k + 20\ E + 2)N E?]

—2(k + 20 E?[(k +2X\ — Ap)E + MApL][k + 2\ — A\p + 2N E — NpE + N pL]
o [(k 42X = Ap)E + ApL](k +2X + NE) — (k + 2\ E[k 4+ 2\ — Ap + 2XE — NpE + X pL]
= (k+ 2\ ML — NE[—(k + 2X\ — Ap)E — ApL + (k 4+ 2)\)(2E — pE + pL)]
= (k+2\)ApL — NE[MpE + (k +2X)(1 — p)E + (k + \)pL]
= (k+2\)ApL
(k42X — \p)(1 = p)E + (2k + 3\ — Ap)pL

2H[(1— p)E + pL)

o 2k[(1 — p)E + pL](k 4+ 2)\)pL

— [(k+2X = Xp)(1 = p)E + (2k + 3X — Xp)pL] [A\pE + (k + 2X)(1 — p)E + (k + A\)pL]
< 2k[(1 = p)E + pL](k +2X)pL — (2k + 3\ — A\p)pL[(k 4+ 2X)(1 — p)E + (k + A)pL]
o 2k(1 — p)E(k + 2)\) + 2k(k + 2\)pL

— (2k 43X = Ap)(k 4+ 20)(1 — p)E — (2k + 3X — A\p)(k + A\)pL

“AGB = p)(k +20)(1 — p)E — Al(1 — p)k + A3 — p)]pL

< 0.

- [AE + (k+2X\)(1 — p)E + (k + \)pL]

Proof of (i1)-(iv): These results follow from Proposition A4.4 and (A26). O

Proof of Proposition A4.7 Proof of (i): Tt is easy to verify that the proof of this result

in the proof of Proposition 7.2 is still valid in the current setting. In particular, we use the

fact that ( is the same as in the main model.

Proof of (ii): From (A53), we see that Var(},c, nye) = [14 p(L* — 1)|L0?. Similarly,
Var( ",z ve) = [1+ p(L —1)]Lo}. Given the form taken by p; (equation (8), with LY = 0),

we have

E
E7 ZPz)
z:laR
SBv+ D w)

tel

Var(v|p1, pa, - - ., pr) = Var (U

= Var (U
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526204
$28%0% + (% ) [1+ (L~ D)Lo?
— o2 _ 525203
Y 823202+ [(1— p) Bt + pLB|LE(aft)202

2
=0,

so that, using (24), (A54), (A26) and (A27),

52520.2

V= 502 (1= B+ pLR|LR(aF)o?

[526%2 4 [1+ p(LF — D]LR(al)202 (1 - p)(1 — B LR(a®)20?]
- 523252 - S23252
[ 1 AN2 (1= p)(E — 1)Lo?]
“|ow (5) T .

From (A22), (A23), and then (A55),

(5) =[]

_ S i
L+ p(LR—1)|LE o2
E2S o2

(1—p)E+pLlLo

o
Y

Substituting this expression into (A58), and using (A26), we obtain

C[1+S (1-p(E-1) -1
V[s SM—mE+MJ

B 1—p+pL -
P*sw—mE+wJ ’

which is strictly increasing in F, and strictly decreasing in p. U

Proof of Proposition A5.1 Let x := S — 1. From the zero-profit condition (A28),

FEo?
c(x+2)%
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Setting LY = 0 in (39), we obtain

k2L (1+95)? oa:
E(kA142)2 S ol
k*LEo? (r+2)* o2

" [ck(z +2)2 4+ 2E02)2 x4+ 1 ol

O E) =

Defining £ := k*Lo, we can write the equation f(X; E) = 0 as G(z; E) = 0, where

G(z; E) := [ck(z +2)* + 2E02)*(x + 1) — Eo2L(z + 2)?

= k(2 +2) (2 + 1) + dckEo?(z + 2)*(z + 1)
+ 40l (x + 1) — Eo2L(x + 2)?

= A2k (a* + 8% + 242 + 322 + 16) (2 + 1) + 4ckEo? (2% + 4o + 4)(z + 1)
+ 4%tz + 1) — BEo?L(2® + 4x + 4)

= A2k (2° + 92" + 322° + 562° + 48z + 16) + 4ckEo?(2® + 52° + 8x + 4)
+4F* 0z +1) — Eo2L(2® + 4a + 4)

= k%2 + 9Pk*a* + 4ck(8ck + Eo?)x® + (56¢°k* + 20ckEo? — Eo2L)x?
+ 4(12¢%k* 4 8ckEo? + E*0r — Eo’L)x
+ 4(4¢*k? + 4ckEo? + E%0} — Eo’L)

= k%2 4 9Pkt 4 4ck(8ck + Eo?)x® + (56¢%k? + 20ckEo? — Eo?L)x?
+4[(2ck + Eo})(6¢k + Eo.) — EolL)x + 4[(2ck + Eo,)? — Eo, L]

5 4 3 2
= asx” + a4x” + azx” + asx” + a1 + ay,
where the coefficients a; are given by

ag == 4E02(Ly — L),

ay = 4E02 (L3 — L),

ay := 56¢*k* + Eo?(20ck — L),
as = 4ck(8ck + Ec?),

as = 9c’k?,

as = k>

An equilibrium corresponds to a nonnegative zero of (G, i.e. a nonnegative solution x to
G(z; E) = 0 (note that = > 0 if and only if S > 1). The solution x = 0 exists if and only if

(10:0.
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Since limg ,o0[G(7; E)/E?] > 0 for all x > 0, there exists E such that there is no
equilibrium if £ > E. For a given E, we can determine the number of positive zeros of
G by using Descartes’ rule of signs: ordering the nonzero coefficients of G by descending
variable exponent, the number of positive zeros is either equal to the number of sign changes
between consecutive (nonzero) coefficients, or is less than it by an even number. A zero of
multiplicity m is counted as m zeros.

Note that the coefficients as, a4, and as are positive. The signs of ag, a1, and ay depend

on the parameters as described below.
Proof of (i): 1f L < L4, then a; > 0 for all 4, and hence there is no nonnegative zero of G.

Proof of (ii): If L1 < L < Lo, then a; > a9 > 0, and & = 0 is not a zero of G. If ay > 0,
there is no positive zero of G. If ay < 0, there are two changes in sign in the coefficients of
G. Hence, the number of positive zeros of G is 0 or 2. If there are two positive zeros, they
are distinct for £ in a generic subset of (L1, Ls). It follows that, for £ in this generic subset,

the number of equilibria is 0 or 2.

Proof of (iii): Since the result is stated for £ in a generic subset of [Lq, L£3), we can disregard
the case where £ = L,, and assume that £, < £ < L£3. Then ag < 0 and a; > 0, and x =0
is not a zero of G. If ay > 0, there is only one sign change in the coefficients of G, and hence
it has a unique positive zero. If as < 0, there are three sign changes, and hence the number
of positive zeros is either 1 or 3. In the case of 3 zeros, they are all distinct for £ in a generic
subset of (La, L3).

Proof of (iv): 1f L > L3, then ay < a; < 0. Regardless of the sign of ay, there is only one
sign change in the coefficients of G. Hence there is a unique positive zero of GG. Furthermore,

x = 0 is not a zero, and hence there is a unique equilibrium. 0

Proof of Proposition A5.2 Proof of (i): Under the condition £; < £ < Ly, we see
from the proof of Proposition A5.1 (ii) that x = 0 is not a zero of G, and the number of
positive zeros is either 0 or 2. In order to ensure that there are two equilibria, i.e. two distinct

positive zeros, it suffices to show that there exists a positive zero with multiplicity 1. Note
that G(0; E') = ag > 0, and

lim G(z; E) = Eo, [~ La” + 4(Eo, — L)(z + 1)],

c—0

which is negative for large positive x. Therefore, there exists k1 > 0 such that for ¢ € (0, k),
there exists zo > 0 with the property that G(zy; £) = 0. Moreover, the graph of G intersects
the z-axis at xp, thus ruling out the possibility that this zero has multiplicity 2.
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Proof of (ii): If L = Lo, then a; > ag = 0. Factoring out z, we can write G(z; E) =
2G(z; E), where

G’(x; E) = asz® + ay2® + asz® + agr + ay.

One equilibrium corresponds to = 0. There exists k; > 0 such that for ¢ € (0, k2),
we have ay < 0, and hence the number of positive zeros of G is either 0 or 2. Note that
G(0;E) = ay > 0, and lim._,o G(x; E) = —E20*z, which is negative for all = > 0. Therefore,
there exists k3 € (0, k2) such that for ¢ € (0,#3), G has a positive zero with multiplicity 1
(the graph of G intersects the z-axis at this zero). Since the number of positive zeros of G
is 0 or 2, G must have two distinct positive zeros. Therefore, the number of equilibria is 3.

For any ¢ € (0,k3), there exists ¢ > 0 (which depends on ¢) such that, for £ in an
e-neighborhood of L, there are either two or three equilibria (two if the equilibrium corre-
sponding to z = 0 when £ = L, becomes negative when L is perturbed away from L5). In
particular, for sufficiently small €, the number of equilibria is two or three if £ € [Ly, Lo+€),
and hence also if £ is in any generic subset of [Lq, Ly + €). By Proposition A5.1 (iii), the
number of equilibria is one or three if £ is in a generic subset of [Lo, L£3). Therefore, for
¢ € (0, k3) and sufficiently small €, the number of equilibria is three if £ € [Ls, Lo+¢€). O

The following result will be useful for proving Proposition A5.3.

Lemma A6.1 An equilibrium X\ is a positive zero of

o KL [+SNEP o2
TOE) =i rap s(vE) of (A59)

Y

where S(\; E) > 1, and satisfies

[1+ SO\ E)? = Ec‘f (AGO)

We have
i. Of( N E)/OXN>0 at A= g, M\, A

ii. Of(\ E)/ON < 0 at A = Ap.

Proof of Lemma A6.1 The function f(\; E) is obtained from (39) by setting LY = 0, with

S given by (A28). The equation f(X; E) = 0 is equivalent to G(x; E') = 0, where z := 5 — 1.
Using (A59) and (A60), we have

LY g2

FE) = O

E(k+2X)2S(\ME) o2

Y
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27\ 12 2
- W LAg, Iy (A61)
c(k+2X)2S(NE) o2

Y

From (A60), limy_,0 S(\; E) = co. Therefore, lim_o f(A\; E) < 0.
Let Apax be such that S(Apay; E) = 1. From (A60), we obtain Ap., = Eo?/(4c). We
have S > 1 if and only if A < Ajax. From (A59),

4k L 2
fOmax; B) = ————5 — 0—;’
E ( 4Ack + 2> Uy
Eo?
B k*ELo! o2
~ (2ck+ Eo2)? o2
x L — £2.

It is evident from the proofs of Propositions A5.1 and A5.2 that the equilibria described
in these results correspond to nonnegative zeros of G at which the graph of G intersects the
r-axis. The price impact parameters corresponding to these equilibria are zeros of f, lying
in the interval (0, Apax], at which the graph of f intersects the A-axis.

If there are two equilibria, A, and A, then £ < L5 (Proposition A5.1 (ii)), and hence
f(Amaz; E) < 0. It follows that the graph of f cuts the A-axis from below at A,, and from
above at \,,.

If there are three equilibria, As, Ay, and Ay, then £ € [Ls, L3) (Proposition A5.1 (iii)),
and hence f(Apax; ) > 0. This implies that the graph of f cuts the A-axis from below at
A¢ and \p,, and from above at A,,.

Finally, if there is a unique equilibrium A, then £ > £, (Proposition A5.1 (iii) and (iv)),
and hence f(Anax; £) > 0. We conclude that the graph of f cuts the A-axis from below at
Ay

To summarize, the graph of f: A — f(\; E), cuts the A-axis from below at Ay, A;, and
Au, and from above at A,,. This gives us the desired properties of df(\; E)/OA. O

Proof of Proposition A5.3 From (A60) and (A61),

If(\ E) o OSSN E)

OF o 0

In equilibrium, f(\; E) = 0 for all £, which implies that

OF(X E) 0) | OF(N E)

o\ OF o 0
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Therefore, if df(\; E)/OX # 0, we have

ON _ OfNE) [Of(NE)]T Of(NE)
a_E__aE[aA]O‘aA

Now we invoke Lemma AG6.1 to conclude that ON/OE > 0 at A = Ay, Ay, Ay; and ON/OE < 0
at A = \,,. This establishes the results on the effect of market fragmentation on liquidity.
The welfare results follow from the inverse relationship between A and the utility of restricted

liquidity traders (see (22)), and the fact that the expected net payoff of speculators is zero
for all F. O

Proof of Proposition A5.4 From Proposition 7.2, V = [1 + (ES)7!|7L. Tt follows that

aV  Ou

where p ;= ES. We will show that, under the conditions stated in the proposition, there
exists an equilibrium such that du/0E < 0. From (A28), we have

ae o
c(1+95)?
Eo?

c(14 pE-1)?

E302

(B + p)*

Therefore, from (A59),

k2L (1+S5)? o2

N E) = - =
f B) E(kA'+2)2 S ol
B kL (1+pE~1)? o2
- 2 1 52
E [—C’“;’ijé‘)Q n 2] pE oy
B k*LE*c? (E+p)* o2
SRET P 2B u ol

Hence f(A; E') = 0 is equivalent to F'(u; E) = 0, where

PR S S, -

o [ck(E +u)? +2F%2| k?Lo2o?
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We have

OF (u; E)

o5 ™ [ch(E + p)* + 2E%02| (3E* + 2Ep) — E*(E + p) [2ck(E + p) + 6 E%07]

o ck(E + p)*(E + 2u) — 2E° uo?
o ck(S +1)%(2S + 1) — 2ESo2.

Also,
OF(mB) 1 E+p ’
o p? | ck(E + p)? + 2E302
N 2 E+pu ck(E + pu)? + 2E30% — 2ck(E + p)?
p [ ck(E + p)? +2E302 [ck(E + p)? + 2E302]2

x —(E 4 p)[ck(E + p)? + 2E%0% + 2u[2E302 — ck(E + p)?]
= —ck(E + p)*(E +3p) + 2E°02(n — E)
o< —ck(S +1)*(35 + 1) + 2E(S — 1)o2.

Since F(u; E) = 0 for all E, we have

OF(w E) | OF(uw E) Op _

oE op OF 0.

Assuming that OF (u; E)/Ou # 0, we have

Op _ OF(wE) [0F(w E)] ™
OE ~  0E { Ay ]
ck(S + 1)2(28 + 1) — 2ES0?
k(S + 1235 + 1) — 2B(S — 1)o2’

Note that ck(S+1)*(35+1)—2E(S—1)0? > ck(S+1)?(2S+1)—2ESc?. Therefore, du/0F <

0 if and only if ck(S +1)?(2S+ 1) —2ES0? < 0 and ck(S +1)*(3S+1) —2E(S —1)c2 > 0.
Using (A28) and (A62), we see that 0V /OE < 0 if and only if

25 +1 35 +1

k——— < A< k—7—. A63

25 2(S— 1) (A63)

Now we adapt the arguments in the proof of Proposition A5.2 (ii). If £L = Lo, then

G(0; E) = 0. Moreover, for any ¢ > 0, there exists ¢ > 0, such that, for £ € (Lq, Ly + €),

we have G(zo(L); E) = 0, where zo(L) € (0,¢). In other words, the equilibrium can be

parametrized as xo(L), where zo(L2) = 0 and zy(L) is a small positive number when L is
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greater than but close to £5. As seen in the proof of Proposition A5.2 (ii), there may be
two additional equilibria. But for our purposes here it does not matter if the equilibrium we
have identified is unique or not.

At the equilibrium z, the number of speculators is greater than but close to one and,
from (A28), A is less than but close to Apax = Eo2/(4c). Therefore, at this equilibrium,
(A63) holds if Fo?/(4c) > 3k/2, or 6ck < Eo?. O
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